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 a b s t r a c t

This paper puts forward a novel and practical adaptation of generalized polynomial dimensional 
decomposition (GPDD) for uncertainty quantification (UQ) in the presence of dependent input 
random variables with arbitrary, non-product-type probability distributions. Instead of relying 
on a Rodrigues-type formula, which exists only for select probability measures, a new four-step 
computational algorithm is introduced to generate approximate, measure-consistent multivariate 
orthogonal polynomials in subsets of input variables. Unlike generalized polynomial chaos expan-
sion (GPCE), which requires the full joint input distribution to construct its orthogonal polynomial 
basis, GPDD operates using only low-variate marginal distributions, allowing efficient dimension-
wise construction even when the joint distribution is unknown. For high-dimensional stochastic 
problems characterized by strongly nonlinear output but weak input interactions, GPDD is ex-
pected to deliver substantial computational advantages over GPCE due to its hierarchical, di-
mensionwise structure. Numerical experiments involving both Gaussian and non-Gaussian prob-
ability measures on rectangular and non-rectangular domains show that the proposed algorithm 
produces highly accurate orthogonal polynomials. Results from representative mathematical and 
structural examples demonstrate that GPDD provides accurate and computationally efficient esti-
mates of statistical moments and reliability, while an engineering application involving stochastic 
stress analysis of a vehicle suspension control arm with 34 random variables further highlights 
GPDD’s practical effectiveness for high-dimensional UQ problems.

1.  Introduction

Uncertainty quantification (UQ) plays a pivotal role in the mathematical modeling, simulation, and design of complex mechanical 
systems. Contemporary UQ techniques, often employed as surrogates for computationally intensive models, include polynomial chaos 
expansion (PCE) [1,2], adaptive-sparse PCE [3], polynomial dimensional decomposition (PDD) [4,5], stochastic collocation [6,7], and 
sparse-grid quadrature [8,9], among others. These methods are widely recognized for offering significant computational advantages 
over crude Monte Carlo simulation (MCS).

However, a key limitation shared by most of these approaches is their reliance on the assumption of statistical independence 
among input random variables. In many practical applications, this assumption is violated, as input variables, arising from loading 
conditions, geometric configurations, or material properties, are often correlated or otherwise statistically dependent. Neglecting 
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\begin {equation}\begin {array}{rcl} \mathbb {E}\!\left [ \Psi _{u,\mathbf {j}_u^{(k)}}(\mathbf {X}_u)\, \Psi _{u,\mathbf {j}_u^{(l)}}(\mathbf {X}_u) \right ] & = & {\mathbf {e}_{L_{u,|\mathbf {j}_u^{(k)}|}}^\intercal }\, \mathbf {W}_{u,\mathbf {j}_u^{(k)}}\, \mathbb {E}\!\left [\bar {\mathbf {I}}_{{L_{u,|\mathbf {j}_u^{(k)}|}}} \mathbf {P}_{u,\mathbf {j}_u^{(l)}}(\mathbf {X}_u)\, {\mathbf {P}_{u,\mathbf {j}_u^{(l)}}^\intercal (\mathbf {X}_u)} \right ]\, {\mathbf {W}_{u,\mathbf {j}_u^{(l)}}^\intercal }\, \mathbf {e}_{L_{u,|\mathbf {j}_u^{(l)}|}} \\[2pt] & = & {\mathbf {e}_{L_{u,|\mathbf {j}_u^{(k)}|}}^\intercal }\, \mathbf {W}_{u,\mathbf {j}_u^{(k)}}\, \bar {\mathbf {I}}_{{L_{u,|\mathbf {j}_u^{(k)}|}}}\, \mathbb {E}\!\left [ \mathbf {P}_{u,\mathbf {j}_u^{(l)}}(\mathbf {X}_u)\, {\mathbf {P}_{u,\mathbf {j}_u^{(l)}}^\intercal (\mathbf {X}_u)} \right ]\, {\mathbf {W}_{u,\mathbf {j}_u^{(l)}}^\intercal }\, \mathbf {e}_{L_{u,|\mathbf {j}_u^{(l)}|}} \\[2pt] & = & {\mathbf {e}_{L_{u,|\mathbf {j}_u^{(k)}|}}^\intercal }\, \mathbf {W}_{u,\mathbf {j}_u^{(k)}}\, \bar {\mathbf {I}}_{{L_{u,|\mathbf {j}_u^{(k)}|}}}\, \mathbf {G}_{u,\mathbf {j}_u^{(l)}}\, {\mathbf {W}_{u,\mathbf {j}_u^{(l)}}^\intercal }\, \mathbf {e}_{L_{u,|\mathbf {j}_u^{(l)}|}} \\[2pt] & = & {\mathbf {e}_{L_{u,|\mathbf {j}_u^{(k)}|}}^\intercal }\, \mathbf {W}_{u,\mathbf {j}_u^{(k)}}\, \bar {\mathbf {I}}_{{L_{u,|\mathbf {j}_u^{(k)}|}}}\, {\mathbf {W}_{u,\mathbf {j}_u^{(l)}}^{-1}}\, {\mathbf {W}_{u,\mathbf {j}_u^{(l)}}^{-\intercal }}\, {\mathbf {W}_{u,\mathbf {j}_u^{(l)}}^\intercal }\, \mathbf {e}_{L_{u,|\mathbf {j}_u^{(l)}|}} \\[2pt] & = & {\mathbf {e}_{L_{u,|\mathbf {j}_u^{(k)}|}}^\intercal }\, \mathbf {W}_{u,\mathbf {j}_u^{(k)}}\, \bar {\mathbf {I}}_{{L_{u,|\mathbf {j}_u^{(k)}|}}}\, {\mathbf {W}_{u,\mathbf {j}_u^{(l)}}^{-1}}\, \mathbf {e}_{L_{u,|\mathbf {j}_u^{(l)}|}} \\[2pt] & = & {\mathbf {e}_{L_{u,|\mathbf {j}_u^{(k)}|}}^\intercal }\, \mathbf {W}_{u,\mathbf {j}_u^{(k)}}\, {\mathbf {W}_{u,\mathbf {j}_u^{(k)}}^{-1}}\, \bar {\mathbf {I}}_{{L_{u,|\mathbf {j}_u^{(k)}|}}}\, \mathbf {e}_{L_{u,|\mathbf {j}_u^{(l)}|}} \\[2pt] & = & {\mathbf {e}_{L_{u,|\mathbf {j}_u^{(k)}|}}^\intercal }\, \bar {\mathbf {I}}_{{L_{u,|\mathbf {j}_u^{(k)}|}}}\, \mathbf {e}_{L_{u,|\mathbf {j}_u^{(l)}|}} \\[2pt] & = & 0, \end {array} \label {3.15}\end {equation}


$(L_{u,|\mathbf {j}_u^{(k)}|} \times L_{u,|\mathbf {j}_u^{(l)}|})$


\begin {equation*}\bar {\mathbf {I}}_{{L_{u,|\mathbf {j}_u^{(k)}|}}} = \left [ \mathbf {I}_{{L_{u,|\mathbf {j}_u^{(k)}|}}} \big | \boldsymbol {0}_{L_{u,|\mathbf {j}_u^{(k)}|} \times (L_{u,|\mathbf {j}_u^{(l)}|}-L_{u,|\mathbf {j}_u^{(k)}|}) } \right ],\end {equation*}


$\mathbf {I}_{{L_{u,|\mathbf {j}_u^{(k)}|}}}$


$(L_{u,|\mathbf {j}_u^{(k)}|}+1)$


$L_{u,|\mathbf {j}_u^{(l)}|}$


$\bar {\mathbf {I}}_{{L_{u,|\mathbf {j}_u^{(k)}|}}}$


$\mathbf {P}_{u,\mathbf {j}_u^{(k)}}(\mathbf {X}_u)$


$\mathbf {P}_{u,\mathbf {j}_u^{(l)}}(\mathbf {X}_u)$


\begin {equation*}\mathbf {P}_{u,\mathbf {j}_u^{(k)}}(\mathbf {X}_u) = \bar {\mathbf {I}}_{{L_{u,|\mathbf {j}_u^{(k)}|}}} \mathbf {P}_{u,\mathbf {j}_u^{(l)}}(\mathbf {X}_u),\end {equation*}


\begin {equation*}\bar {\mathbf {I}}_{{L_{u,|\mathbf {j}_u^{(k)}|}}} {\mathbf {W}_{u,\mathbf {j}_u^{(l)}}^{-1}}\ = {\mathbf {W}_{u,\mathbf {j}_u^{(k)}}^{-1}} \bar {\mathbf {I}}_{{L_{u,|\mathbf {j}_u^{(k)}|}}}.\end {equation*}


$k \ne l$


$|\mathbf {j}_u^{(k)}| = |\mathbf {j}_u^{(l)}|$


\begin {equation}\mathbb {E}\!\left [ \Psi _{u,\mathbf {j}_u^{(k)}}(\mathbf {X}_u)\, \Psi _{u,\mathbf {j}_u^{(l)}}(\mathbf {X}_u) \right ] = \displaystyle \int \Psi _{u,\mathbf {j}_u^{(k)}}(\mathbf {x}_u) \Psi _{u,\mathbf {j}_u^{(l)}}(\mathbf {x}_u) f_{\mathbf {X}_u}(\mathbf {x}_u)\,d\mathbf {x}_u, \label {3.16}\end {equation}


$f_{\mathbf {X}_u}(\mathbf {x}_u)\,d\mathbf {x}_u$


$\mathbf {X}_u$


$\mathbf {x}_u$


$m$


$N \ge 2$


$(X_1,\ldots ,X_N)^\intercal $


$u=\{1,2\}$


$(X_1,X_2)^\intercal $


$\sigma _1=\sigma _2 = \tfrac {1}{4}$


$\rho =\tfrac {1}{5}$


$m=3$


$(x_1,x_2)^\intercal $


$u=\{1,2\}$


$m=3$


\begin {equation*}{\mathcal {B}}_{\{1,2\},3} = \{1,\ x_1,\ x_2,\ x_1^2,\ x_1x_2,\ x_2^2,\ x_1^3,\ x_1^2x_2,\ x_1x_2^2,\ x_2^3\},\end {equation*}


$\Pi _{\{1,2\},3}$


$(x_1,x_2)^{\intercal }$


$x_1x_2$


$x_1^2x_2$


$x_1x_2^2$


\begin {equation}\begin {array}{rcl} & & \left \{ \Psi _{\{1,2\},\mathbf {j}_{{\{1,2\}}}^{(1)}}(x_1,x_2), \Psi _{\{1,2\},\mathbf {j}_{{\{1,2\}}}^{(2)}}(x_1,x_2), \Psi _{\{1,2\},\mathbf {j}_{{\{1,2\}}}^{(3)}}(x_1,x_2) \right \} \\ & = & \biggl \{ \Psi _{\{1,2\},(1,1)}(x_1,x_2), \Psi _{\{1,2\},(2,1)}(x_1,x_2), \Psi _{\{1,2\},(1,2)}(x_1,x_2) \biggr \} \\ & = & \left \{ \begin {array}{c} \frac {1}{\sqrt {26}} - \frac {25}{3}\sqrt {\frac {2}{13}}x_1^2 - \frac {25}{3}\sqrt {\frac {2}{13}}x_2^2 + \frac {10}{3}\sqrt {26}x_1 x_2, \\ \frac {5}{3}x_1 - 3x_2 - \frac {250}{27}x_1^3 - \frac {170}{9} x_1x_2^2 + \frac {50}{27} x_2^3 + 50x_1^2x_2, \\ -3x_1 +\frac {5}{3}x_2 + \frac {50}{27}x_1^3 - \frac {170}{9} x_1^2 x_2 - \frac {250}{27} x_2^3 + 50x_1x_2^2 \end {array} \right \} \end {array} \label {3.17}\end {equation}


$(x_1,x_2)^\intercal $


$\mathbf {G}_{u,\mathbf {j}_u^{(k)}}$


$m$


$\mathbf {G}_{u,\mathbf {j}_u^{(k)}}$


$|\mathbf {j}_u^{(k)}| \le m$


$m$


$y(\mathbf {X}) \in L^2(\Omega ,\mathcal {F},\mathbb {P})$


$y(\mathbf {X})$


$L^2(\Omega ,\mathcal {F},\mathbb {P})$


$y(\mathbf {X}) \in L^2(\Omega ,\mathcal {F},\mathbb {P})$


$\mathbf {X}$


\begin {align}y(\mathbf {X}) & = y_{\emptyset } + \displaystyle \sum _{\emptyset \ne u\subseteq \{1,\ldots ,N\}}y_{u}(\mathbf {X}_{u}), \label {4.1a}\\ y_{\emptyset } & =\int _{\mathbb {A}^{N}}y(\mathbf {x})f_{\mathbf {X}}(\mathbf {x})d\mathbf {x}, \label {4.1b}\\ y_{u}(\mathbf {X}_{u}) & =\int _{\mathbb {A}^{-u}}y(\mathbf {X}_{u},\mathbf {x}_{-u})f_{\mathbf {X}_{-u}}(\mathbf {x}_{-u})d\mathbf {x}_{-u}-{\displaystyle \sum _{v\subset u}y_{v}(\mathbf {X}_{v})}-\nonumber \\ & \;\;\;{\displaystyle \sum _{{\textstyle {\emptyset \ne v\subseteq \{1,\ldots ,N\}\atop v\cap u\ne \emptyset ,v\nsubseteq u}}}{\displaystyle \int _{\mathbb {A}^{v\cap -u}}y_{v}(\mathbf {X}_{v\cap u},\mathbf {x}_{v\cap -u}) f_{\mathbf {X}_{v\cap -u}}(\mathbf {x}_{v\cap -u})d\mathbf {x}_{v\cap -u}}}, \label {4.1c}\end {align}


$u\subseteq \{1,\ldots ,N\}$


$-u=\{1,\ldots ,N\}\backslash u$


$y_{u}$


$|u|$


$|u|$


$\mathbf {X}_{u}=(X_{i_{1}},\ldots ,X_{i_{|u|}})$


$y$


$|u|=0$


$|u|>0$


$\mathbb {A}^N=\mathbb {R}^N$


$\mathbb {A}^N \subseteq \mathbb {R}^N$


$(\mathbf {X}_{u},\mathbf {x}_{-u})$


$N$


$i$


$X_{i}$


$i\in u$


$x_{i}$


$i\notin u$


$2^{N}-1$


$\{1,\ldots ,N\}$


$u=\emptyset $


$y_{\emptyset }$


$u=\{1,\ldots ,N\}$


$y_{\{1,\ldots ,N\}}$


$y$


$y_{u}$


$\emptyset \ne u\subseteq \{1,\ldots ,N\}$


\begin {equation}\mathbb {E}\left [y_{u}(\mathbf {X}_{u})\right ]=0; \label {4.2}\end {equation}


$y_{u}$


$y_{v}$


$\emptyset \ne u\subseteq \{1,\ldots ,N\}$


$\emptyset \ne v\subseteq \{1,\ldots ,N\}$


$v\subset u$


\begin {equation}\mathbb {E}\left [y_{u}(\mathbf {X}_{u})y_{v}(\mathbf {X}_{v})\right ]=0. \label {4.3}\end {equation}


$y(\mathbf {X}) \in L^2(\Omega ,\mathcal {F},\mathbb {P})$


$y_{u}(\mathbf {X}_{u})$


$u\subseteq \{1,\ldots ,N\}$


$\mathbf {X}_u$


$\mathbf {X}:=(X_{1},\ldots ,X_{N})^T$


$N \in \mathbb {N}$


$\emptyset \ne u \subseteq \{1,\ldots ,N\}$


$\mathbf {X}_u:=(X_{i_1},\ldots ,X_{i_{|u|}})^T:(\Omega ^u,\mathcal {F}^u)\to (\mathbb {A}^u,\mathcal {B}^u)$


$\{\Psi _{u,\mathbf {j}_u}(\mathbf {x}_u): \mathbf {j}_u \in \mathbb {N}^{|u|}\}$


$f_{\mathbf {X}_u}(\mathbf {x}_u)d\mathbf {x}_u$


$y(\mathbf {X}) \in L^2(\Omega , \mathcal {F}, \mathbb {P})$


$\mathbf {X}_u$


\begin {equation}y(\mathbf {X}) \sim y_\emptyset + \displaystyle \sum _{\emptyset \ne u\subseteq \{1,\ldots ,N\}} \sum _{\mathbf {j}_u \in \mathbb {N}^{|u|}} C_{u,\mathbf {j}_u} \Psi _{u,\mathbf {j}_u}(\mathbf {X}_u), \label {4.4}\end {equation}


$y_{\emptyset } \in \mathbb {R}$


\begin {equation}y_{\emptyset } :=\mathbb {E}\left [ y(\mathbf {X})\right ]:= \int _{\mathbb {A}^N} y(\mathbf {x}) f_{\mathbf {X}}(\mathbf {x}) d\mathbf {x} \label {4.5}\end {equation}


$|u|$


$|\mathbf {j}_u|$


$C_{u,\mathbf {j}_u} \in \mathbb {R}$


\begin {equation}\sum _{\emptyset \ne v \subseteq \{1,\ldots ,N\} } \sum _{\mathbf {k}_v \in \mathbb {N}^{|v|}} C_{v,\mathbf {k}_v}J_{u,\mathbf {j}_u;v,\mathbf {k}_v}=I_{u,\mathbf {j}_u},\; \emptyset \ne u \subseteq \{1,\ldots ,N\},\; \mathbf {j}_u \in \mathbb {N}^{|u|}, \label {4.6}\end {equation}


\begin {align}I_{u,\mathbf {j}_u} & :=\mathbb {E}\left [ y(\mathbf {X})\Psi _{u,\mathbf {j}_u}(\mathbf {X}_u) \right ]:= \int _{\mathbb {A}^{N}}y(\mathbf {x})\Psi _{u,\mathbf {j}_u}(\mathbf {x}_u)f_{\mathbf {X}}(\mathbf {x}) d\mathbf {x}, \label {4.7a} \\ J_{u,\mathbf {j}_u;v,\mathbf {k}_v} & :=\mathbb {E} \left [ \Psi _{u,\mathbf {j}_u}(\mathbf {X}_u)\Psi _{v,\mathbf {k}_v}(\mathbf {X}_v) \right ]:= \int _{\mathbb {A}^{N}}\Psi _{u,\mathbf {j}_u}(\mathbf {x}_u)\Psi _{v,\mathbf {k}_v}(\mathbf {x}_v) f_{\mathbf {X}}(\mathbf {x}) d\mathbf {x}. \label {4.7b}\end {align}


$y(\mathbf {X}) \in L^2(\Omega , \mathcal {F}, \mathbb {P})$


$y(\mathbf {X})$


$\sim $


$0 \le S \le N$


$S$


$S \le m < \infty $


$S$


$m$


\begin {equation}y_{S,m}(\mathbf {X}) = \displaystyle y_\emptyset + \sum _{\substack {\emptyset \ne u \subseteq \{1,\ldots ,N\} \\ 1 \le |u| \le S}} \sum _{\substack {\mathbf {j}_u \in \mathbb {N}^{|u|} \\ |u| \le |\mathbf {j}_u| \le m}} C_{u,\mathbf {j}_u} \Psi _{u,\mathbf {j}_u}(\mathbf {X}_u) \label {4.8}\end {equation}


$y(\mathbf {X})$


\begin {equation}\displaystyle L_{S,m} = 1 + \sum _{s=1}^S \binom {N}{s} \binom {m}{s}, \label {4.9}\end {equation}


$S$


$S$


$S$


$y_{S,m}$


$N$


$S \to N$


$m \to \infty $


$y_{S,m}$


$y$


$y(\mathbf {X})$


$N$


$y_{u}$


$|u|\ll N$


$\mathbf {X}$


$S$


$m$


$y_{S,m}(\mathbf {X})$


$0 \le S \le N$


$S \le m <\infty $


$y$


$|u|$


$|\mathbf {j}_u|$


$C_{u,\mathbf {j}_u} \Psi _{u,\mathbf {j}_u}(\mathbf {X}_u)$


$|u|$


$|\mathbf {j}_u|$


$y$


$S$


$m$


$y_{S,m}(\mathbf {X})$


$y(\mathbf {X})$


$y(\mathbf {X})$


$y_{S,m}(\mathbf {X})$


$y_{S,m}(\mathbf {X})$


\begin {equation}\mathbb {E}\left [ y_{S,m}(\mathbf {X}) \right ] = \mathbb {E}\left [ y(\mathbf {X}) \right ] = y_\emptyset \label {4.10}\end {equation}


$y(\mathbf {X})$


$0 \le S \le N$


$m \in \mathbb {N}_0$


$(y_{S,m}(\mathbf {X})- \mathbb {E}[y_{S,m}(\mathbf {X})])^2$


\begin {equation}\text {var}\left [ y_{S,m}(\mathbf {X}) \right ] = \displaystyle \sum _{\substack {\emptyset \ne u,v \subseteq \{1,\ldots ,N\} \\ 1 \le |u| \le S \\ 1 \le |v| \le S}}~ \sum _{\substack {\mathbf {j}_u \in \mathbb {N}^{|u|}, \mathbf {k}_v \in \mathbb {N}^{|v|} \\ |u| \le |\mathbf {j}_u| \le m \\ |v| \le |\mathbf {k}_v| \le m}} C_{u,\mathbf {j}_u} C_{v,\mathbf {k}_v}J_{u,\mathbf {j}_u;v,\mathbf {k}_v} \label {4.11}\end {equation}


$y_{S,m}(\mathbf {X})$


$J_{u,\mathbf {j}_u;v,\mathbf {k}_v}$


$u$


$v$


$\mathbf {j}_u$


$\mathbf {k}_v$


$S \to N$


$m \to \infty $


\begin {equation}P_{F}:= \mathbb {P}[\mathbf {X}\in \Omega _{F}]=\int _{\mathbb {A}^{N}} \displaystyle I_{\Omega _{F}}(\mathbf {x})f_{\mathbf {X}}(\mathbf {x})d\mathbf {x} =: \mathbb {E}\left [I_{\Omega _{F}}(\mathbf {X})\right ], \label {4.12}\end {equation}


$I_{\Omega _{F}}(\mathbf {x})$


$\Omega _{F}$


$\mathbf {x}\in \Omega _{F}$


$y(\mathbf {X})$


$\Omega _{F}:=\left \{ \mathbf {x}:y(\mathbf {x})<0\right \}$


$y(\mathbf {X})$


$S$


$m$


$y_{S,m}(\mathbf {X})$


$\Omega _{F,S,m}:=\{\mathbf {x}:y_{S,m}(\mathbf {x})<0\}$


$P_{F}$


\begin {equation}P_{F,S,m} = \mathbb {E}\left [I_{\Omega _{F,S,m}}(\mathbf {X})\right ] = \lim \limits _{L'\rightarrow \infty }\frac {1}{L'}\sum \limits _{l=1}^{L'}I_{\Omega _{F,S,m}}(\mathbf {x}^{(l)}), \label {4.13}\end {equation}


