53/58:153 Lecture 22 Fundamental of Vibration

Lecture 22: Finite element method: Axial vibrations of bars
Reading materials: Section 9.1
1. Introduction

o Discretization

<& Assembly and solution

2. Governing equations

<L) Axial vibrations of a long slender bar
X
- dx

F+6—Fdx
X

[}
]

) +q=mii

« initial conditions

w(x. 0)=up 1(x. 0) =1y
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< boundary conditions

u(xe. 1) = uy,  or  Alxe) E(x) m{g’ﬂ = F(t). x,— rightend of the bar

5{{[:.‘{'9__{]

—A(xg) E(xp) o = Fy(f).  xo — leftend of the bar

u(Xo, t)=Uyo

3. Axial vibration element

(15} 2
P m,E A q(T) P
L PP x
I m>
0 L
— L -

< Finite element approximation
2 AT _ a7
vix, 1) = 2 Nilx)us(t) = N* u
vix)=ap+xay

‘-Ecl} — {.{1 — l'-TI::I — {.{-1

viL)=wu; = ag+La; =u

My — Uy
, g — ::1}

-

x (g —ua) x X 17
[l ]ul +
L

y0) = g~ —— =
L L
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dy(x.r) » dN; T
i = Zle e Hf(f} =B u

1 1

()

L L

4. Energy

ol kinetic energy due to distributed mass

d}f[rr‘] 1 T pL rarl g
L [ ” ] dx = EHLHM\J\ dxn =

i xl::l—j?)

,
X v =
L [|m(l-%) ———
L: L
mg =f m N N dx =f ox
] 0 mxl:_l—ﬂ
L

mx?

LE

« kinetic energy due to concentrated mass

[t | bt

L 2 2)
1. = 5 \myuy +mpus) =

o Total kinetic energy

1 T 1
T =T,+1,= su (my+m)u = 5
Lm Lm
3 T 3
m=img+m.=
d ¢ Lm Lm
3 ERE

« T

. T . m.= [
n m.u

my i

)
my
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< Strain energy

1 Lo (a1 7 L T 1w, 1T
DS—ELEA( = ) dk—jﬂ fﬂEABB dxu=zn ku
I AE AE {E
3 T < 1 -1
k:fEABBde:f L L lax = [ ]
0 o | _4E 4E L \-1 1
L

<& work done by the distributed applied force

W, = ﬁq(r)j'lﬁr. f)dx = Eq N dxu = rlu

« work done by the concentrated loads

»=(p1i +pzf:’g}=f‘§”
T=(p )

«> Total work done

T

- , - va
W=Wy+Wy=lrg+ry,) u=r'u

Lqg

3 T
P I

q

2 p2
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5. Equations of motion

U:US_W
ﬂr T ﬂr *.T " OT we
;1 IT+U)=0 = E[%" mu+§urkri—rru]:n [mu+ku-r]=0
mi(r) + ku(r) = r(r)
Lm Lm . EA EA Lq
3 M 6 [”1] T I [m) 5 TP
+ =
Lm Lm y EA EA L
~m =m 1> _EA EA 1) |
5 3 T I I 7 T2

6. Assembly and Solution

<L The element equations are derived in the above with local coordinates.

< Assemble the element equations into the global equations based on the global
coordinates.

< Apply the boundary conditions.

<L) Numerically solve the equations of motion.
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7. Example 1
M ];&1&1}
g: m(x), EA(x) | —=F(t) = |;' )
T
e L = 0.25
my, A my, Ay ].‘(13__A3___' —=F(t)
M
‘e > - o ‘e
« General element equations
Lm Lmy EA EA Lq
3 6 11 T T 11 R
tn o m iy ) 7| B8 Ea \uy) 7| Le
6 3 - L L - o
< Element 1

490000

1.869 0.9345) U, N
0.9345 1.869 )\ U, —490000 490000

« Element 2

350000

1335 0.6675)(0,)
0.6675 1.335 )i, (-350000 350000

—490000

— 350000}(

e)lo

oo
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<£ Element 3
0.801 0.4005) Uj N 210000 —210000) u, B 0
0.4005 0.801 A d, —210000 210000 Au, 0

Considering concentrated mass and force on node 4, the element equations for
Element 3 could be written as:

0801 0.4005(ty) (210000 -210000)u;)_( O
0.4005 100.801)\ti, ) (-210000 210000 \u,) |F(t)

<L Form of global equations

(00 0 0\(it) (0 0 0 0Y/uy (O)
0 0 ity 0 0 "
000 i |"lo o0 o us |
L0 0 0 J\itgy )\ 0 0 J\ g )

< Assemble of elements
Element 1

Im=(1 2)

_ [1.1] [1.2] 1
Assembly locations for k & m = and for r = [ ]
2.1] [2.2] 2

490000. —490000. 0 0
~490000.  490000. 0 0

B 0 0 0 0
0 0 0 0
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Element 2

Im=(2 3)

[2.2] [2.3] 2
Assembly locations fork & m = [ J and for r = [ 3 ]

[3.2] [3.3]
490000. —490000. 0 0
_ | —490000.  840000. -350000. 0
B 0 —350000. 350000 0
0 0 0 0
Element 3
Im=(3 4)

_ [3.3] [3.4] 3
Assembly locations for kK & m = and for r = [4 ]

[4.3] [4.4]
1869 09345 0 0
09345 3204 06675 0
"=lo 0.6675 2.136 0.4005
0 0 04005 100.801
490000. —490000. 0 0
| —4%0000.  240000. —350000. 0
B 0 —350000. 560000. —210000.
0 0 —210000. 210000.
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<&’ Global equations of motion
1.869 009345 0 0 i 490000. —490000. 0 0 \/u 0
09345 3204 06675 0 ity —490000.  840000. —350000. 0 || w 0
0 0.6675 2.136 0.4005 || i1 - 0 -350000. 560000. -210000. ||us| | ©
0 0 0.4005 100.801 iy 0 0 —210000. 210000. J\ uy E(¢)
<L) Apply BCs
i = H1 =0
3.204  0.6675 0 i 840000. —350000. 0 \( 0
0.6675 2.136 0.4005 || i3 [+] —=350000.  560000. —-210000. || w3z [=| ©
0 0.4005 100.801 i 0 —=210000. 210000. )\ u4 F(1)
Note: for nonzero BCs
3.204 0.6675 0 ity 840000. —-350000. 0 1>
0.6675 2.136 0.4005 || itz |+ =350000. 560000. -210000. || u3
0 0.4005 100.801 m 0 -=210000. 210000. J\ w4
0 0.9345 —490 000.
= 0 — 0 }'!1— 0 23]
F(r) 0 0
« Solutions

Newmark’s method



