53/58:153 Lecture 17 Fundamental of Vibration

Lecture 17: Response Spectra
Reading materials: Sections 6.1, 6.2, and 6.3
1. Concepts

ol In practical dynamic analysis situations we are interested in the maximum
response.

o The graph showing the variation of the maximum response (maximum
displacement, velocity, acceleration, or any other quantity) with the natural
frequency (or natural period) of a single degree of freedom system to a specified
forcing function is known as the response spectrum.

o A response spectrum is a plot of maximum response of a single degree of
freedom system subject to a specific input, such as step loading and triangular
pulse versus period of vibration or another suitable quantity.

o) Example: Response spectra for a rectangular pulse loading
fit)

id

T: fundamental period of the structure
Umax: Mmaxium deflection over time
Usaiic: deflection if load F 1s treated as a static load

Ihax: maximum dynamic load magnification factor
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2. Response Spectrum of Sinusoidal Pulse

Find the response spectrum for the sinusoidal pulse force using the initial
conditions x(0)=v(0)=0

F(t)

A

17/ T
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3. Usage of Response Spectrum

<L) SDOF systems

Period of vibration:

T=2r__2

e v k/m

Maximum displacement

o

—  Umax = ]-_mﬂx Htatic

rmﬂx H.otatia

o) MDOF systems

Equations of motion
my(t)+(@m+ k) yr)+ k y(r) = f(1);
Undamped free vibration mode shapes and frequencies

k¢, =\im¢;. i=1.2....n

Modal coordinates

Damped modal equations



53/58:153 Lecture 17 Fundamental of Vibration

M) + @M+ BK) 50+ Kz = Fi(t): i=1.2. ...

M=¢Tmo: Ki=¢Tko: w=~/K/M: F=¢If

Solution
()= 2,z @;
We know
Zimax
Here,

Hmax F Z:’ Zimax ¢:’

I — \/Z,-(:;-_m(c.ﬁfjn)z - n=1,2. ...

4. Response spectra using Duhamel’s integral

< In the above examples, the input force is simple and hence a closed form
solution has been obtained for the response spectrum. If the input force is arbitrary,
we can find the response spectrum only numerically.

o) The peak displacement response of an undamped SDOF system subjected to a
given load F(t) can be expressed via Duhamel’s integral

oL Loading phase: t <ty

| V(1) |max = | ﬁj{?ﬂr}shl(u(r— 7) AT | jax
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¥1) w t ¥
IT | = |F/k = | £ 55 fF@Osin ot = T)dT luge = | 5 [F(@) sineo(t = T)dT e

where F is the load magnitude.

o Free vibration phase: t >= t4

. v . 4
| V(D) o = | 217, €OS (7 = 13) + = SIM(F = 1) |onax

1T | max = (14, cOS @t — 1) + —5111u{r—rd ) |

_‘mu

where Uiy and Viy are displacement and velocity at the end of the forced vibration
phase.

o) Rectangular Pulse

F(t)

1 1

tq
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<= Step force with ramp: maximum DLF occurs at the constant load phase.

F(t)

ta

= Ramp loading phase: t < {4

1 f F(tw —sin(tw))
y(t) =—— | F(r/t;)sin(w(t—T1))d7 =
mew 0 m o’ ty

F(tw—sin(fw))
yit) =

kﬂ')td

yi(f) fw—sin(tw)
I'it)= =
F"Ik iy

= Constant loading phase: t = {4

1—';d F r
v(t) = ugcos(wlt—fy)+ —sin(w(t—1;) + — | sin(w(t—T))dr
w mw Yi
F(wty — sin|w tg)) F(w - wcos|w tg))
Vilz) = U, = : vity) = vy, =
‘ kw T4 ‘ kw 4
y (1) sin(fw)  sinfw (f—14))
I(t) = = - + +1
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1 |2sinfw(f—tg)) +2wig - \/ 2 — 2 cos|w ty} \/ 1 —cos(2 t;/T x)
- = +1
7

w td JE_ i‘ar’T T

5. Response spectra using Numerical Integration

< It is difficult to determine simple analytical expressions for maximum DLF for
complicated loading.

< Equation of motion for a SDOF system

mu(t)+cu(t)+ku(t)=f(r): wu0)=0: w0)=0

. » (f)
u(t) + 2 & wult) + w? u(t) = A
o Let

Ig 2 2 7
?:rd: cu:?:lr w- =4

%Zl — F=k=muw =47

then

) +2EQmult) + 477 u(t) = £ (t)
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<£* Half Sine Pulse
f(t)

Equation of motion
an C ; - ) 2 _ r
() +2E2m) ) +4x=u(t) = f (1)

f)y=4msin(rt/ty); 0<t<ty

f(Hy=0 t>1ty
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ts = 0.25 and & = 0.1 the solution 1s as follows.

0.025
0.05
0.075
0.1
0.125
0.15
0.175
0.2
0.225

0.25
0.275
0.3
0.325
0.35
0.375
0.4
0.425
0.45
0.475
0.5

k=471

B = 0.25:

F

0.

12.1995
23.2048
31.9387
37.5461
39.4784
37.5462
31.9387
23.2048
12.1995

4.83455x 1071

=

e e o

m=1; & = 2 1 radfs;

y=0.5; At=0.1
Disp Vel
0 0
0.00186536 0.149229
0.0109072 0.574118
0.0332529 1.21354
0.0731651 1.97943
0.132486 2.76621
0.210338 3.46201
0.303121 3.96059
0.4047338 4.17279
0.507401 4.036.15
0.6018387 3.5226
0.6308 2.79045
0.740848 2.01344
0.781163 1.21169
0.801376 0.405343
0.801617 —0.386006
0.782496 —1.145371
0.745068 —1.8505
0.690801 —2.49087
0.621523 —3.05142
0.539367 —3.52106

-11 -

T=1¢s

Acc

0.
11.9383
22.0528
290.101
32.1703
30.77
24,8919
14.995
1.98075
—12.904

—28.1882
—30.3835

ik
— LA

—32.3617
—32.1464
—31.1615
—29.4545
—27.0887
—24.1416
—-20.7022
—16.8686