$L'$


$\mathbf {x}^{(l)}$


$l$


$\mathbf {X}$


$I_{\Omega _{F,S,m}}(\mathbf {x})$


$\mathbf {x}\in \Omega _{F,S,m}$


$y(\mathbf {x}^{(l)})$


$\mathbf {x}^{(l)}$


$l=1,\ldots ,L_{MCS}$


$L_{MCS} \in \mathbb {N}$


$y_{S,m}(\mathbf {x}^{(l)})$


$L'$


$y$


$\mathbf {X}$


$f_{\mathbf {X}}(\mathbf {x})d\mathbf {x}$


$G_{u,\mathbf {j}_u^{(k)},pq}$


$\tilde {G}_{u,\mathbf {j}_u^{(k)},pq}$


$\tilde {\mathbf {G}}_{u,\mathbf {j}_u^{(k)}}$


$\tilde {G}_{u,\mathbf {j}_u^{(k)},pq}$


$\emptyset \ne u \subset \{1,\ldots ,N\}$


$\mathbf {x}_{u}=(x_{i_1},\ldots ,x_{i_{|u|}})$


$\mathbf {z}_{u}=(z_{i_1},\ldots ,z_{i_{|u|}})$


$z_{i_l}$


$l=1,\ldots ,|u|$


$Z_{i_l}$


$F_{Z_{i_l}}(z_{i_l}):=\mathbb {P}[Z_{i_l} \le z_{i_l}]$


$f_{Z_{i_l}}(z_{i_l}):=d F_{Z_{i_l}}(z_{i_l})/d z_{i_l}$


$[a_{i_l},b_{i_l}] \subseteq \mathbb {R}$


$a_{i_l}, b_{i_l} \in \mathbb {R}$


$b_{i_l} > a_{i_l}$


\begin {equation}\begin {array}{rcl} x_{i_1} & = & F_{X_{i_1}}^{-1}[F_{Z_{i_1}}(z_{i_1})] \\[8pt] x_{i_2} & = & F_{X_{i_2}|X_{i_1}}^{-1}[F_{Z_{i_2}}(z_{i_2})|x_{i_1}] \\ [8pt] & \vdots & \\ [8pt] x_{i_{|u|}} & = & F_{X_{i_{|u|}}|X_{i_1},\ldots ,X_{i_{|u|-1}}}^{-1}[F_{Z_{i_{|u|}}}(z_{i_{|u|}})| x_{i_1},\ldots ,x_{i_{|u|-1}}], \end {array} \label {5.1}\end {equation}


$F_{X_{i_1}}(x_{i_1}):=\mathbb {P}[X_{i_1} \le x_{i_1}]$


$X_{i_1}$


\begin {equation*}F_{X_{i_l}|X_{i_1},\ldots ,X_{i_{l-1}}}(x_{i_l}):=\mathbb {P}[X_{i_l} \le x_{i_l}|X_{i_1}=x_{i_1},\ldots ,X_{i_{l-1}}=x_{i_{l-1}}],~l=2,\ldots ,|u|,\end {equation*}


$X_{i_l}$


\begin {equation}\begin {array}{rcl} \tilde {G}_{u,\mathbf {j}_u^{(k)},pq} & := & \displaystyle \int _{\mathbb {A}^u} x_{i_1}^{j_{i_1}^{(p)}+j_{i_1}^{(q)}} \cdots x_{i_{|u|}}^{j_{i_{|u|}}^{(p)}+j_{i_{|u|}}^{(q)}} f_{\mathbf {X}_{u}}(\mathbf {x}_{u})d\mathbf {x}_{u} \\ [16pt] & = & \displaystyle \int _{\times _{l=1}^{|u|} [a_{i_l},b_{i_l}]} x_{i_1}^{j_{i_1}^{(p)}+j_{i_1}^{(q)}} \cdots x_{i_{|u|}}^{j_{i_{|u|}}^{(p)}+j_{i_{|u|}}^{(q)}} \displaystyle \frac {f_{Z_{i_1}}(z_{i_1}) \cdots f_{Z_{i_{|u|}}}(z_{i_{|u|}})} {f_{\mathbf {X}_{u}(\mathbf {x}_{u})}} f_{\mathbf {X}_{u}}(\mathbf {x}_{u})d\mathbf {z}_{u} \\ [16pt] & = & \displaystyle \int _{\times _{l=1}^{|u|} [a_{i_l},b_{i_l}]} x_{i_1}^{j_{i_1}^{(p)}+j_{i_1}^{(q)}} \cdots x_{i_{|u|}}^{j_{i_{|u|}}^{(p)}+j_{i_{|u|}}^{(q)}} f_{Z_{i_1}}(z_{i_1}) \cdots f_{Z_{i_{|u|}}}(z_{i_{|u|}}) dz_{i_1} \cdots dz_{i_{|u|}}. \end {array} \label {5.2}\end {equation}


$\mathbf {z}_{u}$


$|u|$


$\mathbb {A}^{u}$


$|u|$


$\times _{l=1}^{|u|} [a_{i_l},b_{i_l}]$


$\mathbf {X}_u$


$(n_{i_1},\ldots ,n_{i_{|u|}})$


\begin {equation}\tilde {G}_{u,\mathbf {j}_u^{(k)},pq} \simeq \displaystyle \begin {array}[t]{c} \underbrace { \displaystyle \sum _{r_{i_1}=1}^{n_{i_1}} \cdots \sum _{r_{i_{|u|}}=1}^{n_{|u|}} } \\ {\scriptstyle |u|\;\mathrm {sums}} \end {array} \left ( x_{i_1}^{(r_{i_1})} \right )^{{j_{i_1}}^{(p)}+{j_{i_1}}^{(q)}} \cdots \left ( x_{i_{|u|}}^{(r_{i_{|u|}})} \right )^{{j_{i_{|u|}}}^{(p)}+{j_{i_{|u|}}}^{(q)}} \prod _{l=1}^{|u|} w_{i_l}^{(r_{i_l})}, \label {5.3}\end {equation}


$G_{u,\mathbf {j}_u^{(k)},pq}$


\begin {equation*}x_{i_l}^{(r_{i_l})} = \begin {cases} F_{X_{i_1}}^{-1}[F_{Z_{i_1}}(z_{i_1}^{(r_{i_1})})], & l=1, \\ F_{X_{i_l}|X_{i_1},\ldots ,X_{i_{l-1}}}^{-1}[F_{Z_{i_l}}(z_{i_l}^{(r_{i_l})})| x_{i_1}^{(r_{i_1})},\ldots ,x_{i_{l-1}}^{(r_{i_{l-1}})}], & l=2,\ldots ,|u|, \end {cases}\end {equation*}


$l=1,\ldots ,|u|$


$z_{i_l}^{(r_{i_l})}$


$w_{i_l}^{(r_{i_l})}$


$r_{i_l}$


$n_{i_l} \in \mathbb {N}$


$f_{Z_{i_l}}(z_{i_l})dz_{i_l}$


$Z_{i_l}$


$Z_{i_l}$


$n_{i_1}=\cdots =n_{i_{|u|}}=n$


$n$


$\mathbf {G}_{u,\mathbf {j}_u^{(k)}}$


$\tilde {\mathbf {G}}_{u,\mathbf {j}_u^{(k)}}$


$m$


$\mathbf {x}_u$


\begin {equation*}\left \{ \tilde {\Psi }_{u,\mathbf {j}_u^{(1)}}(\mathbf {x}_u),\ldots , \tilde {\Psi }_{u,\mathbf {j}_u^{(\bar {L}_{u,m})}}(\mathbf {x}_u) \right \} = \left \{ \tilde {\Psi }_{u,\mathbf {j}_u}(\mathbf {x}_u): |u| \le \mathbf {j}_u \le m \right \}\end {equation*}


$\mathbf {x}_u$


$m$


$f_{\mathbf {X}_u}(\mathbf {x}_u)d\mathbf {x}_u$


$\mathbf {X}_u$


$\bar {L}_{u,m}$


$S$


$m$


$0 \le |u| \le S$


$|u| \le \mathbf {j}_u \le m$


$S$


$m$


$L_{S,m}$


$y_\emptyset $


$C_{u,\mathbf {j}_u}$


$1 \le |u| \le S$


$|u| \le \mathbf {j}_u \le m$


$S$


$m$


$y_{S,m}(\mathbf {X})$


$y$


$\mathbf {X}$


$N$


\begin {equation*}\{\tilde {\Psi }_{u,\mathbf {j}_u}(\mathbf {X}_u): 0 \le |u| \le S, |u| \le \mathbf {j}_u \le m \}~~ \text {and}~~\{\tilde {C}_{u,\mathbf {j}_u}: 0 \le |u| \le S, |u| \le \mathbf {j}_u \le m \}\end {equation*}


\begin {equation*}\{\tilde {\Psi }_1(\mathbf {X}),\ldots ,\tilde {\Psi }_{L_{S,m}}(\mathbf {X})\}~~ \text {and}~~\{\tilde {C}_1,\ldots ,\tilde {C}_{L_{S,m}}\},\end {equation*}


$S$


$m$


$\tilde {y}_{S,m}(\mathbf {X})$


\begin {equation}\tilde {y}_{S,m}(\mathbf {X}) = \displaystyle \sum _{i=1}^{L_{S,m}} \tilde {C}_i \tilde {\Psi }_i(\mathbf {X}). \label {Xeqn34-36}\end {equation}


$\mathbf {X}$


$y:\mathbb {A}^N \to \mathbb {R}$


\begin {equation*}\left \{ \mathbf {x}^{(l)}, y(\mathbf {x}^{(l)}) \right \}_{l=1}^L\end {equation*}


$L \in \mathbb {N}$


$y$


$y(\mathbf {x}^{(l)})$


$\mathbf {x}^{(l)}$


\begin {equation}\displaystyle \frac {1}{L} \displaystyle \sum _{l=1}^{L} \left [ y(\mathbf {x}^{(l)}) - \displaystyle \sum _{i=1}^{L_{S,m}} C_i \tilde {\Psi }_i(\mathbf {x}^{(l)}) \right ]^2,~C_i \in \mathbb {R}, \label {5.4}\end {equation}


$\tilde {y}_{S,m}(\mathbf {X})$


$y(\mathbf {X})$


\begin {equation*}\tilde {\mathbf {c}} := \left ( \tilde {C}_1, \ldots , \tilde {C}_{L_{S,m}} \right )^\intercal ,\end {equation*}


\begin {equation}\mathbf {A}^\intercal \mathbf {A} \tilde {\mathbf {c}} = \mathbf {A}^\intercal \mathbf {b}, \label {5.5}\end {equation}


\begin {equation*}\mathbf {A} := \begin {bmatrix} \tilde {\Psi }_1(\mathbf {x}^{(1)} & \cdots & \tilde {\Psi }_{L_{S,m}}(\mathbf {x}^{(1)}) \\ \vdots & \ddots & \vdots \\ \tilde {\Psi }_1(\mathbf {x}^{(L)} & \cdots & \tilde {\Psi }_{L_{S,m}}(\mathbf {x}^{(L)}) \end {bmatrix}\end {equation*}


\begin {equation*}\mathbf {b} := \left ( y(\mathbf {x}^{(1)}), \ldots , y(\mathbf {x}^{(L)}) \right )^\intercal .\end {equation*}


$L > L_{S,m}$


$\mathbf {A}^\intercal \mathbf {A}$


$\tilde {\Psi }_i(\mathbf {x})$


$i=1,\ldots ,L_{S,m}$


$\tilde {C}_i$


$i=1,\ldots ,L_{S,m}$


$S$


$m$


\begin {equation}\displaystyle \tilde {y}_{S,m}(\mathbf {X}) = \sum _{i=1}^{L_{S,m}} \tilde {C}_i \tilde {\Psi }_i(\mathbf {X}), \label {5.6}\end {equation}


$\tilde {y}_{S,m}(\mathbf {X})$


\begin {equation}\mathbb {E}[\tilde {y}_{S,m}(\mathbf {X})] \approx \tilde {C}_1 \label {5.7}\end {equation}


\begin {equation}\operatorname {var}[ \tilde {y}_m(\mathbf {X}) ] \approx \sum _{i=2}^{L_{S,m}} \sum _{j=2}^{L_{S,m}} \tilde {C}_i \tilde {C}_j \tilde {J}_{ij}, \label {5.8}\end {equation}


\begin {equation*}\tilde {J}_{ij}:=\mathbb {E} \left [\tilde {\Psi }_i(\mathbf {X}) \tilde {\Psi }_j(\mathbf {X}) \right ].\end {equation*}


$i$


$j$


$\tilde {J}_{ij}$


\begin {equation}\tilde {P}_{F,m} = \mathbb {E}\left [I_{\tilde {\Omega }_{F,m}}(\mathbf {X})\right ] = \lim \limits _{L'\rightarrow \infty }\frac {1}{L'}\sum \limits _{l=1}^{L'}I_{\tilde {\Omega }_{F,m}}(\mathbf {x}^{(l)}), \label {5.9}\end {equation}


$\tilde {\Omega }_{F,m}:=\{\mathbf {x}:\tilde {y}_{S,m}(\mathbf {x})<0\}$


$S$


$m$


$\tilde {y}_{S,m}(\mathbf {X})$


$S$


$m$


$\{ \mathbf {x}^{(l)}, y(\mathbf {x}^{(l)}) \}_{l=1}^L$


$L \in \mathbb {N}$


$L$


$L$


$L_{S,m}$


$S$


$m$


$L$


$L_{S,m}$


$S$


$m$


$x_1$


$x_2$


$x_3$


$X_1$


$X_2$


$X_3$


$\mathbb {R}^3$


\begin {equation}f_{X_1,X_2,X_3}(\mathbf {x}) = (2\pi )^{-\tfrac {3}{2}}(\det \boldsymbol {\Sigma }_{\mathbf {X}})^{-\tfrac {1}{2}} \exp \!\left [-\tfrac {1}{2}\,\mathbf {x}^{\mathrm {T}} \boldsymbol {\Sigma }_{\mathbf {X}}^{-1}\mathbf {x}\right ], \quad \mathbf {x}=(x_1,x_2,x_3)^{\mathrm {T}}\in \mathbb {R}^3, \label {6.1}\end {equation}


\begin {equation*}\boldsymbol {\Sigma }_{\mathbf {X}} = \begin {bmatrix} \sigma _1^2 & \rho _{12}\sigma _1\sigma _2 & \rho _{13}\sigma _1\sigma _3 \\ \rho _{12}\sigma _1\sigma _2 & \sigma _2^2 & \rho _{23}\sigma _2\sigma _3 \\ \rho _{13}\sigma _1\sigma _3 & \rho _{23}\sigma _2\sigma _3 & \sigma _3^2 \end {bmatrix}, \quad \sigma _1=\sigma _2=\sigma _3=\tfrac {1}{4},\quad \rho _{12}=\rho _{13}=\rho _{23}=\tfrac {1}{5}.\end {equation*}


${\mathbb {B}}^3$


\begin {equation}\hspace {-1.5em} f_{X_1,X_2,X_3}(\mathbf {x}) = \begin {cases} \dfrac {\Gamma (\mu +2)}{\pi ^{\tfrac {3}{2}}\Gamma \!\left (\mu +\tfrac {1}{2}\right )} \!\left (1-\|\mathbf {x}\|^2\right )^{\mu -\tfrac {1}{2}}, & \mathbf {x}=(x_1,x_2,x_3)^{\mathrm {T}}\in {\mathbb {B}}^3, \\[10pt] 0, & \text {otherwise}, \end {cases} \label {6.2}\end {equation}


$\|\mathbf {x}\|^2= \displaystyle \sum _{i=1}^{3}x_i^2$


$\mu =5$


$\mathbb {T}^3$


\begin {equation}\hspace {-1.5em} f_{X_1,X_2,X_3}(\mathbf {x}) = \begin {cases} \dfrac {\Gamma \!\left (\sum _{i=1}^{4}\kappa _i+2\right )} {\prod _{i=1}^{4}\Gamma (\kappa _i+\tfrac {1}{2})} \!\left (\prod _{i=1}^{3}x_i^{\,\kappa _i-\tfrac {1}{2}}\right ) \!\left (1-|\mathbf {x}|\right )^{\kappa _4-\tfrac {1}{2}}, & \mathbf {x}=(x_1,x_2,x_3)^{\mathrm {T}}\in \mathbb {T}^3, \\[10pt] 0, & \text {otherwise}, \end {cases} \label {6.3}\end {equation}


$|\mathbf {x}|= \displaystyle \sum _{i=1}^{3}x_i$


$\kappa _1=\kappa _2=\kappa _3=\kappa _4=1$


$\mathbb {R}^3$


$\sigma _1=\sigma _2=\sigma _3=\tfrac {1}{4}$


$\rho _{12}=\rho _{13}=\rho _{23}=\tfrac {1}{5}$


$f_{X_1 X_2 X_3}(x_1,x_2,x_3)=0$


$(X_i,X_j)$


$X_i$


${\mathbb {B}}^3$


$\mu =5$


$f_{X_1 X_2 X_3}(x_1,x_2,x_3)=0$


$(X_i,X_j)$


$X_i$


$\mathbb {T}^3$


$\kappa _1=\kappa _2=\kappa _3=\kappa _4=1$


$f_{X_1 X_2 X_3}(x_1,x_2,x_3)=0$


$(X_i,X_j)$


$X_i$


$|u|=1$


$|u|=2$


$|u|=3$


$[0,1]$


$m=3$


$i \in \{1,2,3\}$


$i_1,i_2 \in \{1,2,3\}$


$i_2 > i_1$


$i \in \{1,2,3\}$


$1 \le i_1 < i_2 \le 3$


$\mathbf {x}_u$


$\emptyset \neq u \subseteq \{1,2,3\}$


$1 \le |u| \le 3$


$i \in \{1,2,3\}$


$i_1,i_2 \in \{1,2,3\}$


$i_2 > i_1$


$y(X_1,X_2)$


$X_1$


$X_2$


\begin {equation*}y(X_1,X_2)= 18 - 3 X_1 - 2 X_2,\end {equation*}


\begin {equation*}f_{X_1X_2}(x_1,x_2) = \begin {cases} \exp [-(x_1 + x_2 + x_1 x_2)][(1+x_1)(1+x_2)-1], & 0 \le x_1, x_2 < \infty , \\ 0, & \text {otherwise}. \end {cases}\end {equation*}


\begin {equation*}y(X_1,X_2)= 2500 - \dfrac {1}{2} (4 X_1 - 5 X_2^2)^2,\end {equation*}


\begin {equation*}f_{X_1X_2}(x_1,x_2) = \begin {cases} \begin {array}{ll} \dfrac {50}{3\sqrt {19}\pi x_1} \exp \left [- \dfrac {50}{19} \left \{ \left ( \dfrac {10\ln x_1-20}{3}\right )^2 + \right . \right . & \\ \left . \left . \left (x_2-1\right )^2 + \dfrac {9}{5} \left ( \dfrac {10\ln x_1-20}{3}\right ) \left ( x_2-1\right ) \right \} \right ], & \end {array} & 0 \le x_1< \infty ; -\infty <x_2< \infty \\ 0, & \text {otherwise}. \end {cases}\end {equation*}


$S$


$m$


$m=1$


$m=4$


$L_{S,m}$


$L/L_{S,m}$


$y(X_1,X_2)$


$y(X_1,X_2)$


$10^6$


$y(X_1,X_2)$


$y(\mathbf {X})=18-3X_{1}-2X_{2}$


$y(\mathbf {X})=2500-\dfrac {1}{2}(4X_{1}-5X_{2}^{2})^{2}$


$10^6$


$T_{1}\equiv (x_{1},x_{2})\rightarrow (u_{1},u_{2})$


$T_{2}\equiv (x_{2},x_{1})\rightarrow (u_{1},u_{2})$


$\mathbb {P}[y(\mathbf {X})<0]$


$y(\mathbf {X})=40-3X_{1}-2X_{2}$


$y(\mathbf {X})=10000-\tfrac {1}{2}(4X_{1}-5X_{2}^{2})^{2}$


$y(\mathbf {X})=40-3X_{1}-2X_{2}$


$y(\mathbf {X})=10000-\dfrac {1}{2}(4X_{1}-5X_{2}^{2})^{2}$


$10^8$


$T_{1}\equiv (x_{1},x_{2})\rightarrow (u_{1},u_{2})$


$E = 30 \times 10^6$


$\nu = 0.3$


$\mathbf {X} = (X_1,\ldots ,X_{13})^\intercal $


$\mu _i = 22~\text {in}^2$


$\sigma _i = 3.5~\text {in}^2$


$\rho _{ij} = 0.42$


$i,j = 1,\ldots ,13$


$i \neq j$


$v_5(\mathbf {X})$


$\sigma _{4}(\mathbf {X})$


\begin {equation*}y_1(\mathbf {X}) = 0.6 - v_5(\mathbf {X}), \qquad y_2(\mathbf {X}) = 20{,}000 - \sigma _{4}(\mathbf {X}),\end {equation*}


\begin {equation*}P_{F,1} := \mathbb {P}[y_1(\mathbf {X}) < 0], \qquad P_{F,2} := \mathbb {P}[y_2(\mathbf {X}) < 0].\end {equation*}


$y_{1}(\mathbf {X})=0.6-v_{5}(\mathbf {X})$


$y_{2}(\mathbf {X})=20,000-\sigma _{4}(\mathbf {X})$


$S=1$


$m=2$


$S=1$


$m=3$


$S=2$


$m=2$


$S=2$


$m=3$


$L$


$L_{S,m}$


$X_{1}$


$X_{31}$


$X_{32}$


$X_{33}$


$X_{34}$


$\mathbf {X}= (X_1,\ldots ,X_{34})^\intercal $


$X_1$


$X_{31}$


$\rho = 0.3$


$X_{32}$


$X_{33}$


$\rho = 0.3$


$X_{34}$


$X_1\,-\,X_{31}$


$X_{32}$


$X_{33}$


$\rho = 0.3$


$\mathbf {X}$


$X_i$


$S=1$


$m=2$


$S=1$


$m=3$


$S=2$


$m=2$


$\sigma _{e,\max }$


$\epsilon _{1,\max }$


$\sigma _{e,\max }$


$\epsilon _{1,\max }$


$(X_1,X_2)^\intercal $


$\sigma _1=\sigma _2 = \tfrac {1}{4}$


$\rho =\tfrac {1}{5}$


$u=\{1,2\}$


$m=3$


\begin {equation*}\mathcal {I}_{\{1,2\},3} = \left \{(0,0),(1,0),(0,1),(2,0),(1,1),(0,2), (3,0),(2,1),(1,2),(0,3)\right \};~ L_{\{1,2\},3}=|\mathcal {I}_{\{1,2\},3} =10,\end {equation*}


