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INTRODUCTION
o

Uncertainty Quantification

Complex System
(jet engine)

Input X = (X3,..., Xn)
X: (9, F) = (AN, BN)
AN CRN NeN

- | Output Y = y(X)
by YELP(Q,F,P)
yELP(ANvBNvfde)

e Goals & Objectives
o Moments: E [Y!] := [, Y!dP = fAN y(x)fx(x)dx
o Probability distribution: P[Y < yo] := |, (xy () <o) fx( )dx
e Stochastic design optimization (RDO /RBDO)
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Orthonormalized (ON) Univariate B-Splines

For k=1,...,N, let B* (z1,) & F (zx) be real-valued

) ity e € iy €
B-splines and ON B-splines in z of degree my € Ny and knot
sequence
e =1 =&kt Syl = bi}, np = len(€g) — my — 1.

Example: my =2, &, = {-1,-1,—-1,-0.5,0,0.5,1,1,1}, nj, = 6.
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Multivariate ON B-Splines (Full Tensor-Product)

For i:= (i1,...,iny), m:= (my,...,my), 2 := (&,...,&€x), the
tensor-product ON B-splines in x = (1,...,2y) are
N
k
Uimz(x) = [[ ¥ e, (@), Sme = span {¥im=(x)}icr-
k=1

Iy ={i=(i,...,iny): 1 < <my,k=1,...,N}

The second-moment properties are

1, i=1:=(1,...,1),
0, i#1.
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Spline Chaos Expansion (SCE) [Rahman, 2020]

Theorem

For independent random input X, an output random variable
y(X) € LP(Q, F,P), 2 < p < oo, admits an orthogonal expansion
in {¥imz(X)}icz,, referred to as the SCE of

where

SCE suffers from the curse of dimensionality

™ = = =
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Error Bound & L? Convergence (2 < p < o0)

o ajth modulus of smoothness of y in L? (o, > 1)

o (93 1) otan] = S0 NATY ) 1o -y P> 0
ag o
ALty (z) = Z(—l)a’“‘z< i'“) y(zp + tug) — apth fwd. diff.
=0

Wa (Y3 1) pojany = S AT Y| sy y» B> 0

e [P-error

EflyX) = ymz(X)*] < Cwmia(y;h)poan)

limE [|y(X) Ym,=(X)|"] =0
—0

SCE converges in the pth mean, in prob., & in distribution J

] = — = =




Output Statistics

@ Mean and Variance

pm= = E [ym,E(X)] = Cl,m,: =E [y(X)]

Ur2n,E = var [ym = (X)] :Z Ci?m,E - Cfm,s < var [y(X)]
€T,

@ Skewness and Kurtosis

=(X) — tme]’
Ym,= = E [ym,_( ) 'u’m’“}
Om,=
=(X) — ume1?
kms = E [ym’“( ) Mm’“]
Om,=
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EXAMPLES
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\ 2 X —— Original function
“t “ N ---- PCE (m=2)
k == PCE (m=8)
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Proof that SCE converges in L
o SCE more efficient than PCE for non-smooth functions

Higher-order moments of PCE may diverge

SCE and PCE suffer from the curse of dimensionality
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