53/58:153 Lecture 5 Fundamental of Vibration

Lecture 5: damped Free Vibration (Optional)

Reading materials: Section 2.2

1. Introduction

< Free vibration equations of motion of a damped multi-degree of freedom
system are
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2. Complex frequencies and mode shapes

<L) For underdamped systems the roots of characteristic equation are complex
conjugate pairs. Each pair gives one mode shape.

<& Example: Compute natural frequencies and mode shapes for a damped two
DOF system.

[9 0 ] (3.? -0.3 ] [2? -3 ]
m = '. c= : k=
0 1 -0.3 1.3 -3 3

Det{u?m + Ue + k| = 0= 90+ 14407 + 574207 + 4140 + 72 =

Uy = —0.40408 — 1.48991 i: W} = —0.40408 + 1.48991 i:
Uy = —0.39502 — 1.78891 i W, = —0.39592 + 1.78801 i
[wj m + Uy + k] oY = 0 ¢ = (1

1 71 - 215117 +2.70099 ¢

1
o |
2.15117 — 2.70099 1

~ 1 —0.984508 + 2.56501 ¢ —0.984508 — 2.56501 ¢
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3. Damped free vibration solution

<) Generally, the frequencies and mode shapes are complex conjugate pairs
Um =Qu+1iBm. Uy =Qm—ifm m=1.....n

" = pm Ligtm: ) = plm _jglme =1 n

Then, the solution can be written as linear combination in terms of the roots of the
complex frequency

¥(1) = Zi;:l (at,, +iD,,) elam+i 5’mlr{p[ml + flj":””) +(a,, —ib,,) gia'm—fﬁm)r(p(ml _ iq[”’”}

There are 2n undertermined coefficients which can be dertermined via initial
conditions. The solution can be expressed as the following using Euler’s equations

Yty = 2y €% [vy ST By 1) + Wiy COS( By 1)]
Vin = -2 (Gm q(m) + bm p(m} )

Wy = 2 m‘m P[m] - bm th] )

<L Example: In the previous example, initial conditions are

U] = —0.40408 — 1.48991 i; W} = —0.40408 + 1.48991 i;
Wy = —0.39592 — 1.78891 i W, = —0.39592 + 1.78891 i
a; = —0.40408; B = —1.48991

@y = —0.39592: By=—1.78891
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y(0) = 2e%7[~(ar gV + by pO ) sin(By 1) + (a1 p - by ¢V ) cos(By )] +
2% —(a2 q? + by p@ ) sin(Ba 1) + (a2 p? = by ¢ ) cos(Ba 1)]

Based on initial conditions

{a; - 0.17148. b(1) — —0.425705, a, — 0.32852, b(2) — 0.465994}
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