\begin {equation*}\bar {\mathcal {I}}_{\{1,2\},3} =\left \{(1,1),\, (2,1),\, (1,2)\right \};~ \bar L_{\{1,2\},3} = |\bar {\mathcal {I}}_{\{1,2\},3}| =3,\end {equation*}


\begin {equation*}\mathcal {B}_{\{1,2\},3} = \{1,\ x_1,\ x_2,\ x_1^2,\ x_1x_2,\ x_2^2,\ x_1^3,\ x_1^2x_2,\ x_1x_2^2,\ x_2^3\}.\end {equation*}


$\bar {\mathcal {I}}_{\{1,2\},3}$


$\mathbf {j}_{{\{1,2\}}}^{(k)}$


$k=1,2,3$


$\mathcal {I}_{\{1,2\},|\mathbf {j}_{{\{1,2\}}}^{(k)}|}$


$k=1$


$\mathbf {j}_{\{1,2\}}^{(1)} = (1,1)$


$|\mathbf {j}_{\{1,2\}}^{(1)}|=2$


\begin {equation*}\mathcal {I}_{\{1,2\},|\mathbf {j}_{{\{1,2\}}}^{(1)}|} = \left \{ (0,0),\, (1,0),\, (0,1),\, (2,0),\, (0,2),\, (1,1) \right \},~ \left |\mathcal {I}_{\{1,2\},|\mathbf {j}_{{\{1,2\}}}^{(1)}|}\right |=6,\end {equation*}


\begin {equation*}\mathbf {P}_{\{1,2\},\mathbf {j}_{{\{1,2\}}}^{(1)}}(x_1,x_2) = \left ( 1,\; x_1,\; x_2,\; x_1^2,\; x_2^2,\; x_1 x_2 \right )^{\!\intercal },\end {equation*}


$x_1x_2$


$k=2$


$\mathbf {j}_{\{1,2\}}^{(2)} = (2,1)$


$|\mathbf {j}_{\{1,2\}}^{(2)}|=3$


\begin {equation*}\mathcal {I}_{\{1,2\},|\mathbf {j}_{{\{1,2\}}}^{(2)}|} = \left \{ (0,0),\, (1,0),\, (0,1),\, (2,0),\, (1,1),\, (0,2),\, (3,0),\, (1,2),\, (0,3),\, (2,1) \right \},~ \left |\mathcal {I}_{\{1,2\},|\mathbf {j}_{{\{2,1\}}}^{(2)}|}\right |=10,\end {equation*}


\begin {equation*}\mathbf {P}_{\{1,2\},\mathbf {j}_{{\{2,1\}}}^{(2)}}(x_1,x_2) = \left ( 1,\; x_1,\; x_2,\; x_1^2,\; x_1 x_2,\; x_2^2,\; x_1^3,\; x_1 x_2^2,\; x_2^3,\; x_1^2 x_2 \right )^{\intercal }.\end {equation*}


$x_1^2x_2$


$k=3$


$\mathbf {j}_{\{1,2\}}^{(3)} = (1,2)$


$|\mathbf {j}_{\{1,2\}}^{(3)}|=3$


\begin {equation*}\mathcal {I}_{\{1,2\},|\mathbf {j}_{{\{1,2\}}}^{(3)}|} = \left \{ (0,0),\, (1,0),\, (0,1),\, (2,0),\, (1,1),\, (0,2),\, (3,0),\, (2,1),\, (0,3),\, (1,2) \right \},~ \left |\mathcal {I}_{\{1,2\},|\mathbf {j}_{{\{1,2\}}}^{(3)}|}\right |=10,\end {equation*}


\begin {equation*}\mathbf {P}_{\{1,2\},\mathbf {j}_{{\{1,2\}}}^{(3)}}(x_1,x_2) = \left ( 1,\; x_1,\; x_2,\; x_1^2,\; x_1 x_2,\; x_2^2,\; x_1^3,\; x_1^2 x_2,\; x_2^3,\; x_1 x_2^2 \right )^{\intercal }.\end {equation*}


$x_1x_2^2$


$k=3$


$\mathbf {j}_{\{1,2\}}^{(3)}=(1,2)$


$x_1x_2^2$


\begin {equation*}\mathbf {G}_{\{1,2\},\mathbf {j}_{{\{1,2\}}}^{(3)}} = \begin {bmatrix} 1 & 0 & 0 & \frac {1}{16} & \frac {1}{80} & \frac {1}{16} & 0 & 0 & 0 & \
0 \\[0.5em] \frac {1}{16} & 0 & 0 & \frac {3}{256} & \frac {3}{1280} & \
\frac {27}{6400} & 0 & 0 & 0 & 0 \\[0.5em] 0 & \frac {1}{80} & \frac {1}{16} & 0 & 0 & 0 & \frac {3}{1280} & \
\frac {27}{6400} & \frac {3}{256} & \frac {3}{1280} \\[0.5em] \frac {1}{16} & 0 & 0 & \frac {3}{256} & \frac {3}{1280} & \
\frac {27}{6400} & 0 & 0 & 0 & 0 \\[0.5em] \frac {1}{80} & 0 & 0 & \frac {3}{1280} & \frac {27}{6400} & \
\frac {3}{1280} & 0 & 0 & 0 & 0 \\[0.5em] \frac {1}{16} & 0 & 0 & \frac {27}{6400} & \frac {3}{1280} & \
\frac {3}{256} & 0 & 0 & 0 & 0 \\[0.5em] 0 & \frac {3}{256} & \frac {3}{1280} & 0 & 0 & 0 & \frac {15}{4096} & \
\frac {3}{4096} & \frac {231}{512000} & \frac {87}{102400} \\[0.5em] 0 & \frac {3}{1280} & \frac {27}{6400} & 0 & 0 & 0 & \frac {3}{4096} & \
\frac {87}{102400} & \frac {87}{102400} & \frac {231}{512000} \\[0.5em] 0 & \frac {3}{1280} & \frac {3}{256} & 0 & 0 & 0 & \frac {231}{512000} & \
\frac {87}{102400} & \frac {15}{4096} & \frac {3}{4096} \\[0.5em] 0 & \frac {27}{6400} & \frac {3}{1280} & 0 & 0 & 0 & \frac {87}{102400} \
& \frac {231}{512000} & \frac {3}{4096} & \frac {87}{102400} \\ \end {bmatrix}.\end {equation*}


$\mathbf {G}_{\{1,2\},\mathbf {j}_u^{(3)}}$


\begin {equation*}\mathbf {W}_{\{1,2\},\mathbf {j}_{{\{1,2\}}}^{(3)}} = \begin {bmatrix} 1 & 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0 \\[0.5em] 0 & 4 & 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0 \\[0.5em] 0 & -\sqrt {\frac {2}{3}} & 5 \sqrt {\frac {2}{3}} & 0 & 0 & 0 & 0 & 0 & \
0 & 0 \\[0.5em] -\frac {1}{\sqrt {2}} & 0 & 0 & 8 \sqrt {2} & 0 & 0 & 0 & 0 & 0 & 0 \\[0.5em] 0 & 0 & 0 & -4 \sqrt {\frac {2}{3}} & 20 \sqrt {\frac {2}{3}} & 0 & 0 & \
0 & 0 & 0 \\[0.5em] -\frac {1}{\sqrt {2}} & 0 & 0 & \frac {\sqrt {2}}{3} & -\frac {10 \
\sqrt {2}}{3} & \frac {25 \sqrt {2}}{3} & 0 & 0 & 0 & 0 \\[0.5em] 0 & -2 \sqrt {6} & 0 & 0 & 0 & 0 & 32 \sqrt {\frac {2}{3}} & 0 & 0 & 0 \\[0.5em] 0 & \frac {1}{\sqrt {3}} & -\frac {5}{\sqrt {3}} & 0 & 0 & 0 & \
-\frac {16}{\sqrt {3}} & \frac {80}{\sqrt {3}} & 0 & 0 \\[0.5em] 0 & 0 & -\frac {10 \sqrt {2}}{3} & 0 & 0 & 0 & \frac {8 \sqrt {2}}{27} & \
-\frac {20 \sqrt {2}}{9} & \frac {500 \sqrt {2}}{27} & 0 \\[0.5em] 0 & -3 & \frac {5}{3} & 0 & 0 & 0 & \frac {50}{27} & -\frac {170}{9} & \
-\frac {250}{27} & 50 \\ \end {bmatrix}.\end {equation*}


$x_1 x_2^2$


\begin {equation*}\Psi _{\{1,2\},\mathbf {j}_{{\{1,2\}}}^{(3)}} = \Psi _{\{1,2\},(1,2)} = -3x_1 +\frac {5}{3}x_2 + \frac {50}{27}x_1^3 - \frac {170}{9} x_1^2 x_2 - \frac {250}{27} x_2^3 + 50x_1x_2^2,\end {equation*}


$x_1 x_2$


$k=1$


$x_1^2 x_2$


$k=2$
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such dependencies can lead to inaccurate predictions of probabilistic response characteristics, potentially resulting in suboptimal or 
unsafe designs [10]. To address this issue, measure transformations like the Rosenblatt transformation [11] are commonly used to 
convert dependent input variables into independent counterparts, thereby enabling the application of traditional methods, such as 
PCE [12,13] and others. However, these transformations often introduce significant nonlinearity into the input-output relationships 
of stochastic systems, thereby impairing the convergence properties of the resulting probabilistic solutions. Consequently, there is a 
compelling need for the development of novel methodologies or the enhancement of existing ones that can effectively perform UQ 
analysis in the presence of arbitrary dependence among input variables.

Recent advances in UQ have introduced generalized versions of PCE or PDD capable of handling statistically dependent input vari-
ables through Fourier-like series expansions with respect to measure-consistent multivariate orthonormal or orthogonal polynomials 
[14–17]. In addition, data-driven PCE approaches have been proposed to address high-dimensional dependent input by learning low-
dimensional representations from data [18]. These methods avoid potentially degrading measure transformations between dependent 
and independent variables, offering a promising direction for general UQ analysis. However, their broader applicability is limited by 
two major challenges: (1) generating orthogonal polynomials consistent with arbitrary input distributions is generally infeasible an-
alytically [19] or numerically unstable in high dimensions using methods like Gram-Schmidt [20]; and (2) computing the expansion 
coefficients requires evaluating high-dimensional integrals, which are typically intractable analytically and prohibitively expensive 
via tensor-product quadrature. Addressing these two limitations is essential for enabling practical UQ analyses under arbitrary de-
pendence structures and constitutes the central motivation of this work.

The primary objective of this study is to develop a constructive framework of the generalized PDD, hereafter referred to as GPDD, 
for UQ analysis of complex systems subject to arbitrary, statistically dependent probability distributions of input variables. While the 
present work focuses on the practical implementation of GPDD, readers seeking a deeper understanding of its mathematical founda-
tions are referred to the companion papers [15,16]. The structure of this paper is as follows. Section 2 introduces the mathematical 
notation and preliminaries, along with a set of essential assumptions. Section 3 outlines a new four-step algorithm for the construction 
of measure-consistent multivariate orthogonal polynomials in subsets of input variables. Section 4 presents the GPDD formulation 
and its truncated form, including the expressions for estimating second-moment properties of a general output variable and associated 
reliability analysis. Section 5 details a procedure for constructing approximate orthogonal polynomials and standard least-squares 
regression for estimating the expansion coefficients, leading to a practical, implementable version of GPDD. Numerical results for 
three representative example problems are presented in Section 6. Section 7 addresses a large-scale engineering application involving 
the probabilistic analysis of a lower control arm in an automotive suspension system, thereby demonstrating the practical applica-
bility and effectiveness of the GPDD method developed in this study. Section 8 discusses potential directions for future research, and 
concluding remarks are provided in Section 9.

2.  A general UQ problem involving dependent variables

Let ℕ ∶= {1, 2,…}, ℕ0 ∶= ℕ ∪ {0}, ℝ ∶= (−∞,+∞), and ℝ+
0 ∶= [0,+∞) represent the sets of positive integer (natural), non-negative 

integer, real, and non-negative real numbers, respectively. For a finite integer 𝑁 ∈ ℕ, denote by 𝔸𝑁 ⊆ ℝ𝑁  a bounded or unbounded 
subdomain of ℝ𝑁 .

2.1.  Input random variables

Let (Ω, ,ℙ) be a complete probability triple, where Ω is a sample space representing an abstract set of elementary events, 
is a 𝜎-algebra on Ω, and ℙ ∶  → [0, 1] is a probability measure. With 𝑁 ∶= (𝔸𝑁 ) representing the Borel 𝜎-algebra on 𝔸𝑁 ⊆ ℝ𝑁 , 
consider an 𝔸𝑁 -valued random vector 𝐗 ∶= (𝑋1,… , 𝑋𝑁 )⊺ ∶ (Ω, ) → (𝔸𝑁 ,𝑁 ), describing the statistical uncertainties in all input 
and system parameters of a stochastic or UQ problem. Every so often, 𝐗 will be referred to as an input random vector or variables, 
and the integer 𝑁 , representing the total number of input random variables, will be designated as the stochastic dimension of the 
UQ problem. As an example, consider a cantilever beam, which has the following input parameters: (1) a random length 𝐿; (2) a 
prismatic rectangular cross-section with a random depth 𝐻 and a random width 𝑊 ; (3) a random Young’s modulus 𝐸; and (4) a 
random concentrated load 𝐹 . If all of these input parameters are modeled as random variables, then the UQ problem involves an 
input random vector 𝐗 ∶= (𝐿,𝐻,𝑊 ,𝐸, 𝐹 )⊺ with stochastic dimension 𝑁 = 5.

Denote by 𝐹𝐗(𝐱) ∶= ℙ
[

∩𝑁
𝑖=1 {𝑋𝑖 ≤ 𝑥𝑖}

] the joint cumulative probability distribution function (CDF) of 𝐗, admitting the joint proba-
bility density function (PDF) 𝑓𝐗(𝐱) ∶= 𝜕𝑁𝐹𝐗(𝐱)∕𝜕𝑥1 ⋯ 𝜕𝑥𝑁 . Given the abstract probability space (Ω, ,ℙ), the image probability space 
is (𝔸𝑁 ,𝑁 , 𝑓𝐗𝑑𝐱), where 𝔸𝑁  can be viewed as the image of Ω from the mapping 𝐗 ∶ Ω → 𝔸𝑁 , and is also the support of 𝑓𝐗(𝐱).

A set of requisite assumptions for UQ analysis conducted is as follows.
Assumption 1.  The input random vector 𝐗 ∶= (𝑋1,… , 𝑋𝑁 )𝑇 ∶ (Ω, ) → (𝔸𝑁 ,𝑁 )

1. has an absolutely continuous joint CDF 𝐹𝐗(𝐱) and a continuous joint PDF 𝑓𝐗(𝐱) with a bounded or unbounded support 𝔸𝑁 ⊆ ℝ𝑁 ;
2. possesses absolute finite moments of all orders, that is, for all 𝐣 ∶= (𝑗1,… , 𝑗𝑁 ) ∈ ℕ𝑁

0 ,

𝔼
[

|𝐗𝐣
|

]

∶= ∫Ω
|𝐗𝐣(𝜔)|𝑑ℙ(𝜔) = ∫𝔸𝑁

|𝐱𝐣|𝑓𝐗(𝐱)𝑑𝐱 < ∞, (1)

where 𝐗𝐣 = 𝑋𝑗1
1 ⋯𝑋𝑗𝑁

𝑁  and 𝔼 is the expectation operator with respect to the probability measure ℙ or 𝑓𝐗(𝐱)𝑑𝐱;
3. has a joint PDF 𝑓𝐗(𝐱), which
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(a) has a compact support, that is, there exists a compact subset 𝔸𝑁 ⊂ ℝ𝑁  such that ℙ(𝐗 ∈ 𝔸𝑁 ) = 1, or
(b) is exponentially integrable, that is, there exists a real number 𝑎 > 0 such that

∫𝔸𝑁
exp (𝑎‖𝐱‖)𝑓𝐗(𝐱)𝑑𝐱 < ∞, (2)

where ‖ ⋅ ‖ ∶ 𝔸𝑁 → ℝ+
0  is an arbitrary norm; and

4. has a joint PDF 𝑓𝐗(𝐱) with a grid-closed support, that is, there exists a grid for every point 𝐱 of supp(𝑓𝐗) = 𝔸𝑁 ⊆ ℝ𝑁 .

Assumption 1 imposes mild conditions that are commonly satisfied in practical UQ applications. For a comprehensive discussion 
and formal justification of this assumption, readers are referred to the foundational works on GPDD [15,16].

2.2.  Output random variable

Given an input random vector 𝐗 ∶= (𝑋1,… , 𝑋𝑁 )⊺ ∶ (Ω, ) → (𝔸𝑁 ,𝑁 ) with known PDF 𝑓𝐗(𝐱) on 𝔸𝑁 ⊆ ℝ𝑁 , denote by 𝑦(𝐗) ∶=
𝑦(𝑋1,… , 𝑋𝑁 ) a real-valued, square-integrable, measurable transformation on (Ω, ). Here, 𝑦 ∶ 𝔸𝑁 → ℝ represents a relevant function 
from a mathematical model, describing an output response of interest for a UQ problem. A major objective of UQ analysis is to 
estimate the probabilistic characteristics of an output random variable 𝑌 = 𝑦(𝐗), including statistical moments and reliability, when 
the probability law of the input random vector 𝐗 is prescribed. More often than not, 𝑌  is assumed to belong to a reasonably large 
class of random variables, such as the weighted 𝐿2 space

𝐿2(Ω, ,ℙ) ∶=
{

𝑌 ∶ Ω → ℝ ∶ ∫Ω
|𝑦(𝐗(𝜔))|2𝑑ℙ(𝜔) = ∫𝔸𝑁

|𝑦(𝐱)|2𝑓𝐗(𝐱)𝑑𝐱 < ∞
}

,

which is a Hilbert space with the inner product

(𝑦(𝐗), 𝑧(𝐗))𝐿2(Ω, ,ℙ) ∶= ∫Ω
𝑦(𝐗(𝜔))𝑧(𝐗(𝜔))𝑑ℙ(𝜔) = ∫𝔸𝑁

𝑦(𝐱)𝑧(𝐱)𝑓𝐗(𝐱)𝑑𝐱

and norm

‖𝑦(𝐗)‖𝐿2(Ω, ,ℙ) ∶=
√

(𝑦(𝐗), 𝑦(𝐗))𝐿2(Ω, ,ℙ) =

√

∫Ω
𝑦2(𝐗(𝜔))𝑑ℙ(𝜔) =

√

∫𝔸𝑁
𝑦2(𝐱)𝑓𝐗(𝐱)𝑑𝐱.

It is elementary to show that 𝑦(𝐗(𝜔)) ∈ 𝐿2(Ω, ,ℙ) if and only if 𝑦(𝐱) ∈ 𝐿2(𝔸𝑁 ,𝑁 , 𝑓𝐗𝑑𝐱).

3.  Measure-consistent, dimensionwise multivariate orthogonal polynomials

When 𝐗 = (𝑋1,… , 𝑋𝑁 )⊺ consists of statistically dependent random variables, its joint PDF cannot be decomposed into a product of 
its marginal PDFs. As a result, multivariate orthogonal polynomial basis functions that are consistent with the probability measure of 𝐗
cannot, in general, be formed by an 𝑁-dimensional tensor product of univariate orthogonal polynomial basis functions [19,21–24]. For 
certain probability measures with infinitely differentiable PDFs, Rodrigues-type formulas exist, enabling the derivation of multivariate 
orthogonal polynomials from derivatives of the PDF [15,19,21,25]. However, no such formula is available for a general probability 
measure, necessitating alternative construction methods, such as the Gram-Schmidt procedure or three-term recurrence relations. 
More importantly, if the stochastic dimension 𝑁 is high (e.g., 𝑁 ≥ 10), the number of basis functions grows rapidly, even for relatively 
low polynomial orders. Alternatively, to suppress rapid proliferation of basis functions, measure-consistent orthogonal polynomials 
can be developed in subsets of input variables. This section introduces a new, general four-step algorithm to construct such multivariate 
orthogonal polynomials in a dimensionwise manner.

3.1.  A four-step algorithm

For 𝑁 ∈ ℕ, denote by {1,… , 𝑁} an index set, so that 𝑢 ⊆ {1,… , 𝑁} is a subset, including the empty set ∅, with cardinality 
0 ≤ |𝑢| ≤ 𝑁 . The complementary subset of 𝑢 is denoted by −𝑢 ∶= {1,… , 𝑁}∖𝑢. For ∅ ≠ 𝑢 ⊆ {1,… , 𝑁}, let 𝐗𝑢 ∶= (𝑋𝑖1 ,… , 𝑋𝑖

|𝑢|
)⊺, 1 ≤

𝑖1 < ⋯ < 𝑖
|𝑢| ≤ 𝑁 , a subvector of 𝐗, be defined on the abstract probability space (Ω𝑢,𝑢,ℙ𝑢), where Ω𝑢 is the sample space of 𝐗𝑢, 𝑢 is 

a 𝜎-algebra on Ω𝑢, and ℙ𝑢 is a probability measure. The complementary subvector is defined by 𝐗−𝑢 ∶= 𝐗{1,…,𝑁}∖𝑢. The corresponding 
image probability space is (𝔸𝑢,𝑢, 𝑓𝐗𝑢

𝑑𝐱𝑢), where 𝔸𝑢 ⊆ ℝ|𝑢| is the image sample space of 𝐗𝑢, 𝑢 is the Borel 𝜎-algebra on 𝔸𝑢, and

𝑓𝐗𝑢
(𝐱𝑢) ∶= ∫𝔸−𝑢

𝑓𝐗(𝐱)𝑑𝐱−𝑢

is the marginal PDF of 𝐗𝑢 supported on 𝔸𝑢.
When ∅ ≠ 𝑢 ⊆ {1,… , 𝑁}, a |𝑢|-dimensional multi-index is denoted by 𝐣𝑢 ∶= (𝑗𝑖1 ,… , 𝑗𝑖

|𝑢|
) ∈ ℕ|𝑢|

0  with the total degree |𝐣𝑢| ∶= 𝑗𝑖1 +
⋯ + 𝑗𝑖

|𝑢|
, where 𝑗𝑖𝑝 ∈ ℕ0, 𝑝 = 1,… , |𝑢|, represents the 𝑝th component of 𝐣𝑢.1

The proposed four-step algorithm to generate multivariate orthogonal polynomials that are consistent with the probability measure 
𝑓𝐗𝑢

(𝐱𝑢)𝑑𝐱𝑢 of 𝐗𝑢 is described in the following four subsections.

1 The same symbol | ⋅ | is used for denoting both the cardinality of a set and the degree of a multi-index in this paper.
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3.1.1.  Step 1: Monomial basis
For 𝐱𝑢 = (𝑥𝑖1 ,… , 𝑥𝑖

|𝑢|
)⊺ ∈ 𝔸𝑢 ⊆ ℝ|𝑢|, a monomial in the real variables 𝑥𝑖1 ,… , 𝑥𝑖

|𝑢|
 is the product

𝐱𝐣𝑢𝑢 = 𝑥
𝑗𝑖1
𝑖1

⋯ 𝑥
𝑗𝑖
|𝑢|

𝑖
|𝑢|

and has a total degree |𝐣𝑢|. Given ∅ ≠ 𝑢 ⊆ {1,… , 𝑁} and |𝑢| ≤ 𝑚 < ∞, define two multi-index sets

𝑢,𝑚 ∶=
{

𝐣𝑢 ∈ ℕ|𝑢|
0 ∶ 0 ≤ |𝐣𝑢| ≤ 𝑚

}

and

̄𝑢,𝑚 ∶=
{

𝐣𝑢 ∈ ℕ|𝑢| ∶ |𝑢| ≤ |𝐣𝑢| ≤ 𝑚
}

⊊ 𝑢,𝑚
with cardinalities

𝐿𝑢,𝑚 ∶= |𝑢,𝑚| =
(

|𝑢| + 𝑚
𝑚

)

=
(|𝑢| + 𝑚)!
|𝑢|!𝑚!

(3)

and

𝐿̄𝑢,𝑚 ∶= |̄𝑢,𝑚| =
𝑚
∑

𝑙=|𝑢|

(

𝑙 − 1
|𝑢| − 1

)

=
𝑚
∑

𝑙=|𝑢|

(𝑙 − 1)!
(|𝑢| − 1)! (𝑙 − |𝑢|)!

, (4)

respectively. Here, the lowest possible value of each component of 𝐣𝑢 is zero in 𝑢,𝑚, while it is one in ̄𝑢,𝑚. Therefore, ̄𝑢,𝑚 is a proper 
subset of 𝑢,𝑚, representing a reduced index set.

Associated with the index set 𝑢,𝑚 or ∪𝑣⊆𝑢̄𝑣,𝑚, define a set of monomials

𝑢,𝑚 ∶=
{

𝐱𝐣𝑢𝑢 ∶ 𝐣𝑢 ∈ 𝑢,𝑚
}

=
⋃

𝑣⊆𝑢

{

𝐱𝐣𝑣𝑣 ∶ 𝐣𝑣 ∈ ̄𝑣,𝑚
}

=
{

𝐱𝐣
(1)
𝑢
𝑢 ,… , 𝐱𝐣

(𝑖)
𝑢
𝑢 ,… , 𝐱𝐣

(𝐿𝑢,𝑚 )
𝑢
𝑢

}

(5)

in 𝐱𝑢 of degree at most 𝑚. Here, the second equality indicates that 𝑢,𝑚 can also be constructed from the union of monomials in all 
subsets of 𝑢 of degree at most 𝑚. In the third equality, the monomial basis functions have been arranged according to an order of 
choice, where 𝐱𝐣

(𝑖)
𝑢
𝑢  represents the 𝑖th basis. It is well known that the set 𝑢,𝑚 constitutes a basis of the vector space

Π𝑢,𝑚 ∶= span
{

𝑢,𝑚
}

, |𝑢| ≤ 𝑚 < ∞,

of polynomials in 𝐱𝑢 of degree at most 𝑚.

3.1.2.  Step 2: Local monomial vector
From the monomial basis 𝑢,𝑚 in (5), select a 𝑘th monomial element 𝐱𝐣

(𝑘)
𝑢
𝑢 , 𝐣(𝑘)𝑢 = (𝑗(𝑘)𝑖1

,… , 𝑗(𝑘)𝑖
|𝑢|
), such that 1 ≤ 𝑗(𝑘)𝑖𝑝

≤ 𝑚, 𝑝 = 1,… , |𝑢|, 
and |𝑢| ≤ |𝐣(𝑘)𝑢 | ≤ 𝑚. There are 𝐿̄𝑢,𝑚 such elements in 𝑢,𝑚, as determined by (4). Given 𝑢 and 𝐣(𝑘)𝑢  of the 𝑘th monomial, the reduced 
multi-index set

𝑢,|𝐣(𝑘)𝑢 |

∶=
{

𝐣𝑢 ∈ 𝑢,𝑚 ∶ 0 ≤ |𝐣𝑢| ≤ |𝐣(𝑘)𝑢 |

}

⊆ 𝑢,𝑚

contains specific multi-index values such that all associated monomials 𝐱𝐣𝑢𝑢  have degrees less than or equal to |𝐣(𝑘)𝑢 | ≤ 𝑚. It has cardi-
nality

𝐿𝑢,|𝐣(𝑘)𝑢 |

∶= |𝑢,|𝐣(𝑘)𝑢 |

| =
(

|𝑢| + |𝐣(𝑘)𝑢 |

|𝐣(𝑘)𝑢 |

)

.

Hereafter, by introducing another multi-index 𝐥𝑢 ∈ 𝑢,|𝐣(𝑘)𝑢 |

, arrange the elements of 𝑢,|𝐣(𝑘)𝑢 |

 as

𝑢,|𝐣(𝑘)𝑢 |

=
{

𝐥(1)𝑢 ,… , 𝐥
(𝐿

𝑢,|𝐣(𝑘)𝑢 |

)

𝑢

}

, 𝐥(1)𝑢 = 𝟎, 𝐥
(𝐿

𝑢,|𝐣(𝑘)𝑢 |

)

𝑢 = 𝐣(𝑘)𝑢 ,

leading to a reduced basis set

𝑢,𝐣(𝑘)𝑢
∶=

{

𝐱𝐥𝑢𝑢 ∶ 𝐥𝑢 ∈ 𝑢,|𝐣(𝑘)𝑢 |

}

=

⎧

⎪

⎨

⎪

⎩

𝐱𝐥
(1)
𝑢
𝑢 ,… , 𝐱𝐥

(𝐿
𝑢,|𝐣(𝑘)𝑢 |

−1)

𝑢
𝑢 , 𝐱𝐥

(𝐿
𝑢,|𝐣(𝑘)𝑢 |

)

𝑢
𝑢

⎫

⎪

⎬

⎪

⎭

, 𝐱𝐥
(1)
𝑢
𝑢 = 1, 𝐱𝐥

(𝐿
𝑢,|𝐣(𝑘)𝑢 |

)

𝑢
𝑢 = 𝐱𝐣

(𝑘)
𝑢
𝑢 , (6)

where, in the second equality, the monomials have been arranged such that the first element is 1 and the last element is 𝐱𝐣
(𝑘)
𝑢
𝑢 . Then, 

using the elements of 𝑢,|𝐣(𝑘)𝑢 |

, define an 𝐿𝑢,|𝐣(𝑘)𝑢 |

-dimensional column vector

𝐏𝑢,𝐣(𝑘)𝑢
(𝐱𝑢) ∶=

⎛

⎜

⎜

⎝

𝐱𝐥
(1)
𝑢
𝑢 ,… , 𝐱𝐥

(𝐿
𝑢,|𝐣(𝑘)𝑢 |

−1)

𝑢
𝑢 , 𝐱𝐥

(𝐿
𝑢,|𝐣(𝑘)𝑢 |

)

𝑢
𝑢

⎞

⎟

⎟

⎠

⊺

, 𝐱𝐥
(1)
𝑢
𝑢 = 1, 𝐱𝐥

(𝐿
𝑢,|𝐣(𝑘)𝑢 |

)

𝑢
𝑢 = 𝐱𝐣

(𝑘)
𝑢
𝑢 , (7)

of local monomials associated with the 𝑘th monomial element of 𝑢,𝑚. Here, 𝐏𝑢,𝐣(𝑘)𝑢
(𝐱𝑢) is referred to as the 𝑘th local monomial vector.
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3.1.3.  Step 3: Moment matrix
When the input random variables 𝑋𝑖1 ,… , 𝑋𝑖

|𝑢|
, instead of the real variables 𝑥𝑖1 ,… , 𝑥𝑖

|𝑢|
, are inserted in the argument, the local 

monomial vector 𝐏𝑢,𝐣(𝑘)𝑢
(𝐗𝑢) becomes a vector of random monomials. This leads to a (𝐿𝑢,|𝐣(𝑘)𝑢 |

× 𝐿𝑢,|𝐣(𝑘)𝑢 |

) moment matrix of 𝐏𝑢,𝐣(𝑘)𝑢
(𝐗𝑢), 

defined as

𝐆𝑢,𝐣(𝑘)𝑢
∶= 𝔼

[

𝐏𝑢,𝐣(𝑘)𝑢
(𝐗𝑢)𝐏

⊺

𝑢,𝐣(𝑘)𝑢
(𝐗𝑢)

]

∶= ∫𝔸𝑢
𝐏𝑢,𝐣(𝑘)𝑢

(𝐱𝑢)𝐏
⊺

𝑢,𝐣(𝑘)𝑢
(𝐱𝑢)𝑓𝐗𝑢

(𝐱𝑢)𝑑𝐱𝑢, (8)

with its (𝑝, 𝑞)th element

𝐺𝑢,𝐣(𝑘)𝑢 ,𝑝𝑞 ∶= 𝔼[𝐗𝐣(𝑝)𝑢
𝑢 𝐗𝐣(𝑞)𝑢

𝑢 ] ∶= ∫𝔸𝑢
𝐱𝐣

(𝑝)
𝑢 𝐱𝐣

(𝑞)
𝑢
𝑢 𝑓𝐗𝑢

(𝐱𝑢)𝑑𝐱𝑢 = ∫𝔸𝑢
𝐱𝐣

(𝑝)
𝑢 +𝐣(𝑞)𝑢
𝑢 𝑓𝐗𝑢

(𝐱𝑢)𝑑𝐱𝑢, 𝑝, 𝑞 = 1,… , 𝐿𝑢,|𝐣(𝑘)𝑢 |

. (9)

It is elementary to show that 𝐆𝑢,𝐣(𝑘)𝑢
 is a Gram matrix and hence symmetric and positive-definite.

3.1.4.  Step 4: Whitening transformation
Denote by Ψ𝑢,𝐣(𝑘)𝑢

(𝐱𝑢) the 𝑘th orthogonal polynomial counterpart of the 𝑘th monomial 𝐱𝐣
(𝑘)
𝑢
𝑢 . Such a polynomial can be determined 

from the local monomial vector 𝐏𝑢,𝐣(𝑘)𝑢
(𝐱𝑢) and properties of the moment matrix 𝐆𝑢,𝐣(𝑘)𝑢

, where the orthogonality is addressed in Sec-
tion 3.2. Since the monomial moment matrix 𝐆𝑢,𝐣(𝑘)𝑢

 is symmetric and positive-definite, it is invertible. Therefore, there exists a 
non-singular (𝐿𝑢,|𝐣(𝑘)𝑢 |

× 𝐿𝑢,|𝐣(𝑘)𝑢 |

) whitening matrix 𝐖𝑢,𝐣(𝑘)𝑢
 (say), satisfying

𝐖⊺

𝑢,𝐣(𝑘)𝑢
𝐖𝑢,𝐣(𝑘)𝑢

= 𝐆−1
𝑢,𝐣(𝑘)𝑢

or 𝐖−1
𝑢,𝐣(𝑘)𝑢

𝐖−⊺

𝑢,𝐣(𝑘)𝑢
= 𝐆𝑢,𝐣(𝑘)𝑢

. (10)

Thereafter, apply a whitening transformation to create the 𝑘th orthogonal polynomial as
Ψ𝑢,𝐣(𝑘)𝑢

(𝐱𝑢) = 𝐞⊺𝐿
𝑢,|𝐣(𝑘)𝑢 |

𝐖𝑢,𝐣(𝑘)𝑢
𝐏𝑢,𝐣(𝑘)𝑢

(𝐱𝑢), (11)

where 𝐞𝐿
𝑢,|𝐣(𝑘)𝑢 |

∶= (0,… , 1)⊺ is an 𝐿𝑢,|𝐣(𝑘)𝑢 |

-dimensional standard unit vector employed here to pick the last row of the matrix-vector 
multiplication. However, the whitening matrix 𝐖𝑢,𝐣(𝑘)𝑢

 involved in (11) is not uniquely determined from the invertibility of 𝐆𝑢,𝐣(𝑘)𝑢
. 

Indeed, there are multiple options to select 𝐖𝑢,𝐣(𝑘)𝑢
, all fulfilling the condition described by (10).

A prominent choice for the whitening matrix involves Cholesky factorization [14], which leads to the following selection of
𝐖𝑢,𝐣(𝑘)𝑢

= 𝐐−1
𝑢,𝐣(𝑘)𝑢

, 𝐆𝑢,𝐣(𝑘)𝑢
= 𝐐𝑢,𝐣(𝑘)𝑢

𝐐⊺

𝑢,𝐣(𝑘)𝑢
. (12)

Here, 𝐐𝑢,𝐣(𝑘)𝑢
 is a real-valued (𝐿𝑢,|𝐣(𝑘)𝑢 |

× 𝐿𝑢,|𝐣(𝑘)𝑢 |

) lower-triangular matrix determined from the Cholesky factorization of 𝐆𝑢,𝐣(𝑘)𝑢
. Interested 

readers are encouraged to review prior works [14,26] on additional choices for the whitening matrix.
The four-step algorithm described in the preceding should be repeated for all 𝑘 = 1,… , 𝐿̄𝑢,𝑚. The result is a set of orthogonal 

polynomials
{

Ψ𝑢,𝐣(1)𝑢
(𝐱𝑢),… ,Ψ

𝑢,𝐣
(𝐿̄𝑢,𝑚 )
𝑢

(𝐱𝑢)
}

=
{

Ψ𝑢,𝐣𝑢 (𝐱𝑢) ∶ 𝐣𝑢 ∈ ̄𝑢,𝑚
}

(13)

in 𝐱𝑢 of degree at most 𝑚 that are consistent with the probability measure 𝑓𝐗𝑢
(𝐱𝑢)𝑑𝐱𝑢 of 𝐗𝑢. Both forms of the polynomial set described 

in (13) will be used in this paper.

3.2.  Statistical properties

When the input random variables are used as the argument, Ψ𝑢,𝐣(𝑘)𝑢
(𝐗𝑢) becomes a random polynomial in 𝐗𝑢. Therefore, it is 

important to establish its first- and second-order moment properties, presented as follows.

3.2.1.  First-order moments
Applying the expectation operator on (11), the first-order moment of the 𝑘th polynomial Ψ𝑢,𝐣(𝑘)𝑢

(𝐗𝑢), 𝑘 = 1,… , 𝐿̄𝑢,𝑚, is

𝔼
[

Ψ𝑢,𝐣(𝑘)𝑢
(𝐗𝑢)

]

= 𝐞⊺𝐿
𝑢,|𝐣(𝑘)𝑢 |

𝐖𝑢,𝐣(𝑘)𝑢
𝔼
[

𝐏𝑢,𝐣(𝑘)𝑢
(𝐗𝑢)

]

= 𝐞⊺𝐿
𝑢,|𝐣(𝑘)𝑢 |

𝐐−1
𝑢,𝐣(𝑘)𝑢

𝐆𝑢,𝐣(𝑘)𝑢
(1, 0,… , 0)⊺

= 𝐞⊺𝐿
𝑢,|𝐣(𝑘)𝑢 |

𝐐−1
𝑢,𝐣(𝑘)𝑢

𝐐𝑢,𝐣(𝑘)𝑢
𝐐⊺

𝑢,𝐣(𝑘)𝑢
(1, 0,… , 0)⊺

= 𝐞⊺𝐿
𝑢,|𝐣(𝑘)𝑢 |

𝐐⊺

𝑢,𝐣(𝑘)𝑢
(1, 0,… , 0)⊺

= (0, 0,… , 1) (1, 0,… , 0)⊺

= 0.

(14)

Here, the second equality uses the Cholesky factorization for the whitening matrix and follows from

𝔼
[

𝐏𝑢,𝐣(𝑘)𝑢
(𝐗𝑢)

]

= 𝔼
[

𝐏𝑢,𝐣(𝑘)𝑢
(𝐗𝑢)𝐏

⊺

𝑢,𝐣(𝑘)𝑢
(𝐗𝑢)(1, 0,… , 0)⊺

]

= 𝐆𝑢,𝐣(𝑘)𝑢
(1, 0,… , 0)⊺.
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The third equality derives from the Cholesky factorization of 𝐆𝑢,𝐣(𝑘)𝑢
 and the fifth equality results from the fact that 𝐐𝑢,𝐣(𝑘)𝑢

⊺ is an upper-
triangular matrix with the (1,1)th element being one. According to (14), the means of all non-constant orthogonal polynomials vanish 
for any input probability measure.

3.2.2.  Second-order moments
Similarly, the second-order moment involving any two polynomials Ψ𝑢,𝐣(𝑘)𝑢

(𝐗𝑢) and Ψ𝑢,𝐣(𝑙)𝑢
(𝐗𝑢), 𝑘, 𝑙 = 1,… , 𝐿̄𝑢,𝑚 is

𝔼
[

Ψ𝑢,𝐣(𝑘)𝑢
(𝐗𝑢) Ψ𝑢,𝐣(𝑙)𝑢

(𝐗𝑢)
]

= 𝔼

[

𝐞⊺𝐿
𝑢,|𝐣(𝑘)𝑢 |

𝐖𝑢,𝐣(𝑘)𝑢
𝐏𝑢,𝐣(𝑘)𝑢

(𝐗𝑢)𝐏𝑢,𝐣(𝑙)𝑢
(𝐗𝑢)

⊺ 𝐖⊺

𝑢,𝐣(𝑙)𝑢
𝐞𝐿

𝑢,|𝐣(𝑙)𝑢 |

]

= 𝐞⊺𝐿
𝑢,|𝐣(𝑘)𝑢 |

𝐖𝑢,𝐣(𝑘)𝑢
𝔼
[

𝐏𝑢,𝐣(𝑘)𝑢
(𝐗𝑢)𝐏𝑢,𝐣(𝑙)𝑢

(𝐗𝑢)
⊺
]

𝐖⊺

𝑢,𝐣(𝑙)𝑢
𝐞𝐿

𝑢,|𝐣(𝑙)𝑢 |

.
(15)

For further reduction of (15), consider the following three cases:
1. Case 1: 𝑘 = 𝑙

𝔼
[

Ψ𝑢,𝐣(𝑘)𝑢
(𝐗𝑢) Ψ𝑢,𝐣(𝑙)𝑢

(𝐗𝑢)
]

= 𝔼
[

Ψ2
𝑢,𝐣(𝑘)𝑢

(𝐗𝑢)
]

= 𝐞⊺𝐿
𝑢,|𝐣(𝑘)𝑢 |

𝐖𝑢,𝐣(𝑘)𝑢
𝔼
[

𝐏𝑢,𝐣(𝑘)𝑢
(𝐗𝑢)𝐏

⊺

𝑢,𝐣(𝑘)𝑢
(𝐗𝑢)

]

𝐖⊺

𝑢,𝐣(𝑘)𝑢
𝐞𝐿

𝑢,|𝐣(𝑘)𝑢 |

= 𝐞⊺𝐿
𝑢,|𝐣(𝑘)𝑢 |

𝐖𝑢,𝐣(𝑘)𝑢
𝐆𝑢,𝐣(𝑘)𝑢

𝐖⊺

𝑢,𝐣(𝑘)𝑢
𝐞𝐿

𝑢,|𝐣(𝑘)𝑢 |

= 𝐞⊺𝐿
𝑢,|𝐣(𝑘)𝑢 |

𝐖𝑢,𝐣(𝑘)𝑢
𝐖−1

𝑢,𝐣(𝑘)𝑢
𝐖−⊺

𝑢,𝐣(𝑘)𝑢
𝐖⊺

𝑢,𝐣(𝑘)𝑢
𝐞𝐿

𝑢,|𝐣(𝑘)𝑢 |

= 𝐞⊺𝐿
𝑢,|𝐣(𝑘)𝑢 |

𝐈𝐿
𝑢,|𝐣(𝑘)𝑢 |

𝐞𝐿
𝑢,|𝐣(𝑘)𝑢 |

= 1,

(16)

where the steps involve using a general whitening transformation matrix 𝐖𝑢,𝐣(𝑘)𝑢
, the definition of the monomial moment matrix 

𝐆𝑢,𝐣(𝑘)𝑢
, and an (𝐿𝑢,|𝐣(𝑘)𝑢 |

× 𝐿𝑢,|𝐣(𝑘)𝑢 |

) identity matrix 𝐈𝐿
𝑢,|𝐣(𝑘)𝑢 |

.

2. Case 2: 𝑘 ≠ 𝑙, |𝐣(𝑘)𝑢 | < |𝐣(𝑙)𝑢 |

𝔼
[

Ψ𝑢,𝐣(𝑘)𝑢
(𝐗𝑢) Ψ𝑢,𝐣(𝑙)𝑢

(𝐗𝑢)
]

= 𝐞⊺𝐿
𝑢,|𝐣(𝑘)𝑢 |

𝐖𝑢,𝐣(𝑘)𝑢
𝔼
[

𝐈̄𝐿
𝑢,|𝐣(𝑘)𝑢 |

𝐏𝑢,𝐣(𝑙)𝑢
(𝐗𝑢)𝐏

⊺

𝑢,𝐣(𝑙)𝑢
(𝐗𝑢)

]

𝐖⊺

𝑢,𝐣(𝑙)𝑢
𝐞𝐿

𝑢,|𝐣(𝑙)𝑢 |

= 𝐞⊺𝐿
𝑢,|𝐣(𝑘)𝑢 |

𝐖𝑢,𝐣(𝑘)𝑢
𝐈̄𝐿

𝑢,|𝐣(𝑘)𝑢 |

𝔼
[

𝐏𝑢,𝐣(𝑙)𝑢
(𝐗𝑢)𝐏

⊺

𝑢,𝐣(𝑙)𝑢
(𝐗𝑢)

]

𝐖⊺

𝑢,𝐣(𝑙)𝑢
𝐞𝐿

𝑢,|𝐣(𝑙)𝑢 |

= 𝐞⊺𝐿
𝑢,|𝐣(𝑘)𝑢 |

𝐖𝑢,𝐣(𝑘)𝑢
𝐈̄𝐿

𝑢,|𝐣(𝑘)𝑢 |

𝐆𝑢,𝐣(𝑙)𝑢
𝐖⊺

𝑢,𝐣(𝑙)𝑢
𝐞𝐿

𝑢,|𝐣(𝑙)𝑢 |

= 𝐞⊺𝐿
𝑢,|𝐣(𝑘)𝑢 |

𝐖𝑢,𝐣(𝑘)𝑢
𝐈̄𝐿

𝑢,|𝐣(𝑘)𝑢 |

𝐖−1
𝑢,𝐣(𝑙)𝑢

𝐖−⊺

𝑢,𝐣(𝑙)𝑢
𝐖⊺

𝑢,𝐣(𝑙)𝑢
𝐞𝐿

𝑢,|𝐣(𝑙)𝑢 |

= 𝐞⊺𝐿
𝑢,|𝐣(𝑘)𝑢 |

𝐖𝑢,𝐣(𝑘)𝑢
𝐈̄𝐿

𝑢,|𝐣(𝑘)𝑢 |

𝐖−1
𝑢,𝐣(𝑙)𝑢

𝐞𝐿
𝑢,|𝐣(𝑙)𝑢 |

= 𝐞⊺𝐿
𝑢,|𝐣(𝑘)𝑢 |

𝐖𝑢,𝐣(𝑘)𝑢
𝐖−1

𝑢,𝐣(𝑘)𝑢
𝐈̄𝐿

𝑢,|𝐣(𝑘)𝑢 |

𝐞𝐿
𝑢,|𝐣(𝑙)𝑢 |

= 𝐞⊺𝐿
𝑢,|𝐣(𝑘)𝑢 |

𝐈̄𝐿
𝑢,|𝐣(𝑘)𝑢 |

𝐞𝐿
𝑢,|𝐣(𝑙)𝑢 |

= 0,

(17)

where the steps involve introducing an (𝐿𝑢,|𝐣(𝑘)𝑢 |

× 𝐿𝑢,|𝐣(𝑙)𝑢 |

) augmented matrix

𝐈̄𝐿
𝑢,|𝐣(𝑘)𝑢 |

=
[

𝐈𝐿
𝑢,|𝐣(𝑘)𝑢 |

|

|

|

𝟎𝐿
𝑢,|𝐣(𝑘)𝑢 |

×(𝐿
𝑢,|𝐣(𝑙)𝑢 |

−𝐿
𝑢,|𝐣(𝑘)𝑢 |

)

]

,

obtained by padding the identity matrix 𝐈𝐿
𝑢,|𝐣(𝑘)𝑢 |

 with zeros in the (𝐿𝑢,|𝐣(𝑘)𝑢 |

+ 1) through 𝐿𝑢,|𝐣(𝑙)𝑢 |

 columns of ̄𝐈𝐿
𝑢,|𝐣(𝑘)𝑢 |

. In doing so, the 
monomial vectors 𝐏𝑢,𝐣(𝑘)𝑢

(𝐗𝑢) and 𝐏𝑢,𝐣(𝑙)𝑢
(𝐗𝑢) are related by

𝐏𝑢,𝐣(𝑘)𝑢
(𝐗𝑢) = 𝐈̄𝐿

𝑢,|𝐣(𝑘)𝑢 |

𝐏𝑢,𝐣(𝑙)𝑢
(𝐗𝑢),

as exploited in the first equality already. The sixth equality is formed by recognizing
𝐈̄𝐿

𝑢,|𝐣(𝑘)𝑢 |

𝐖−1
𝑢,𝐣(𝑙)𝑢

= 𝐖−1
𝑢,𝐣(𝑘)𝑢

𝐈̄𝐿
𝑢,|𝐣(𝑘)𝑢 |

.

3. Case 3: 𝑘 ≠ 𝑙, |𝐣(𝑘)𝑢 | = |𝐣(𝑙)𝑢 |

𝔼
[

Ψ𝑢,𝐣(𝑘)𝑢
(𝐗𝑢) Ψ𝑢,𝐣(𝑙)𝑢

(𝐗𝑢)
]

= ∫ Ψ𝑢,𝐣(𝑘)𝑢
(𝐱𝑢)Ψ𝑢,𝐣(𝑙)𝑢

(𝐱𝑢)𝑓𝐗𝑢
(𝐱𝑢) 𝑑𝐱𝑢, (18)

as no further reduction is possible for a general probability measure 𝑓𝐗𝑢
(𝐱𝑢) 𝑑𝐱𝑢 of 𝐗𝑢.
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In summary, any two polynomials in the set defined by (13) that possess distinct total degrees are mutually orthogonal with 
respect to any input probability measure. In contrast, two polynomials from this set that share the same total degree need not be 
orthogonal. This arises from the fact that, in the multivariate setting, multiple distinct polynomials may have the same total degree. 
Nevertheless, (13) still specifies a collection of multivariate orthogonal polynomials in 𝐱𝑢 of degree at most 𝑚.

3.3.  An illustrative example

Consider a UQ problem comprising 𝑁 ≥ 2 input random variables (𝑋1,… , 𝑋𝑁 )⊺. For 𝑢 = {1, 2}, suppose the subset of input vari-
ables (𝑋1, 𝑋2)⊺ comprises zero-mean Gaussian random variables, which have identical standard deviations 𝜎1 = 𝜎2 =

1
4  and correlation 

coefficient 𝜌 = 1
5 . Set 𝑚 = 3 to generate at most third-order measure-consistent bivariate orthogonal polynomials in (𝑥1, 𝑥2)⊺ using the 

four-step algorithm.
Given 𝑢 = {1, 2} and 𝑚 = 3, the monomial set

{1,2},3 = {1, 𝑥1, 𝑥2, 𝑥21, 𝑥1𝑥2, 𝑥
2
2, 𝑥

3
1, 𝑥

2
1𝑥2, 𝑥1𝑥

2
2, 𝑥

3
2},

arranged in a graded reverse lexicographic order, is a basis of Π{1,2},3, the vector space of polynomials in (𝑥1, 𝑥2)⊺ of degree at most 
three. The set contains three bivariate monomials: 𝑥1𝑥2, 𝑥21𝑥2, and 𝑥1𝑥22. Therefore, there are three bivariate orthogonal polynomials 
corresponding to these three monomials. Using the four-step algorithm,

{

Ψ{1,2},𝐣(1){1,2}
(𝑥1, 𝑥2),Ψ{1,2},𝐣(2){1,2}

(𝑥1, 𝑥2),Ψ{1,2},𝐣(3){1,2}
(𝑥1, 𝑥2)

}

=
{

Ψ{1,2},(1,1)(𝑥1, 𝑥2),Ψ{1,2},(2,1)(𝑥1, 𝑥2),Ψ{1,2},(1,2)(𝑥1, 𝑥2)
}

=

⎧

⎪

⎨

⎪

⎩

1
√

26
− 25

3

√

2
13𝑥

2
1 −

25
3

√

2
13𝑥

2
2 +

10
3

√

26𝑥1𝑥2,
5
3𝑥1 − 3𝑥2 −

250
27 𝑥

3
1 −

170
9 𝑥1𝑥22 +

50
27𝑥

3
2 + 50𝑥21𝑥2,

−3𝑥1 +
5
3𝑥2 +

50
27𝑥

3
1 −

170
9 𝑥21𝑥2 −

250
27 𝑥

3
2 + 50𝑥1𝑥22

⎫

⎪

⎬

⎪

⎭

(19)

is the set of such orthogonal polynomials in (𝑥1, 𝑥2)⊺ of degree at most three. Appendix A provides further details on the steps of the 
algorithm, producing these orthogonal polynomials.

It is straightforward to verify that the polynomials in (19) satisfy the statistical properties specified in (14), (16), and (17). It 
should be emphasized, however, that these closed-form expressions are attainable primarily because, under a Gaussian probability 
measure, the moment matrix and its Cholesky factorization can be constructed analytically and hence exactly. For general probabil-
ity distributions, deriving measure-consistent orthogonal polynomials analytically is seldom feasible. In such cases, approximate or 
numerical procedures must be employed to build the moment matrix, resulting in approximate orthogonal polynomials, as will be 
further elucidated in Section 5.

3.4.  A few remarks

The effectiveness of the four-step algorithm for generating orthogonal polynomials depends critically on a well-conditioned mo-
ment matrix 𝐆𝑢,𝐣(𝑘)𝑢

, which is necessary for successful Cholesky factorization. However, as the polynomial order 𝑚 increases, the condi-
tion number of 𝐆𝑢,𝐣(𝑘)𝑢

 grows rapidly with increasing |𝐣(𝑘)𝑢 | ≤ 𝑚, potentially causing numerical instability [27]. In practice, though, the 
polynomial order 𝑚 is typically confined to a modest range – commonly between one and four – within which Cholesky factorization 
of the moment matrix can generally be performed without significant computational difficulty.

A fundamental distinction between univariate and multivariate orthogonal polynomials is the lack of a unique, natural ordering 
for the latter. In the univariate case, monomials are naturally ordered by their degree. In contrast, multivariate polynomials can be 
arranged according to various schemes, including lexicographic order, graded lexicographic order, and graded reverse lexicographic 
order, among others. No single ordering is intrinsically better, and the choice of ordering directly affects the resulting sequence of 
orthogonal polynomials.

4.  Generalized polynomial dimensional decomposition

The GPDD of an output random variable 𝑦(𝐗) ∈ 𝐿2(Ω, ,ℙ) is an infinite series expansion of 𝑦(𝐗) with respect to a complete, 
hierarchically ordered, orthogonal polynomial basis of 𝐿2(Ω, ,ℙ). The expansion, derived from a generalized analysis-of-variance 
(ANOVA) dimensional decomposition (ADD) [28], is briefly outlined here. For a more rigorous treatment involving dimensionwise 
splitting of polynomial spaces and functional-analytic considerations, readers should consult the foundation works on GPDD [15,16].

4.1.  Generalized ADD

Under Assumption 1, a square-integrable function 𝑦(𝐗) ∈ 𝐿2(Ω, ,ℙ) of input variables 𝐗 admits a unique, finite, hierarchical 
expansion [28] 

𝑦(𝐗) = 𝑦∅ +
∑

∅≠𝑢⊆{1,…,𝑁}
𝑦𝑢(𝐗𝑢), (20a)
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𝑦∅ = ∫𝔸𝑁
𝑦(𝐱)𝑓𝐗(𝐱)𝑑𝐱, (20b)

𝑦𝑢(𝐗𝑢) = ∫𝔸−𝑢
𝑦(𝐗𝑢, 𝐱−𝑢)𝑓𝐗−𝑢

(𝐱−𝑢)𝑑𝐱−𝑢 −
∑

𝑣⊂𝑢
𝑦𝑣(𝐗𝑣)−

∑

∅≠𝑣⊆{1,…,𝑁}
𝑣∩𝑢≠∅,𝑣⊈𝑢

∫𝔸𝑣∩−𝑢
𝑦𝑣(𝐗𝑣∩𝑢, 𝐱𝑣∩−𝑢)𝑓𝐗𝑣∩−𝑢

(𝐱𝑣∩−𝑢)𝑑𝐱𝑣∩−𝑢, (20c)

in terms of its input variables with increasing dimensions, where 𝑢 ⊆ {1,… , 𝑁} is a subset with the complementary set −𝑢 = {1,… , 𝑁}∖𝑢
and 𝑦𝑢 is a |𝑢|-variate component function describing a constant or an |𝑢|-variate interaction of 𝐗𝑢 = (𝑋𝑖1 ,… , 𝑋𝑖

|𝑢|
) on 𝑦 when |𝑢| = 0 or 

|𝑢| > 0. This expansion is known as the generalized ADD [28]. Although it was originally derived using 𝔸𝑁 = ℝ𝑁  [28], the extension 
for the case of 𝔸𝑁 ⊆ ℝ𝑁  is trivial. Here, (𝐗𝑢, 𝐱−𝑢) denotes an 𝑁-dimensional vector whose 𝑖th component is 𝑋𝑖 if 𝑖 ∈ 𝑢 and 𝑥𝑖 if 
𝑖 ∉ 𝑢. Similar to the classical ADD, the summation in (20a) comprises 2𝑁 − 1 terms with each term depending on a group of variables 
indexed by a particular subset of {1,… , 𝑁}. When 𝑢 = ∅, both sums in (20c) vanish, resulting in the expression of the constant function 
𝑦∅ in (20b). When 𝑢 = {1,… , 𝑁}, the integration in the first line of (20c) is on the empty set and the sum in the second line of (20c) 
vanishes, reproducing (20a) and hence finding the last function 𝑦{1,…,𝑁}. Indeed, all component functions of 𝑦 can be obtained by 
interpreting literally (20c).

The generalized ADD described by (20a)-(20c) has two notable properties [28,29]:

1. The component functions 𝑦𝑢, where ∅ ≠ 𝑢 ⊆ {1,… , 𝑁}, have zero means, that is,

𝔼
[

𝑦𝑢(𝐗𝑢)
]

= 0; (21)

and
2. Two distinct component functions 𝑦𝑢 and 𝑦𝑣, where ∅ ≠ 𝑢 ⊆ {1,… , 𝑁}, ∅ ≠ 𝑣 ⊆ {1,… , 𝑁}, and 𝑣 ⊂ 𝑢, are hierarchically orthogonal, 
that is, they satisfy the property

𝔼
[

𝑦𝑢(𝐗𝑢)𝑦𝑣(𝐗𝑣)
]

= 0. (22)

Further details of the generalized ADD are available in a previous work of the authors [28].

4.2.  Generalized PDD

The GPDD of a random variable 𝑦(𝐗) ∈ 𝐿2(Ω, ,ℙ) is obtained when all non-constant component functions 𝑦𝑢(𝐗𝑢), 𝑢 ⊆ {1,… , 𝑁}, 
of the generalized ADD are expanded with respect to a complete set of measure-consistent orthogonal polynomials in 𝐗𝑢.

Theorem 1  ([15,16]). Let 𝐗 ∶= (𝑋1,… , 𝑋𝑁 )𝑇  be a vector of 𝑁 ∈ ℕ input random variables fulfilling Assumption 1. For ∅ ≠ 𝑢 ⊆ {1,… , 𝑁}
and 𝐗𝑢 ∶= (𝑋𝑖1 ,… , 𝑋𝑖

|𝑢|
)𝑇 ∶ (Ω𝑢,𝑢) → (𝔸𝑢,𝑢), denote by {Ψ𝑢,𝐣𝑢 (𝐱𝑢) ∶ 𝐣𝑢 ∈ ℕ|𝑢|} the set of multivariate orthogonal polynomials consistent 

with the probability measure 𝑓𝐗𝑢
(𝐱𝑢)𝑑𝐱𝑢. Then, for any random variable 𝑦(𝐗) ∈ 𝐿2(Ω, ,ℙ), there exists a Fourier-like series in multivariate 

orthogonal polynomials in 𝐗𝑢, referred to as the GPDD of

𝑦(𝐗) ∼ 𝑦∅ +
∑

∅≠𝑢⊆{1,…,𝑁}

∑

𝐣𝑢∈ℕ|𝑢|

𝐶𝑢,𝐣𝑢Ψ𝑢,𝐣𝑢 (𝐗𝑢), (23)

where the zero-variate, expansion coefficient 𝑦∅ ∈ ℝ is defined by

𝑦∅ ∶= 𝔼[𝑦(𝐗)] ∶= ∫𝔸𝑁
𝑦(𝐱)𝑓𝐗(𝐱)𝑑𝐱 (24)

and the |𝑢|-variate, |𝐣𝑢|th-order expansion coefficients 𝐶𝑢,𝐣𝑢 ∈ ℝ satisfy the infinite-dimensional linear system
∑

∅≠𝑣⊆{1,…,𝑁}

∑

𝐤𝑣∈ℕ|𝑣|

𝐶𝑣,𝐤𝑣𝐽𝑢,𝐣𝑢 ;𝑣,𝐤𝑣 = 𝐼𝑢,𝐣𝑢 , ∅ ≠ 𝑢 ⊆ {1,… , 𝑁}, 𝐣𝑢 ∈ ℕ|𝑢|, (25)

with the integrals 

𝐼𝑢,𝐣𝑢 ∶= 𝔼
[

𝑦(𝐗)Ψ𝑢,𝐣𝑢 (𝐗𝑢)
]

∶= ∫𝔸𝑁
𝑦(𝐱)Ψ𝑢,𝐣𝑢 (𝐱𝑢)𝑓𝐗(𝐱)𝑑𝐱, (26a)

𝐽𝑢,𝐣𝑢;𝑣,𝐤𝑣 ∶= 𝔼
[

Ψ𝑢,𝐣𝑢 (𝐗𝑢)Ψ𝑣,𝐤𝑣 (𝐗𝑣)
]

∶= ∫𝔸𝑁
Ψ𝑢,𝐣𝑢 (𝐱𝑢)Ψ𝑣,𝐤𝑣 (𝐱𝑣)𝑓𝐗(𝐱)𝑑𝐱. (26b)

Furthermore, the GPDD of 𝑦(𝐗) ∈ 𝐿2(Ω, ,ℙ) converges to 𝑦(𝐗) in mean-square, in probability, and in distribution. Here, the symbol ∼ in (23) 
represents equality in a weaker sense, such as equality in mean-square, but not necessarily pointwise nor almost everywhere. 

The proof is omitted here, as it is available elsewhere [15,16].
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4.3.  GPDD Approximation

The full GPDD contains an infinite number of orthogonal polynomials or coefficients. In practice, however, the expansion must 
be truncated to a finite number of terms. Several truncation strategies exist. In this work, a straightforward approach is adopted, 
consisting of (1) retaining all polynomials involving at most 0 ≤ 𝑆 ≤ 𝑁 variables, thereby limiting the degree of interaction among 
input variables to 𝑆, and (2) preserving polynomial expansion orders or total degree less than or equal to 𝑆 ≤ 𝑚 < ∞. The resulting 
truncation is referred to as an 𝑆-variate, 𝑚th-order GPDD approximation2

𝑦𝑆,𝑚(𝐗) = 𝑦∅ +
∑

∅≠𝑢⊆{1,…,𝑁}
1≤|𝑢|≤𝑆

∑

𝐣𝑢∈ℕ|𝑢|

|𝑢|≤|𝐣𝑢|≤𝑚

𝐶𝑢,𝐣𝑢Ψ𝑢,𝐣𝑢 (𝐗𝑢) (27)

of 𝑦(𝐗), comprising

𝐿𝑆,𝑚 = 1 +
𝑆
∑

𝑠=1

(

𝑁
𝑠

)(

𝑚
𝑠

)

, (28)

number of basis functions or expansion coefficients.
Several clarifications regarding the truncated GPDD are in order. First, the truncation with respect to the expansion order in (27) 

is based on the total-degree index set. Alternative truncation schemes, such as tensor-product or hyperbolic-cross index sets, are not 
considered in this work. Second, the right-hand side of (27) contains sums of at most 𝑆-variate orthogonal polynomials. Accord-
ingly, the term “𝑆-variate” in describing the GPDD approximation should be understood as indicating the inclusion of interactions 
among at most 𝑆 input variables, even though 𝑦𝑆,𝑚 itself remains an 𝑁-variate function. Finally, in the limit, when 𝑆 → 𝑁 and 
𝑚 → ∞, the approximation 𝑦𝑆,𝑚 converges to 𝑦 in the mean-square sense, generating a hierarchical and convergent sequence of GPDD 
approximations.

The motivation for generalized ADD- and GPDD-derived approximations is as follows. In practical applications, the function 𝑦(𝐗)
often exhibits an effective dimension [30] that is much smaller than 𝑁 , implying that the right side of (20a) can be accurately 
represented by a sum of lower-dimensional component functions 𝑦𝑢 with |𝑢| ≪ 𝑁 , while still incorporating all random variables 𝐗
in a high-dimensional UQ problem. For instance, an 𝑆-variate, 𝑚th-order GPDD approximation 𝑦𝑆,𝑚(𝐗) can be constructed, where 
0 ≤ 𝑆 ≤ 𝑁 and 𝑆 ≤ 𝑚 < ∞ specify the maximum degree of interactions among input variables and the highest polynomial order 
retained in the corresponding truncation. This approximation is based on a widely observed property in real-world problems: for a 
high-dimensional function 𝑦, the |𝑢|-variate, |𝐣𝑢|th-order GPDD component function 𝐶𝑢,𝐣𝑢Ψ𝑢,𝐣𝑢 (𝐗𝑢) typically decays rapidly as |𝑢| and 
|𝐣𝑢| increase, enabling accurate low-variate, low-order approximation of 𝑦.

4.4.  Second-moment analysis

The 𝑆-variate, 𝑚th-order GPDD approximation 𝑦𝑆,𝑚(𝐗) can be regarded as a computationally inexpensive surrogate for the original, 
potentially expensive-to-evaluate function 𝑦(𝐗). Consequently, key statistical properties of 𝑦(𝐗), such as its first and second moments, 
can be accurately estimated using the corresponding moments of 𝑦𝑆,𝑚(𝐗).

Applying the expectation operator on 𝑦𝑆,𝑚(𝐗) in (27) and recognizing (14), its mean
𝔼
[

𝑦𝑆,𝑚(𝐗)
]

= 𝔼[𝑦(𝐗)] = 𝑦∅ (29)

matches the exact mean of 𝑦(𝐗) for any 0 ≤ 𝑆 ≤ 𝑁 and 𝑚 ∈ ℕ0. Enforcing the expectation operator again, this time on (𝑦𝑆,𝑚(𝐗) −
𝔼[𝑦𝑆,𝑚(𝐗)])2, results in the variance

var
[

𝑦𝑆,𝑚(𝐗)
]

=
∑

∅≠𝑢,𝑣⊆{1,…,𝑁}
1≤|𝑢|≤𝑆
1≤|𝑣|≤𝑆

∑

𝐣𝑢∈ℕ|𝑢| ,𝐤𝑣∈ℕ|𝑣|

|𝑢|≤|𝐣𝑢|≤𝑚
|𝑣|≤|𝐤𝑣|≤𝑚

𝐶𝑢,𝐣𝑢𝐶𝑣,𝐤𝑣𝐽𝑢,𝐣𝑢;𝑣,𝐤𝑣 (30)

of 𝑦𝑆,𝑚(𝐗). Here, according to (16) and (17), many of the integrals 𝐽𝑢,𝐣𝑢 ;𝑣,𝐤𝑣  vanish or become equal to one, depending on 𝑢, 𝑣, 𝐣𝑢
and 𝐤𝑣. It is elementary to show that the variance of the truncated GPDD converges to the variance of GPDD when 𝑆 → 𝑁 and 
𝑚 → ∞. Therefore, the second-moment statistics of a GPDD approximation are solely determined by an appropriately truncated set 
of expansion coefficients and statistical properties of random orthogonal polynomials.

4.5.  Reliability analysis

A fundamental problem in reliability analysis entails calculation of the failure probability

𝑃𝐹 ∶= ℙ[𝐗 ∈ Ω𝐹 ] = ∫𝔸𝑁
𝐼Ω𝐹

(𝐱)𝑓𝐗(𝐱)𝑑𝐱 =∶ 𝔼
[

𝐼Ω𝐹
(𝐗)

]

, (31)

where 𝐼Ω𝐹
(𝐱) is the indicator function associated with the failure domain Ω𝐹 , which is equal to one when 𝐱 ∈ Ω𝐹  and zero otherwise. 

For a component reliability analysis, the failure domain is often adequately described by a single performance function 𝑦(𝐗), for 

2 The nouns degree and order associated with GPDD or orthogonal polynomials are used synonymously in the paper.
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instance, Ω𝐹 ∶= {𝐱 ∶ 𝑦(𝐱) < 0}, whereas multiple, interdependent performance functions are required for a system reliability analysis. 
In this work, only component reliability analysis is considered.

If the function 𝑦(𝐗) is sufficiently smooth, its 𝑆-variate, 𝑚th-order GPCE approximation 𝑦𝑆,𝑚(𝐗) may potentially be used for 
reliability analysis too. In this regard, let Ω𝐹 ,𝑆,𝑚 ∶= {𝐱 ∶ 𝑦𝑆,𝑚(𝐱) < 0} be an approximate failure set. Then, an estimate of the failure 
probability 𝑃𝐹  in (31), obtained using MCS of the GPDD approximation, is

𝑃𝐹 ,𝑆,𝑚 = 𝔼
[

𝐼Ω𝐹 ,𝑆,𝑚
(𝐗)

]

= lim
𝐿′→∞

1
𝐿′

𝐿′
∑

𝑙=1
𝐼Ω𝐹 ,𝑆,𝑚

(𝐱(𝑙)), (32)

where 𝐿′ is the sample size of the GPDD approximation, 𝐱(𝑙) is the 𝑙th realization of 𝐗, and 𝐼Ω𝐹 ,𝑆,𝑚
(𝐱) is another indicator function, 

which is equal to one when 𝐱 ∈ Ω𝐹 ,𝑆,𝑚 and zero otherwise.
It should be emphasized that the simulation of the GPDD approximation in (32) is fundamentally different from crude MCS 

typically used for producing benchmark results. A crude MCS requires direct numerical evaluation of 𝑦(𝐱(𝑙)) for input samples 𝐱(𝑙), 
𝑙 = 1,… , 𝐿𝑀𝐶𝑆 , with 𝐿𝑀𝐶𝑆 ∈ ℕ. Such calculations can be computationally expensive or even prohibitive, especially when a very large 
sample size is required to estimate small failure probabilities. In contrast, MCS of the GPDD approximation involves only evaluations 
of simple polynomial functions describing 𝑦𝑆,𝑚(𝐱(𝑙)). Therefore, a relatively large sample size (𝐿′) can be accommodated in the GPDD 
approximation even when 𝑦 is expensive to evaluate.

4.6.  Comparison with GPCE

While GPDD emphasizes a dimensionwise, Fourier-like expansion in orthogonal polynomials, it is instructive to compare it with 
alternative expansions, such as GPCE [14,31], which also employ orthogonal polynomials but without a hierarchical, dimensionwise 
structure. Two notable observations emerge from this comparison.

First, GPDD operates using low-variate marginal distributions, thereby avoiding the need for the full joint distribution of a high-
dimensional random input. As a result, a GPDD approximation involves only low-variate multivariate polynomials, in contrast to the 
high-variate polynomials required in a GPCE approximation. Consequently, the computational effort to construct the polynomial basis 
in GPDD is generally lower than in GPCE. Moreover, in practical scenarios where the joint distribution is unknown and only marginal 
distributions are available, GPDD can still be applied by generating measure-consistent multivariate polynomials over subsets of input 
variables.

Second, in UQ problems where the output function is highly nonlinear but the interactions among input variables are relatively 
weak – a situation commonly observed in practical applications – the GPDD approximation is expected to offer significantly greater 
computational efficiency than the GPCE approximation. This efficiency stems from GPDD’s dimensionwise, hierarchical structure, 
which allows the approximation to exploit low-variate interactions, a feature not shared by GPCE.

5.  Practical GPDD approximation

The GPDD approximation presented in Section 4 constitutes a theoretical formulation. In practice, this formulation is not directly 
implementable because, for a general UQ problem with an arbitrary output function and an arbitrary input probability distribution, 
neither the orthogonal polynomial basis nor the corresponding expansion coefficients can be determined exactly. In this section, a 
computationally tractable GPDD approximation is developed, emphasizing its suitability for real-world applications.

5.1.  Generation of approximate orthogonal polynomials

For a random input 𝐗 following an arbitrary probability measure 𝑓𝐗(𝐱)𝑑𝐱, the expectations 𝐺𝑢,𝐣(𝑘)𝑢 ,𝑝𝑞 in (9), which generally in-
volve multidimensional integration, cannot be computed analytically or exactly. Consequently, only its estimate, denoted by 𝐺̃𝑢,𝐣(𝑘)𝑢 ,𝑝𝑞 , 
leading to approximate monomial moment matrix 𝐆̃𝑢,𝐣(𝑘)𝑢

 (say) can be attained in a practical setting. Various techniques, including 
numerical integration or sampling-based methods, may be employed for the approximation. In this work, the authors propose a Gauss 
quadrature rule in tandem with a measure transformation to calculate 𝐺̃𝑢,𝐣(𝑘)𝑢 ,𝑝𝑞 , as follows.

For a given ∅ ≠ 𝑢 ⊂ {1,… , 𝑁}, consider a change of variables from 𝐱𝑢 = (𝑥𝑖1 ,… , 𝑥𝑖
|𝑢|
) to 𝐳𝑢 = (𝑧𝑖1 ,… , 𝑧𝑖

|𝑢|
) (say), where 𝑧𝑖𝑙 , 𝑙 =

1,… , |𝑢|, is a realization of a continuous independent random variable 𝑍𝑖𝑙 , which has absolutely continuous CDF 𝐹𝑍𝑖𝑙
(𝑧𝑖𝑙 ) ∶= ℙ[𝑍𝑖𝑙 ≤

𝑧𝑖𝑙 ] and continuous PDF 𝑓𝑍𝑖𝑙
(𝑧𝑖𝑙 ) ∶= 𝑑𝐹𝑍𝑖𝑙

(𝑧𝑖𝑙 )∕𝑑𝑧𝑖𝑙  supported on a bounded or an unbounded interval [𝑎𝑖𝑙 , 𝑏𝑖𝑙 ] ⊆ ℝ, 𝑎𝑖𝑙 , 𝑏𝑖𝑙 ∈ ℝ, 𝑏𝑖𝑙 > 𝑎𝑖𝑙 . 
For instance, the change of variables from the commonly used Rosenblatt transformation [11] is

𝑥𝑖1 = 𝐹−1
𝑋𝑖1

[𝐹𝑍𝑖1
(𝑧𝑖1 )]

𝑥𝑖2 = 𝐹−1
𝑋𝑖2 |𝑋𝑖1

[𝐹𝑍𝑖2
(𝑧𝑖2 )|𝑥𝑖1 ]

⋮

𝑥𝑖
|𝑢|

= 𝐹−1
𝑋𝑖

|𝑢| |𝑋𝑖1 ,…,𝑋𝑖
|𝑢|−1

[𝐹𝑍𝑖
|𝑢|
(𝑧𝑖

|𝑢|
)|𝑥𝑖1 ,… , 𝑥𝑖

|𝑢|−1
],

(33)
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where 𝐹𝑋𝑖1
(𝑥𝑖1 ) ∶= ℙ[𝑋𝑖1 ≤ 𝑥𝑖1 ] is the marginal CDF of 𝑋𝑖1  and

𝐹𝑋𝑖𝑙 |𝑋𝑖1 ,…,𝑋𝑖𝑙−1
(𝑥𝑖𝑙 ) ∶= ℙ[𝑋𝑖𝑙 ≤ 𝑥𝑖𝑙 |𝑋𝑖1 = 𝑥𝑖1 ,… , 𝑋𝑖𝑙−1 = 𝑥𝑖𝑙−1 ], 𝑙 = 2,… , |𝑢|,

is a conditional CDF of 𝑋𝑖𝑙 . Then, using (33) in (9), the expectation becomes

𝐺̃𝑢,𝐣(𝑘)𝑢 ,𝑝𝑞 ∶= ∫𝔸𝑢
𝑥
𝑗(𝑝)𝑖1

+𝑗(𝑞)𝑖1
𝑖1

⋯ 𝑥
𝑗(𝑝)𝑖
|𝑢|

+𝑗(𝑞)𝑖
|𝑢|

𝑖
|𝑢|

𝑓𝐗𝑢
(𝐱𝑢)𝑑𝐱𝑢

= ∫×|𝑢|𝑙=1[𝑎𝑖𝑙 ,𝑏𝑖𝑙 ]
𝑥
𝑗(𝑝)𝑖1

+𝑗(𝑞)𝑖1
𝑖1

⋯ 𝑥
𝑗(𝑝)𝑖
|𝑢|

+𝑗(𝑞)𝑖
|𝑢|

𝑖
|𝑢|

𝑓𝑍𝑖1
(𝑧𝑖1 )⋯ 𝑓𝑍𝑖

|𝑢|
(𝑧𝑖

|𝑢|
)

𝑓𝐗𝑢(𝐱𝑢)
𝑓𝐗𝑢

(𝐱𝑢)𝑑𝐳𝑢

= ∫×|𝑢|𝑙=1[𝑎𝑖𝑙 ,𝑏𝑖𝑙 ]
𝑥
𝑗(𝑝)𝑖1

+𝑗(𝑞)𝑖1
𝑖1

⋯ 𝑥
𝑗(𝑝)𝑖
|𝑢|

+𝑗(𝑞)𝑖
|𝑢|

𝑖
|𝑢|

𝑓𝑍𝑖1
(𝑧𝑖1 )⋯ 𝑓𝑍𝑖

|𝑢|
(𝑧𝑖

|𝑢|
)𝑑𝑧𝑖1 ⋯ 𝑑𝑧𝑖

|𝑢|
.

(34)

Here, in the second line the quotient in the integrand is the determinant of the Jacobian of the transformation and the monomial in 
the integrand is a function of 𝐳𝑢, as described in (33). Compared with (9), which represents a |𝑢|-dimensional integral on a possibly 
non-rectangular domain 𝔸𝑢, the last line of (34) is a |𝑢|-dimensional integral on a rectangular domain ×|𝑢|

𝑙=1[𝑎𝑖𝑙 , 𝑏𝑖𝑙 ] with a separable 
PDF as the kernel. Still, an analytic evaluation of the integral is impossible for a general probability measure of 𝐗𝑢, suggesting a need 
for further numerical approximation. Henceforth, a general anisotropic (𝑛𝑖1 ,… , 𝑛𝑖

|𝑢|
)-point, multivariate, tensor-product Gauss-type 

quadrature rule yields an estimate

𝐺̃𝑢,𝐣(𝑘)𝑢 ,𝑝𝑞 ≃
𝑛𝑖1
∑

𝑟𝑖1=1
⋯

𝑛
|𝑢|
∑

𝑟𝑖
|𝑢|=1

⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
|𝑢| sums

(

𝑥
(𝑟𝑖1 )
𝑖1

)𝑗𝑖1
(𝑝)+𝑗𝑖1

(𝑞)

⋯
(

𝑥
(𝑟𝑖

|𝑢| )

𝑖
|𝑢|

)𝑗𝑖
|𝑢|

(𝑝)+𝑗𝑖
|𝑢|

(𝑞)
|𝑢|
∏

𝑙=1
𝑤

(𝑟𝑖𝑙 )
𝑖𝑙

, (35)

of 𝐺𝑢,𝐣(𝑘)𝑢 ,𝑝𝑞 , where

𝑥
(𝑟𝑖𝑙 )
𝑖𝑙

=

⎧

⎪

⎨

⎪

⎩

𝐹−1
𝑋𝑖1

[𝐹𝑍𝑖1
(𝑧

(𝑟𝑖1 )
𝑖1

)], 𝑙 = 1,

𝐹−1
𝑋𝑖𝑙 |𝑋𝑖1 ,…,𝑋𝑖𝑙−1

[𝐹𝑍𝑖𝑙
(𝑧

(𝑟𝑖𝑙 )
𝑖𝑙

)|𝑥
(𝑟𝑖1 )
𝑖1

,… , 𝑥
(𝑟𝑖𝑙−1 )
𝑖𝑙−1

], 𝑙 = 2,… , |𝑢|,

and, for each 𝑙 = 1,… , |𝑢|, 𝑧(𝑟𝑖𝑙 )𝑖𝑙
 and 𝑤(𝑟𝑖𝑙 )

𝑖𝑙
 are integration points and matching weights, respectively, with 𝑟𝑖𝑙  running from 1 to 𝑛𝑖𝑙 ∈ ℕ. 

The integration points and associated weights depend on the probability measure 𝑓𝑍𝑖𝑙
(𝑧𝑖𝑙 )𝑑𝑧𝑖𝑙  of 𝑍𝑖𝑙  and are readily available from 

existing methods, such as the Stieltjes procedure [32,33], to generate the measure-consistent Gauss quadrature formulae. If the PDFs 
of 𝑍𝑖𝑙  are identical and 𝑛𝑖1 = ⋯ = 𝑛𝑖

|𝑢|
= 𝑛 (say), then the result is an 𝑛-point isotropic quadrature rule. Note that the Rosenblatt 

transformation, used here solely for constructing the moment matrix, should not be confused with the form typically applied to map 
output functions in the presence of dependent variables.

Replacing 𝐆𝑢,𝐣(𝑘)𝑢
 with 𝐆̃𝑢,𝐣(𝑘)𝑢

, where all components of the latter are obtained using the aforementioned Gauss quadrature rule, 
the four-step algorithm described in Section 3 produces an approximate version of the 𝑚th-order orthogonal polynomial basis in 𝐱𝑢. 
Denote by

{

Ψ̃𝑢,𝐣(1)𝑢
(𝐱𝑢),… , Ψ̃

𝑢,𝐣
(𝐿̄𝑢,𝑚 )
𝑢

(𝐱𝑢)
}

=
{

Ψ̃𝑢,𝐣𝑢 (𝐱𝑢) ∶ |𝑢| ≤ 𝐣𝑢 ≤ 𝑚
}

the set of such approximate polynomials in 𝐱𝑢 of degree at most 𝑚 that are consistent with the probability measure 𝑓𝐗𝑢
(𝐱𝑢)𝑑𝐱𝑢 of 𝐗𝑢. 

The total number of polynomials is still 𝐿̄𝑢,𝑚.
For an 𝑆-variate, 𝑚th-order GPDD approximation, the aforementioned polynomial set should be constructed for all 0 ≤ |𝑢| ≤ 𝑆 and 

|𝑢| ≤ 𝐣𝑢 ≤ 𝑚. As a result, the total number of orthogonal polynomial basis functions in an 𝑆-variate, 𝑚th-order GPDD approximation 
is 𝐿𝑆,𝑚, as determined by (28).

5.2.  Estimation of expansion coefficients

According to (24) through (26), the evaluation of the expansion coefficients 𝑦∅ and 𝐶𝑢,𝐣𝑢 , 1 ≤ |𝑢| ≤ 𝑆, |𝑢| ≤ 𝐣𝑢 ≤ 𝑚, of an 𝑆-variate, 
𝑚th-order GPDD approximation 𝑦𝑆,𝑚(𝐗) requires the computation of various high-dimensional integrals. For a general output function 
𝑦 and/or an arbitrary probability distribution of random input 𝐗, exact evaluation of these coefficients from the definitions alone 
is infeasible. Numerical integration entailing a multivariate Gauss-type quadrature rule is computationally formidable and likely 
prohibitive when the function evaluations are expensive and the stochastic dimension 𝑁 exceeds four or five. In this context, a 
practical alternative is to employ standard least-squares (SLS) regression, in which a pre-determined input-output data set is fitted to 
estimate the coefficients, as follows.
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While the compact notations used in (27) enable a concise description of GPDD, a version using a single index notation is better 
suited for calculating the GPDD coefficients. In this case, organize the elements of the sets of approximate GPDD basis and coefficients

{Ψ̃𝑢,𝐣𝑢 (𝐗𝑢) ∶ 0 ≤ |𝑢| ≤ 𝑆, |𝑢| ≤ 𝐣𝑢 ≤ 𝑚} and {𝐶̃𝑢,𝐣𝑢 ∶ 0 ≤ |𝑢| ≤ 𝑆, |𝑢| ≤ 𝐣𝑢 ≤ 𝑚}

as

{Ψ̃1(𝐗),… , Ψ̃𝐿𝑆,𝑚
(𝐗)} and {𝐶̃1,… , 𝐶̃𝐿𝑆,𝑚

},

respectively. As a result, the 𝑆-variate, 𝑚th-order GPDD approximation using approximate basis, denoted by 𝑦̃𝑆,𝑚(𝐗), can also be 
written as

𝑦̃𝑆,𝑚(𝐗) =
𝐿𝑆,𝑚
∑

𝑖=1
𝐶̃𝑖Ψ̃𝑖(𝐗). (36)

From the known probability distribution of random input 𝐗 and an output function 𝑦 ∶ 𝔸𝑁 → ℝ, consider a deterministic input-
output data set

{

𝐱(𝑙), 𝑦(𝐱(𝑙))
}𝐿
𝑙=1

of size 𝐿 ∈ ℕ. The mapping 𝑦 may range from a simple, explicitly defined mathematical function to a complex, implicitly defined 
function obtained through computational simulations, such as finite-element analysis (FEA) of a complex mechanical system. In 
either case, the data set, often referred to as the experimental design, can be generated by calculating the function 𝑦(𝐱(𝑙)) at each 
input sample 𝐱(𝑙). Various sampling strategies, namely, standard MCS, quasi MCS, and Latin hypercube sampling, can be used to build 
the experimental design.

According to SLS, the expansion coefficients are estimated by minimizing the empirical analog of the mean-squared error

1
𝐿

𝐿
∑

𝑙=1

⎡

⎢

⎢

⎣

𝑦(𝐱(𝑙)) −
𝐿𝑆,𝑚
∑

𝑖=1
𝐶𝑖Ψ̃𝑖(𝐱(𝑙))

⎤

⎥

⎥

⎦

2

, 𝐶𝑖 ∈ ℝ, (37)

committed by the GPDD approximation 𝑦̃𝑆,𝑚(𝐗) of 𝑦(𝐗). The resultant SLS solution of the expansion coefficients, denoted by

𝐜̃ ∶=
(

𝐶̃1,… , 𝐶̃𝐿𝑆,𝑚

)⊺
,

is obtained from
𝐀⊺𝐀𝐜̃ = 𝐀⊺𝐛, (38)

where

𝐀 ∶=

⎡

⎢

⎢

⎢

⎣

Ψ̃1(𝐱(1) ⋯ Ψ̃𝐿𝑆,𝑚
(𝐱(1))

⋮ ⋱ ⋮
Ψ̃1(𝐱(𝐿) ⋯ Ψ̃𝐿𝑆,𝑚

(𝐱(𝐿))

⎤

⎥

⎥

⎥

⎦

is often referred to as the information or data matrix and
𝐛 ∶=

(

𝑦(𝐱(1)),… , 𝑦(𝐱(𝐿))
)⊺.

A necessary condition for the SLS solution is the data size 𝐿 > 𝐿𝑆,𝑚. Even when the condition is met, the experimental design must 
be judiciously selected to ensure that the matrix 𝐀⊺𝐀 remains well-conditioned.

5.3.  Implementable GPDD approximation

Owing to the construction of the monomial moment matrix via numerical integration, the resulting whitening matrix described 
in Section 3 is only approximate. Consequently, the resulting orthogonal polynomials are also approximate, denoted by Ψ̃𝑖(𝐱), 𝑖 =
1,… , 𝐿𝑆,𝑚. In addition, the expansion coefficients 𝐶̃𝑖, 𝑖 = 1,… , 𝐿𝑆,𝑚, obtained using the regression procedure outlined earlier are also 
approximate. Therefore, instead of (27), an actual 𝑆-variate, 𝑚th-order GPDD approximation takes the form

𝑦̃𝑆,𝑚(𝐗) =
𝐿𝑆,𝑚
∑

𝑖=1
𝐶̃𝑖Ψ̃𝑖(𝐗), (39)

which is ready to be implemented for a general UQ problem.
Henceforth, the mean and variances of 𝑦̃𝑆,𝑚(𝐗) are calculated from the estimated expansion coefficients as

𝔼[𝑦̃𝑆,𝑚(𝐗)] ≈ 𝐶̃1 (40)

and

var[𝑦̃𝑚(𝐗)] ≈
𝐿𝑆,𝑚
∑

𝑖=2

𝐿𝑆,𝑚
∑

𝑗=2
𝐶̃𝑖𝐶̃𝑗𝐽𝑖𝑗 , (41)
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respectively, where
𝐽𝑖𝑗 ∶= 𝔼

[

Ψ̃𝑖(𝐗)Ψ̃𝑗 (𝐗)
]

.

Again, depending on 𝑖 and 𝑗, many of the integrals 𝐽𝑖𝑗 approximately vanish or become equal to one, as per (16) and (17).
Similarly, for reliability analysis, the approximate failure probability is determined from

𝑃𝐹 ,𝑚 = 𝔼
[

𝐼Ω̃𝐹 ,𝑚
(𝐗)

]

= lim
𝐿′→∞

1
𝐿′

𝐿′
∑

𝑙=1
𝐼Ω̃𝐹 ,𝑚

(𝐱(𝑙)), (42)

where Ω̃𝐹 ,𝑚 ∶= {𝐱 ∶ 𝑦̃𝑆,𝑚(𝐱) < 0} is the approximate failure set as a result of an 𝑆-variate, 𝑚th-order actual GPDD approximation 
𝑦̃𝑆,𝑚(𝐗). All numerical results of second-moment statistics and reliability analysis reported in the paper are based on the actual GPDD 
approximation and formulae described in (39) through (42).

5.4.  Computational cost and flow

For computationally expensive models, the primary cost for creating an 𝑆-variate, 𝑚th-order GPDD approximation arises from the 
construction of the experimental design, producing the input-output data set {𝐱(𝑙), 𝑦(𝐱(𝑙))}𝐿𝑙=1 of size 𝐿 ∈ ℕ. When the computational 
effort for evaluating the output function is independent of the input data – as is commonly the case in modeling and simulation of 
mechanical systems – the total cost scales directly with the data size 𝐿. In SLS regression, 𝐿 is typically several times larger than the 
number of basis functions 𝐿𝑆,𝑚 to ensure the invertibility of the data matrix in (38). Because the number of GPDD basis functions 
increases with both 𝑆 and 𝑚, minimizing 𝐿 relative to 𝐿𝑆,𝑚 is a critical practical consideration. The computational efficiency of the 
GPDD approximation will be further illustrated in the Examples and Application sections.

Fig. 1 presents the general computational flow for constructing a practical GPDD approximation. It also illustrates the subsequent 
evaluation of the second-moment properties and reliability for general stochastic responses.

6.  Numerical examples

Three numerical examples, each designed to address a specific objective, are presented to demonstrate the capability of the 
proposed GPDD framework for UQ analysis under dependent random variables. Example 1 utilizes the four-step algorithm to assess 
the approximation accuracy of the measure-consistent orthogonal polynomials. Example 2 examines several analytical functions to 
illustrate the framework’s effectiveness in statistical moment evaluation and reliability analysis. Example 3 focuses on the reliability 
assessment of a truss structure comprising 13 random variables.

For Examples 1 through 3, an isotropic Gauss quadrature scheme was used to construct the monomial moment matrix. In Example 
1, the quadrature orders were chosen as 4, 14, and 40 for Cases 1, 2, and 3, respectively, based on convergence studies, whereas 
in the remaining two examples the corresponding orders were 16 (Case 1) and 33 (Case 2) for Example 2, and 65 for Example 3. 
In each example, the whitening matrix was obtained by applying the Cholesky factorization to the resulting moment matrix. The 
relative error is defined as the absolute value of the ratio between the difference of the approximate and benchmark solutions and 
the benchmark solution.

6.1.  Example 1: Multivariate orthogonal polynomials

The first example focuses on generating measure-consistent orthogonal polynomials in subsets of three variables 𝑥1, 𝑥2 and 𝑥3. 
Three distinct PDFs under Gaussian, Gegenbauer, and Dirichlet measures are considered to characterize the corresponding random 
variables 𝑋1, 𝑋2 and 𝑋3, respectively, as follows.
1. Case 1: Gaussian PDF on ℝ3:

𝑓𝑋1 ,𝑋2 ,𝑋3
(𝐱) = (2𝜋)−

3
2 (det 𝚺𝐗)

− 1
2 exp

[

− 1
2 𝐱

T𝚺−1
𝐗 𝐱

]

, 𝐱 = (𝑥1, 𝑥2, 𝑥3)T ∈ ℝ3, (43)

where

𝚺𝐗 =
⎡

⎢

⎢

⎣

𝜎21 𝜌12𝜎1𝜎2 𝜌13𝜎1𝜎3
𝜌12𝜎1𝜎2 𝜎22 𝜌23𝜎2𝜎3
𝜌13𝜎1𝜎3 𝜌23𝜎2𝜎3 𝜎23

⎤

⎥

⎥

⎦

, 𝜎1 = 𝜎2 = 𝜎3 =
1
4 , 𝜌12 = 𝜌13 = 𝜌23 =

1
5 .

2. Case 2: Gegenbauer PDF on 𝔹3:

𝑓𝑋1 ,𝑋2 ,𝑋3
(𝐱) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Γ(𝜇 + 2)

𝜋
3
2 Γ

(

𝜇 + 1
2

)

(

1 − ‖𝐱‖2
)𝜇− 1

2 , 𝐱 = (𝑥1, 𝑥2, 𝑥3)T ∈ 𝔹3,

0, otherwise,

(44)

where ‖𝐱‖2 =
3
∑

𝑖=1
𝑥2𝑖  and 𝜇 = 5.
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Fig. 1. A computational flow for generating a practical 𝑆-variate, 𝑚th-order GPDD approximation.
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3. Case 3: Dirichlet PDF on 𝕋 3:

𝑓𝑋1 ,𝑋2 ,𝑋3
(𝐱) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Γ
(

∑4
𝑖=1 𝜅𝑖 + 2

)

∏4
𝑖=1 Γ(𝜅𝑖 +

1
2 )

(

∏3
𝑖=1 𝑥

𝜅𝑖−
1
2

𝑖

)

(1 − |𝐱|)𝜅4−
1
2 , 𝐱 = (𝑥1, 𝑥2, 𝑥3)T ∈ 𝕋 3,

0, otherwise,

(45)

where |𝐱| =
3
∑

𝑖=1
𝑥𝑖 and 𝜅1 = 𝜅2 = 𝜅3 = 𝜅4 = 1.

Figs. 2, 3, and 4 display the joint and marginal PDFs described by (43), (44), and (45), respectively.
The Gaussian, Gegenbauer, and Dirichlet distributions were selected to evaluate the proposed algorithm across fundamentally 

different probability spaces – unbounded, bounded-symmetric, and bounded-simplex domains, respectively – thereby demonstrating 
its broad applicability. All three distributions admit a Rodrigues-type formula [15], which allows the exact analytical construction of 
measure-consistent orthogonal polynomials and provides a theoretical benchmark for verification.

In this work, the proposed four-step algorithm was applied to numerically construct measure-consistent orthogonal polynomials 
defined on subsets of random variables. The construction was performed dimensionwise; that is, univariate (|𝑢| = 1), bivariate (|𝑢| =
2), and trivariate (|𝑢| = 3) orthogonal polynomials were generated sequentially using only the corresponding marginal probability 
distributions of the random input. For each probability measure, the monomial moment matrix was computed numerically using the 
isotropic Gauss quadrature scheme described in Section 5.1. In this approach, the transformed variables follow independent standard 
Gaussian distributions for unbounded rectangular domains (Case 1) and independent uniform distributions on [0, 1] for bounded 
non-rectangular domains (Cases 2 and 3).

The orthogonal polynomials generated by the proposed algorithm for all three probability measures, up to total degree 𝑚 = 3, are 
presented in Table B.1 of Appendix B. These numerically constructed polynomials exhibit excellent agreement with their analytical 
counterparts derived from the Rodrigues formula, as shown in Table B.2 of Appendix B [15]. Specifically, Tables B.1 and B.2 report 
all orthogonal polynomials in 𝐱𝑢 for subsets ∅ ≠ 𝑢 ⊆ {1, 2, 3} with 1 ≤ |𝑢| ≤ 3, across all three probability measures considered. The 
indices satisfy 𝑖 ∈ {1, 2, 3} and 𝑖1, 𝑖2 ∈ {1, 2, 3} with 𝑖2 > 𝑖1. It is readily verified that each polynomial listed in Table B.1 or Table B.2 
fulfills, either approximately or exactly, the first- and second-order moment properties specified in (14)–(17).

6.2.  Example 2: Two mathematical functions

The objective of the second example is to assess the effectiveness of GPDD in representing elementary mathematical functions when 
the expansion coefficients are estimated using the SLS regression technique. Two representative cases were examined, each involving 
a polynomial output function 𝑦(𝑋1, 𝑋2) of two statistically dependent input random variables 𝑋1 and 𝑋2, characterized by exponential 
and lognormal probability distributions, respectively. This example demonstrates that the GPDD approximations accurately preserve 
the statistical and probabilistic characteristics of the output functions under different non-product-type probability measures.

1. Case 1: A linear polynomial and exponential distribution
𝑦(𝑋1, 𝑋2) = 18 − 3𝑋1 − 2𝑋2,

𝑓𝑋1𝑋2
(𝑥1, 𝑥2) =

{

exp[−(𝑥1 + 𝑥2 + 𝑥1𝑥2)][(1 + 𝑥1)(1 + 𝑥2) − 1], 0 ≤ 𝑥1, 𝑥2 < ∞,
0, otherwise.

2. Case 2: A quartic polynomial and lognormal-normal distribution

𝑦(𝑋1, 𝑋2) = 2500 − 1
2
(4𝑋1 − 5𝑋2

2 )
2,

𝑓𝑋1𝑋2
(𝑥1, 𝑥2) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

50

3
√

19𝜋𝑥1
exp

[

−50
19

{

(

10 ln 𝑥1 − 20
3

)2
+

(

𝑥2 − 1
)2 + 9

5

(

10 ln 𝑥1 − 20
3

)

(

𝑥2 − 1
)

}]

,
0 ≤ 𝑥1 < ∞;−∞ < 𝑥2 < ∞

0, otherwise.

For the GPDD analysis, the degree of interaction (𝑆) and polynomial order (𝑚) were selected according to the levels of cross 
terms and nonlinearity present in the output function. For example, Case 1, which involves a linear function with no cross terms, 
requires only a first-order expansion (𝑚 = 1) and thus employs solely univariate basis functions. In contrast, Case 2 exhibits nonlinear 
interactions between the input variables and therefore necessitates a fourth-order expansion (𝑚 = 4), incorporating both univariate 
and bivariate basis functions to adequately capture higher-order effects. Consequently, the numbers of GPDD basis functions (𝐿𝑆,𝑚) 
for Cases 1 and 2 are 3 and 15, respectively.

The ratio (𝐿∕𝐿𝑆,𝑚) used in the SLS regression ranges from 1 to 2, determined empirically through trial and error. Benchmark values 
for the mean and standard deviation of 𝑦(𝑋1, 𝑋2) serve as reference targets for verifying the GPDD approximations. In Case 1, the exact 
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Fig. 2. Gaussian PDF on ℝ3 with distribution parameters: 𝜎1 = 𝜎2 = 𝜎3 =
1
4
, 𝜌12 = 𝜌13 = 𝜌23 =

1
5
; (a) contour plot of 𝑓𝑋1𝑋2𝑋3

(𝑥1, 𝑥2, 𝑥3) = 0; (b) bivari-
ate marginal densities of (𝑋𝑖, 𝑋𝑗 ); (c) univariate marginal densities of 𝑋𝑖.
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Fig. 3. Gegenbauer PDF on 𝔹3 with distribution parameter: 𝜇 = 5; (a) contour plot of 𝑓𝑋1𝑋2𝑋3
(𝑥1, 𝑥2, 𝑥3) = 0; (b) bivariate marginal densities of 

(𝑋𝑖, 𝑋𝑗 ); (c) univariate marginal densities of 𝑋𝑖.
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Fig. 4. Dirichlet PDF on 𝕋 3 with distribution parameters: 𝜅1 = 𝜅2 = 𝜅3 = 𝜅4 = 1; (a) contour plot of 𝑓𝑋1𝑋2𝑋3
(𝑥1, 𝑥2, 𝑥3) = 0; (b) bivariate marginal 

densities of (𝑋𝑖, 𝑋𝑗 ); (c) univariate marginal densities of 𝑋𝑖.
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Table 1 
Relative errors in the second-moment properties of two functions by GPDD, GPCE, and PCE (Example 2).

 Relative errora
 Mean  Standard deviation  No. of function evaluationsb

 (1) Case 1: A linear polynomial and exponential distribution
 Univarite, 1st-order GPDD 1.0 × 10−15 1.4 × 10−5  3
 1st-order GPCE 1.4 × 10−15 1.5 × 10−5  3
 5th-order PCE 1.3 × 10−6 2.0 × 10−4  144
 6th-order PCE 4.8 × 10−7 5.6 × 10−5  196
 7th-order PCE 1.5 × 10−7 3.7 × 10−5  256
 (2) Case 2: A quartic polynomial and lognormal-normal distribution
 Bivariate, 4th-order GPDD 3.9 × 10−8 1.7 × 10−7  15
 4th-order GPCE 4.5 × 10−8 1.8 × 10−7  15
 4th-order PCE 4.4 × 10−8 1.9 × 10−6  25
 5th-order PCE 9.7 × 10−9 2.0 × 10−6  36
 6th-order PCE 9.0 × 10−9 3.5 × 10−7  49

a The benchmark solutions for Case 1 and Case 2 are exact and crude MCS (106 samples), respectively.
b The total number of times the original output function is calculated.

mean and standard deviation are 13.00000 and 2.85594, respectively, while in Case 2 they are 2089.03370 and 378.68671, obtained 
using crude MCS with a million samples. These reference statistics provide a quantitative basis for determining how accurately the 
GPDD approximations reproduce the true solutions.

6.2.1.  Statistical moment analysis
The relative errors in the mean and standard deviation of 𝑦(𝑋1, 𝑋2) committed by the GPDD approximations for both cases, 

together with the corresponding numbers of function evaluations, are summarized in Table 1. For comparison, Table 1 also includes 
reference solutions as well as approximate results produced by GPCE [31] and classical tensor-product PCE [31]. According to the 
table, GPDD achieves the lowest errors for estimating both the mean and standard deviations of 𝑦(𝑋1, 𝑋2) for the two cases considered. 
Although the output functions are polynomial, the GPDD errors do not vanish completely because both the expansion coefficients 
and the orthogonal polynomials are obtained numerically. Nonetheless, these errors remain negligibly small, particularly in view of 
the relatively modest number of function evaluations used to estimate the GPDD coefficients. It is also noteworthy that GPCE yields 
results of comparable quality for this low-dimensional problem.

In contrast, classical tensor-product PCE, when combined with a Rosenblatt transformation to map dependent variables into 
independent ones, produces highly nonlinear, non-polynomial output functions. As a result, achieving the same level of accuracy in 
estimating the standard deviation by GPDD or GPCE often requires a sixth- or seventh-order PCE, depending on the specific function. 
Consequently, the number of function evaluations required for classical PCE increases by an order of magnitude. By directly handling 
dependent variables, GPDD and GPCE not only avoid the need for measure transformations but also provide accurate estimates of 
the second-moment properties of the output functions while maintaining a low computational cost.

6.2.2.  Reliability analysis
Table 2 presents the estimated failure probabilities ℙ[𝑦(𝐗) < 0] and requisite numbers of function evaluations for both output 

functions obtained using the proposed GPDD, alongside the corresponding reference values derived from crude MCS or exact analytical 
solutions. Consistent with the statistical moment analysis, the GPDD-based estimates show excellent agreement with the reference 
solutions, highlighting the framework’s accuracy in probabilistic failure assessment for globally smooth output functions.

For comparison with existing approaches, the classical first-order reliability method (FORM) [34] was also applied to solve this 
problem. However, the FORM results prove to be less straightforward due to the occurrence of multiple most probable points (MPPs) 
and the non-uniqueness of the Rosenblatt transformation. As a result, several distinct failure probability estimates by FORM are 
needed, as summarized in Table 2. While some of the FORM-based estimates are accurate, others deviate substantially, and without 
benchmark data from MCS or exact solutions, it is difficult to identify which estimate is credible. In contrast, GPDD yields unique, 
stable, and consistent estimates across all cases without suffering from the ambiguity inherent in FORM. Notably, although FORM 
is widely recognized for its computational efficiency, GPDD attains comparable or superior accuracy at a lower computational cost, 
demonstrating its robustness and effectiveness in reliability analysis involving dependent random variables.

To assess the accuracy of the GPDD framework in calculating rare-event failure probabilities, the original output functions in Cases 
1 and 2 have been modified as follows: (1) Modified Case 1: 𝑦(𝐗) = 40 − 3𝑋1 − 2𝑋2 and (2) Modified Case 2: 𝑦(𝐗) = 10000 − 1

2 (4𝑋1 −
5𝑋2

2 )
2. The input probability distributions are the same as described earlier in Section 6.2. The estimated failure probabilities for 

these two modified output functions and the corresponding numbers of function evaluations obtained using the aforementioned three 
methods are summarized in Table 3. The results demonstrate that GPDD can accurately and efficiently estimate rare-event failure 
probabilities in problems involving dependent random variables, while avoiding the ambiguity and computational burden associated 
with conventional reliability methods.
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Table 2 
Failure probabilities associated with two performance functions calculated by GPDD 
and other methods (Example 2).

 Failure probability
 Method ℙ[𝑦(𝐗) < 0]a  No. of function evaluationsb
 (1) Case 1: A linear polynomial and exponential distribution
 Uivariate, 1st-order GPDDc 2.91 × 10−3  3
 Crude MCS 3.02 × 10−3 1, 000, 000
 FORM

 Transformation 1d
 1st MPP 2.70 × 10−3  35e
 2nd MPP 2.32 × 10−4  35e

 Transformation 2f
 1st MPP 4.00 × 10−3  45e
 2nd MPP 1.40 × 10−4  45e

 Exact 2.95 × 10−3

 (2) Case 2: A quartic polynomial and lognormal-normal distribution
 Bivariate, 4th-order GPDDc 1.08 × 10−3  15
 Crude MCS 1.10 × 10−3 1, 000, 000
 FORM

 Transformation 1d
 1st MPP 1.52 × 10−4  42e
 2nd MPP 1.00 × 10−3  42e

a. 𝑦(𝐗) = 18 − 3𝑋1 − 2𝑋2 for Case 1; 𝑦(𝐗) = 2500 − 1
2
(4𝑋1 − 5𝑋2

2 )
2 for Case 2.

b. The total number of times the original output function is calculated.
c. MCS of GPDD approximation (106 samples).
d. 𝑇1 ≡ (𝑥1, 𝑥2) → (𝑢1, 𝑢2) on standard Gaussian space.
e. The number of function evaluations to find both MPPs.
f. 𝑇2 ≡ (𝑥2, 𝑥1) → (𝑢1, 𝑢2) on standard Gaussian space.

Table 3 
Rare-event failure probabilities associated with two modified performance functions 
calculated by GPDD and other methods (Example 2).

 Failure probability
 Method ℙ[𝑦(𝐗) < 0]a  No. of function evaluationsb
 (1) Modified Case 1: A linear polynomial and exponential distribution
 Uivariate, 1st-order GPDDc 1.66 × 10−6  3
 Crude MCS 1.82 × 10−6 100, 000, 000
 FORM

 Transformation 1d
 1st MPP 1.57 × 10−6  35e
 2nd MPP 9.32 × 10−9  35e

 Exact 1.70 × 10−6

 (2) Modified Case 2: A quartic polynomial and lognormal-normal distribution
 Bivariate, 4th-order GPDDc 3.56 × 10−6  15
 Crude MCS 3.58 × 10−6 100, 000, 000
 FORM

 Transformation 1d
 1st MPP 3.32 × 10−6  42e
 2nd MPP 9.31 × 10−13  42e

a. 𝑦(𝐗) = 40 − 3𝑋1 − 2𝑋2 for Case 1; 𝑦(𝐗) = 10000 − 1
2
(4𝑋1 − 5𝑋2

2 )
2 for Case 2.

b. The total number of times the original output function is calculated.
c. MCS of GPDD approximation (108 samples).
d. 𝑇1 ≡ (𝑥1, 𝑥2) → (𝑢1, 𝑢2) on standard Gaussian space.
e. The number of function evaluations to find both MPPs.

6.3.  Example 3: A 13-bar truss

In this final example, a linear-elastic, 13-bar truss structure was analyzed to evaluate the accuracy and computational efficiency 
of the proposed GPDD framework in structural reliability assessment. As illustrated in Fig. 5, the truss is simply supported at nodes 
1 and 8 and is subjected to three vertically downward concentrated loads of 85,000 lb, 100,000 lb, and 85,000 lb applied at nodes 3, 
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Fig. 5. A 13-bar truss structure (Example 3).

5, and 7, respectively. Each panel has a horizontal span of 10 ft, and all diagonal members are inclined at 30 degrees. The truss is 
made of structural steel with a Young’s modulus 𝐸 = 30 × 106 psi and Poisson’s ratio 𝜈 = 0.3. The yield strength is 30,000 psi, with an 
allowable stress limit of 20,000 psi.

The cross-sectional areas of all 13 members were modeled as a correlated truncated lognormal random vector 𝐗 = (𝑋1,… , 𝑋13)⊺, 
with each component having identical means 𝜇𝑖 = 22 in2, standard deviations 𝜎𝑖 = 3.5 in2, and correlation coefficients 𝜌𝑖𝑗 = 0.42 for 
𝑖, 𝑗 = 1,… , 13, 𝑖 ≠ 𝑗. A deterministic FEA identifies the maximum vertical deflection 𝑣5(𝐗) at node 5 (mid-span), with an allowable 
limit of 0.6 in. The maximum axial stress 𝜎4(𝐗) occurs in bar 4, connecting nodes 6 and 8, with an allowable stress of 20,000 psi. 
Accordingly, two performance functions, defined as

𝑦1(𝐗) = 0.6 − 𝑣5(𝐗), 𝑦2(𝐗) = 20,000 − 𝜎4(𝐗),

represent the displacement- and stress-based limit-state functions, respectively. The corresponding failure probabilities are then de-
fined as

𝑃𝐹 ,1 ∶= ℙ[𝑦1(𝐗) < 0], 𝑃𝐹 ,2 ∶= ℙ[𝑦2(𝐗) < 0].

The objective of this example is to estimate these two failure probabilities using the GPDD approximation, as outlined in Section 5.3, 
in conjunction with the SLS regression for obtaining the expansion coefficients.

Table 4 presents the estimated failure probabilities of the truss structure, computed using four GPDD approximations and crude 
MCS with a sample size of 100,000. The GPDD involves: (1) univariate, second-order (𝑆 = 1, 𝑚 = 2); (2) (1) univariate, third-order 
(𝑆 = 1, 𝑚 = 3); (3) bivariate, second-order (𝑆 = 2, 𝑚 = 2); and (4) bivariate, third-order (𝑆 = 2, 𝑚 = 3) approximations. For each GPDD 
approximation, the data size 𝐿 was selected as approximately 2.2 times the total number of basis functions 𝐿𝑆,𝑚 to ensure numer-
ical stability and accuracy of the SLS regression in estimating the corresponding GPDD coefficients. The factor 2.2 was established 
empirically by trial and error.

As shown in Table 4, all four GPDD variants accurately predict the order of magnitude of the failure probabilities obtained 
from crude MCS, regardless of the performance function. In particular, the bivariate, third-order GPDD approximations yield highly 
accurate estimates of failure probability for both displacement- and stress-based limit-state functions, requiring only a few hundred 
FEA.

7.  Application

This section illustrates the application of GPDD to a high-dimensional, real-world engineering problem from the automotive 
industry. Specifically, it addresses the stochastic stress analysis of the lower control arm (LCA) in the front suspension system of a 
vehicle.

7.1.  Geometry and CAD model

As illustrated in Fig. 6(a), the LCA is a critical component of the suspension system, connecting the vehicle chassis to the wheel 
assembly (knuckle) via two bushing mounts and a ball-joint housing. It plays a key role in maintaining stability, ensuring proper 
wheel alignment, and enabling the suspension to absorb shocks, thereby contributing to a safe and comfortable ride. Given that 
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Table 4 
Two failure probabilities of the truss structure calculated by GPDD and crude MCS (Example 3).

 Failure probability  Failure probability
 Method ℙ[𝑦1(𝐗) < 0]a ℙ[𝑦2(𝐗) < 0]b  No. of coefficients  Number of FEA
 Univariate GPDD

 2nd-order, 𝑚 = 2 2.70 × 10−4 1.29 × 10−3  27  60
 3rd-order, 𝑚 = 3 6.26 × 10−4 3.71 × 10−3  40  88

 Bivariate GPDD
 2nd-order, 𝑚 = 2 3.32 × 10−4 1.36 × 10−3  105  231
 3rd-order, 𝑚 = 3 6.31 × 10−4 2.67 × 10−3  274  603

 Crude MCS 6.60 × 10−4 2.74 × 10−3  100,000
a. 𝑦1(𝐗) = 0.6 − 𝑣5(𝐗).
b. 𝑦2(𝐗) = 20, 000 − 𝜎4(𝐗).

the LCA is subjected to severe operating conditions, including repeated road impacts, vibrations, and cyclic deformations, engineers 
routinely conduct stress analyses to evaluate its structural integrity and fatigue performance.

Fig. 6(b) and (c) present the computer-aided design (CAD) model of the LCA, incorporating 31 random geometric variables, 
denoted by 𝑋1 through 𝑋31, which represent wall thicknesses, rib dimensions, hole sizes, and fillet radii throughout the structure.

7.2.  Finite-element model and random input

Due to the complex geometry of the LCA, numerical analyses, such as FEA, are essential for evaluating its deformation and stress 
responses. Fig. 7(a) depicts the loading and boundary conditions applied for a quasi-static, linear-elastic FEA of the LCA using the 
ABAQUS commercial software [35]. The LCA material is assumed to be isotropic with random variations in Young’s modulus 𝑋32
and Poisson’s ration 𝑋33. A random vertical load 𝑋34 was applied on the LCA body to simulate a downward force transmitted from 
the vehicle in response to a severe road input acting on the suspension assembly. The two bushing sleeves were fixed in the global 
coordinate system to replicate the chassis-mounted constraints. A fully automated CAD-FEA interface was developed such that, for 
any selected set of geometric parameters, the CAD model is regenerated, meshed, and analyzed in ABAQUS. For the mean values of 
the input variables, the resulting FEA model consists of approximately 60,000 tetrahedral elements, as shown in Fig. 7(b).

The input random vector for this problem is defined as 𝐗 = (𝑋1,… , 𝑋34)⊺, representing a total of 34 uncertain parameters. The 
means and coefficients of variation of these variables, based on practical considerations, are summarized in Table 5. The pairwise 
correlation coefficients among the geometric variables (𝑋1 − 𝑋31) and between the material properties (𝑋32, 𝑋33) are both equal to 
𝜌 = 0.3. However, the groups of geometric variables, material properties, and load are statistically independent from one another. It 
is further assumed that 𝐗 follows a right-truncated lognormal distribution, where each variable 𝑋𝑖 is truncated at its mean plus six 
times its standard deviation. Given the large truncation limit, the truncated and untruncated lognormal distributions are effectively 
indistinguishable for practical purposes. Most existing methods, including GPCE, are susceptible to the curse of dimensionality [36] 
and thus encounter significant challenges when addressing this high-dimensional UQ problem.

For the GPDD-based UQ analysis of the LCA, the monomial moment matrix was constructed using an isotropic Gauss quadrature 
scheme. A quadrature order of 65 was selected for this case based on convergence studies, and the corresponding whitening matrix 
was obtained through the Cholesky factorization of the resulting moment matrix.

7.3.  Deformation and stress analysis

For the output quantities of interest, two response measures frequently used in stress and fatigue durability analysis were studied: 
(1) the von Mises stress and (2) the largest principal strain in the LCA. When all input variables are fixed at their mean values, the 
contour plots of these responses indicate that the maximum Von Mises stress or the maximum largest principal strain occurs near the 
corner of the rear bushing joint, where the control arm is connected to the chassis, as displayed in Fig. 8(a) or (b). In the presence 
of input uncertainty, however, these response measures become random variables or fields. In this work, GPDD was employed to 
characterize the statistical behavior of these responses under combined effects of geometric, material, and loading uncertainties.

Table 6 summarizes the approximate means and standard deviations of the maximum von Mises stress and maximum largest 
principal strain, obtained using three GPDD approximations: (1) univariate, second-order (𝑆 = 1, 𝑚 = 2); (2) univariate, third-order 
(𝑆 = 1, 𝑚 = 3); and (3) bivariate, second-order (𝑆 = 2, 𝑚 = 2). As shown in the table, all three GPDD variants provide good to excellent 
estimates of the second-moment statistics of the stress or strain when compared with results from crude MCS using 7000 samples. 
While the bivariate GPDD yields the most accurate solution, it is also the most computationally expensive, requiring 3150 FEA. In 
contrast, the univariate, third-order GPDD produces results nearly identical to those of the bivariate approximation while incurring 
only 515 FEA.

Finally, Fig. 9(a) and (b) present the approximate PDFs of the maximum von Mises stress and maximum largest principal strain 
obtained using the three GPDD approximations described earlier, while Fig. 9(c) and (d) show the corresponding approximate CDFs. 
The GPDD-derived PDFs or CDFs were generated by resampling the GPDD approximations 10,000 times. The computational cost of this 
resampling is negligible, as it involves only evaluations of the elementary polynomial functions defining the GPDD approximations, 
and should not be confused with crude MCS of the actual responses. Due to the high computational expense of performing FEA, the 

Computer Methods in Applied Mechanics and Engineering 454 (2026) 118845 

22 



M.R. Talukdar and S. Rahman

Fig. 6. A lower control arm of vehicle’s suspension system; (a) suspension system assembly; (b) top and front views of CAD model; (c) isometric 
view of CAD model.
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Fig. 7. Loading and boundary conditions and FEA discretization of the LCA; (a) loading and boundary conditions; (b) tetrahedral mesh from 
ABAQUS (60,000 elements).

Fig. 8. Results of deterministic FEA at mean input for the LCA; (a) contours of von Mises stress; (b) contours of largest principal strain.
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Table 5 
Statistical properties of 34 input random variables 
for the LCA.
 Variable  Mean (𝜇)  Coefficient of Variation (%)

 (a) Geometric variables
𝑋1 30 (𝑚𝑚)  7
𝑋2 40 (𝑚𝑚)  7
𝑋3 20 (𝑚𝑚)  7
𝑋4 25 (𝑚𝑚)  7
𝑋5 15 (𝑚𝑚)  7
𝑋6 25 (𝑚𝑚)  7
𝑋7 40 (𝑚𝑚)  7
𝑋8 5 (𝑚𝑚)  7
𝑋9 290 (𝑚𝑚)  7
𝑋10 10 (𝑚𝑚)  7
𝑋11 12 (𝑚𝑚)  7
𝑋12 35 (𝑚𝑚)  7
𝑋13 60 (𝑚𝑚)  7
𝑋14 4 (𝑚𝑚)  7
𝑋15 10 (𝑚𝑚)  7
𝑋16 5 (𝑚𝑚)  7
𝑋17 180 (𝑚𝑚)  7
𝑋18 70 (𝑚𝑚)  7
𝑋19 8 (𝑚𝑚)  7
𝑋20 5 (𝑚𝑚)  7
𝑋21 55 (𝑚𝑚)  7
𝑋22 45 (𝑚𝑚)  7
𝑋23 20 (𝑚𝑚)  7
𝑋24 4 (𝑚𝑚)  7
𝑋25 35 (𝑚𝑚)  7
𝑋26 7 (𝑚𝑚)  7
𝑋27 70 (𝑑𝑒𝑔)  7
𝑋28 80 (𝑑𝑒𝑔)  7
𝑋29 180 (𝑚𝑚)  7
𝑋30 185 (𝑚𝑚)  7
𝑋31 170 (𝑚𝑚)  7

 (b) Material variables
𝑋32 210 (𝐺𝑃𝑎)  7
𝑋33 0.3  7

 (c) Force variable
𝑋34 1.7 (𝑘𝑁)  15

(a) Geometric variables 𝑋1–𝑋31 follow pairwise cor-
relation 𝜌 = 0.3.
(b) Material variables 𝑋32 and 𝑋33 follow correlation 
𝜌 = 0.3.
(c) Vertical load 𝑋34 is independent of all others.

Table 6 
Second-moment properties of two response measures of the LCA by GPDD and crude MCS.

 Max. von Mises stress (MPa)  Max. largest prin. strain (%)
 Method  Mean  Standard deviation  Mean  Standard deviation  Number of FEA
 Univariate GPDD

 2nd-order, 𝑚 = 2 234.54 51.91 0.00111 2.68 × 10−4 345
 3rd-order, 𝑚 = 3 234.89 54.13 0.00109 2.69 × 10−4 515

 Bivariate GPDD
 2nd-order, 𝑚 = 2 235.12 53.91 0.00115 2.78 × 10−4 3, 150

 Crude MCS 235.17 53.85 0.00116 2.74 × 10−4 7, 000

same 7000 realizations of stress and strain were used to generate the referential densities and distributions, which are also plotted 
in Figs. 9(a) through 9(d). Given the limited sample size, the MCS-generated distributions are not expected to accurately capture 
tail probabilistic behavior. Nevertheless, the overall trends of the PDFs and CDFs obtained obtained from the bivariate, second-
order GPDD closely match the MCS results. In contrast, while the univariate, second- or third-order GPDD provides accurate CDF 
estimates for probabilities down to approximately 0.01, it deviates from the bivariate GPDD and MCS results at lower probabilities. 
This comparison underscores the importance of incorporating bivariate interactions in GPDD when evaluating the tail probabilistic 
characteristics of output variables, albeit at the cost of increased computational effort. Consequently, the development of an adaptive 
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Fig. 9. Probability distribution functions of two responses for the LCA; (a) PDF of maximum von Mises stress 𝜎𝑒,max; (b) PDF of maximum largest 
principal strain 𝜖1,max; (c) CDF of maximum von Mises stress 𝜎𝑒,max; (d) CDF of maximum largest principal strain 𝜖1,max.

GPDD variant – one capable of automatically identifying and including only the most influential bivariate interactions – warrants 
further investigation to achieve additional reductions in computational cost.

8.  Outlook

While this paper presents a practical implementation of GPDD for dependent variables, its scope is limited to forward UQ analysis. 
Several challenges remain in addressing inverse UQ problems, such as those encountered in design optimization under uncertainty: 
(1) determining the design sensitivities of statistical moments or reliability without incurring significant additional computational 
cost; (2) minimizing or avoiding repetitive calculations of moments, reliability, and their design sensitivities during iterative design 
processes; and (3) substantially reducing the number of function evaluations or FEA simulations required in conjunction with standard 
gradient-based optimization algorithms. Addressing these challenges will be the focus of future work by the authors.

9.  Conclusion

A new practical GPDD framework was devised to enable efficient UQ analysis when the input random variables are statistically 
dependent and follow a general, non-product-type probability distribution. The key intellectual contribution of this framework is an 
innovative four-step algorithm for constructing multivariate orthogonal polynomials from scratch, in subsets of input variables, that 
are consistent with the specified input probability distribution. Unlike the Rodrigues-type formula, which is limited to certain prob-
ability measures, the proposed algorithm can generate orthogonal polynomials for a broader class of input distributions, heretofore 
unavailable to the UQ community.
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In contrast to GPCE, which requires the full joint distribution of the random inputs to generate orthogonal polynomials, GPDD 
relies only on low-variate marginal distributions. Consequently, when the joint distribution is unknown but the marginal distributions 
are available, a GPDD approximation can still be constructed in a dimensionwise manner, facilitating efficient UQ analysis. For high-
dimensional stochastic problems characterized by strongly nonlinear output functions but weak interactions among input variables, 
GPDD is expected to be significantly more computationally efficient than GPCE, owing to its hierarchical, dimensionwise structure – 
a feature not present in GPCE.

Numerical results of the proposed algorithm for generating orthogonal polynomials consistent with Gaussian, Gegenbauer, and 
Dirichlet probability distributions demonstrate high accuracy when compared with exact solutions from Rodrigues’ formula. More 
important, UQ analysis of two mathematical functions and a truss structure indicate that GPDD, combined with standard least-squares 
regression for calculating the expansion coefficients, provides excellent estimates of the second-moment properties and reliability 
using only a few hundred function evaluations or finite element analyses. Furthermore, application to an industrial-scale problem 
demonstrates GPDD’s practical utility, integrating seamlessly with legacy simulation code to perform high-dimensional UQ analysis 
of a vehicle suspension control arm entailing 34 input variables.
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Appendix A.  Generation of orthogonal polynomials by four-step algorithm

Let (𝑋1, 𝑋2)⊺ be a random vector comprising zero-mean Gaussian random variables, which have identical standard deviations 
𝜎1 = 𝜎2 =

1
4  and correlation coefficient 𝜌 = 1

5 . For 𝑢 = {1, 2} and 𝑚 = 3, the index sets with graded reverse lexicographic order and 
respective cardinalities, as defined in Step 1, are

{1,2},3 = {(0, 0), (1, 0), (0, 1), (2, 0), (1, 1), (0, 2), (3, 0), (2, 1), (1, 2), (0, 3)}; 𝐿{1,2},3 = |{1,2},3 = 10,

̄{1,2},3 = {(1, 1), (2, 1), (1, 2)}; 𝐿̄{1,2},3 = |̄{1,2},3| = 3,

producing the associated monomial set
{1,2},3 = {1, 𝑥1, 𝑥2, 𝑥21, 𝑥1𝑥2, 𝑥

2
2, 𝑥

3
1, 𝑥

2
1𝑥2, 𝑥1𝑥

2
2, 𝑥

3
2}.

There are three multi-index values in ̄{1,2},3, meaning that a total of three bivariate orthogonal polynomials have to be generated. 
For such multi-index values 𝐣(𝑘){1,2}, 𝑘 = 1, 2, 3, the reduced index sets {1,2},|𝐣(𝑘){1,2}|

, their cardinalities, and local monomial vectors, as 
defined in Step 2, are as follows:
1. 𝑘 = 1: 𝐣(1){1,2} = (1, 1), |𝐣(1){1,2}| = 2

{1,2},|𝐣(1){1,2}|
= {(0, 0), (1, 0), (0, 1), (2, 0), (0, 2), (1, 1)},

|

|

|

|

{1,2},|𝐣(1){1,2}|

|

|

|

|

= 6,

𝐏{1,2},𝐣(1){1,2}
(𝑥1, 𝑥2) =

(

1, 𝑥1, 𝑥2, 𝑥21, 𝑥
2
2, 𝑥1𝑥2

)⊺,

with the targeted monomial 𝑥1𝑥2 as the last element.
2. 𝑘 = 2: 𝐣(2){1,2} = (2, 1), |𝐣(2){1,2}| = 3

{1,2},|𝐣(2){1,2}|
= {(0, 0), (1, 0), (0, 1), (2, 0), (1, 1), (0, 2), (3, 0), (1, 2), (0, 3), (2, 1)},

|

|

|

|

{1,2},|𝐣(2){2,1}|

|

|

|

|

= 10,

𝐏{1,2},𝐣(2){2,1}
(𝑥1, 𝑥2) =

(

1, 𝑥1, 𝑥2, 𝑥21, 𝑥1𝑥2, 𝑥
2
2, 𝑥

3
1, 𝑥1𝑥

2
2, 𝑥

3
2, 𝑥

2
1𝑥2

)⊺.

with the targeted monomial 𝑥21𝑥2 as the last element.
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3. 𝑘 = 3: 𝐣(3){1,2} = (1, 2), |𝐣(3){1,2}| = 3

{1,2},|𝐣(3){1,2}|
= {(0, 0), (1, 0), (0, 1), (2, 0), (1, 1), (0, 2), (3, 0), (2, 1), (0, 3), (1, 2)},

|

|

|

|

{1,2},|𝐣(3){1,2}|

|

|

|

|

= 10,

𝐏{1,2},𝐣(3){1,2}
(𝑥1, 𝑥2) =

(

1, 𝑥1, 𝑥2, 𝑥21, 𝑥1𝑥2, 𝑥
2
2, 𝑥

3
1, 𝑥

2
1𝑥2, 𝑥

3
2, 𝑥1𝑥

2
2
)⊺.

with the targeted monomial 𝑥1𝑥22 as the last element.

Consider the case of 𝑘 = 3, where 𝐣(3){1,2} = (1, 2) and the targeted monomial is 𝑥1𝑥22. Using (8) from Step 3, the associated monomial 
moment matrix

𝐆{1,2},𝐣(3){1,2}
=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1 0 0 1
16

1
80

1
16 0 0 0 0

1
16 0 0 3

256
3

1280
27

6400 0 0 0 0

0 1
80

1
16 0 0 0 3

1280
27

6400
3

256
3

1280
1
16 0 0 3

256
3

1280
27

6400 0 0 0 0
1
80 0 0 3

1280
27

6400
3

1280 0 0 0 0
1
16 0 0 27

6400
3

1280
3

256 0 0 0 0

0 3
256

3
1280 0 0 0 15

4096
3

4096
231

512000
87

102400

0 3
1280

27
6400 0 0 0 3

4096
87

102400
87

102400
231

512000

0 3
1280

3
256 0 0 0 231

512000
87

102400
15

4096
3

4096

0 27
6400

3
1280 0 0 0 87

102400
231

512000
3

4096
87

102400

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.

Following Cholesky factorization of 𝐆{1,2},𝐣(3)𝑢
 from Step 4, the whitening matrix

𝐖{1,2},𝐣(3){1,2}
=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1 0 0 0 0 0 0 0 0 0

0 4 0 0 0 0 0 0 0 0

0 −
√

2
3 5

√

2
3 0 0 0 0 0 0 0

− 1
√

2
0 0 8

√

2 0 0 0 0 0 0

0 0 0 −4
√

2
3 20

√

2
3 0 0 0 0 0

− 1
√

2
0 0

√

2
3 − 10

√

2
3

25
√

2
3 0 0 0 0

0 −2
√

6 0 0 0 0 32
√

2
3 0 0 0

0 1
√

3
− 5

√

3
0 0 0 − 16

√

3
80
√

3
0 0

0 0 − 10
√

2
3 0 0 0 8

√

2
27 − 20

√

2
9

500
√

2
27 0

0 −3 5
3 0 0 0 50

27 − 170
9 − 250

27 50

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.

Finally, using (11) from Step 4, the orthogonal polynomial corresponding to the targeted monomial 𝑥1𝑥22 is obtained as

Ψ{1,2},𝐣(3){1,2}
= Ψ{1,2},(1,2) = −3𝑥1 +

5
3
𝑥2 +

50
27

𝑥31 −
170
9

𝑥21𝑥2 −
250
27

𝑥32 + 50𝑥1𝑥22,

which is the last element of the polynomial set described by (19). Following similar procedures, the orthogonal polynomials for the 
targeted monomials 𝑥1𝑥2 (𝑘 = 1) and 𝑥21𝑥2 (𝑘 = 2) can be obtained as the first and second elements of the aforementioned polynomial 
set.

Appendix B.  Results of Example 1

Tables B.1 and B.2 present the orthogonal polynomials for Example 1, generated using the four-step algorithm and the Rodrigues 
formula, respectively.
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Table B.1 
Approximate orthogonal polynomials consistent with the three PDFs of Example 1.
 Case 1: Gaussian PDF on ℝ3 (𝜎1 = 𝜎2 = 𝜎3 = 1∕4, 𝜌12 = 𝜌13 = 𝜌23 = 1∕5)
Ψ{0},(0) = 1,
Ψ̃{𝑖},(1) ≈ 4.0000𝑥𝑖 ,
Ψ̃{𝑖},(2) ≈ −0.7071 + 11.3137𝑥2𝑖 ,
Ψ̃{𝑖},(3) ≈ −4.8990𝑥𝑖 + 26.1279𝑥3𝑖 ,
Ψ̃{𝑖1 ,𝑖2},(1,1) ≈ 0.1961 − 3.2686𝑥2𝑖1 − 3.2686𝑥2𝑖2 + 16.9967𝑥𝑖2𝑥𝑖1 ,
Ψ̃{𝑖1 ,𝑖2},(2,1) ≈ 1.6667𝑥𝑖1 − 3.0000𝑥𝑖2 − 9.2593𝑥3𝑖1 + 50.0000𝑥2𝑖1𝑥𝑖2 + 1.8519𝑥3𝑖2 − 18.8889𝑥𝑖1𝑥

2
𝑖2
,

Ψ̃{𝑖1 ,𝑖2},(1,2) ≈ −3.0000𝑥𝑖1 + 1.6667𝑥𝑖2 + 1.8519𝑥3𝑖1 − 18.8889𝑥2𝑖1𝑥𝑖2 − 9.2593𝑥3𝑖2 + 50.0000𝑥𝑖1𝑥
2
𝑖2
,

Ψ̃{1,2,3},(1,1,1) ≈ 0.4439𝑥1 + 0.4439𝑥2 + 0.4439𝑥3 + 1.9024𝑥31 − 9.8291𝑥21𝑥2 − 9.8291𝑥21𝑥3 − 9.8291𝑥1𝑥22 − 9.8291𝑥1𝑥23
+1.9024𝑥32 − 9.8291𝑥22𝑥3 − 9.8291𝑥2𝑥23 + 1.9024𝑥33 + 73.5600𝑥1𝑥2𝑥3 .

 Case 2: Gegenbauer PDF on the unit ball 𝔹3 (𝜇 = 5)
Ψ{0},(0) = 1,
Ψ̃{𝑖},(1) ≈ 3.7417𝑥𝑖 ,
Ψ̃{𝑖},(2) ≈ −0.7845 + 10.9825𝑥2𝑖 ,
Ψ̃{𝑖},(3) ≈ −5.3923𝑥𝑖 + 28.7590𝑥3𝑖 ,
Ψ̃{𝑖1 ,𝑖2},(1,1) ≈ 14.9984𝑥𝑖1𝑥𝑖2 ,
Ψ̃{𝑖1 ,𝑖2},(2,1) ≈ −3.6522𝑥𝑖2 + 3.6522𝑥3𝑖2 + 47.7229𝑥2𝑖1𝑥𝑖2 ,
Ψ̃{𝑖1 ,𝑖2},(1,2) ≈ −3.6522𝑥𝑖1 + 3.6522𝑥3𝑖1 + 47.7229𝑥𝑖1𝑥

2
𝑖2
,

Ψ̃{1,2,3},(1,1,1) ≈ 63.4996𝑥1𝑥2𝑥3
 Case 3: Dirichlet PDF on the tetrahedron 𝕋 3 (𝑘1 = 𝑘2 = 𝑘3 = 𝑘4 = 1)
Ψ{0},(0) = 1,
Ψ̃{𝑖},(1) ≈ −1.5273 + 6.1098𝑥𝑖 ,
Ψ̃{𝑖},(2) ≈ 2.0222 − 18.8756𝑥𝑖 + 30.2020𝑥2𝑖 ,
Ψ̃{𝑖},(3) ≈ −2.5055 + 40.0937𝑥𝑖 − 144.3470𝑥2𝑖 + 137.4786𝑥3𝑖 ,
Ψ̃{𝑖1 ,𝑖2},(1,1) ≈ 4.4616 − 20.8161𝑥𝑖1 − 20.8161𝑥𝑖2 + 16.3546𝑥2𝑖1 + 16.3546𝑥2𝑖2 + 56.5066𝑥𝑖1𝑥𝑖2 ,
Ψ̃{𝑖1 ,𝑖2},(2,1) ≈ −7.2106 + 69.7704𝑥𝑖1 + 45.6315𝑥𝑖2 − 156.5890𝑥2𝑖1 − 315.5668𝑥𝑖1𝑥𝑖2 − 69.6313𝑥2𝑖2 + 94.1290𝑥3𝑖1

+245.7964𝑥𝑖1𝑥
2
𝑖2
+ 31.2103𝑥3𝑖2 + 385.4555𝑥2𝑖1𝑥𝑖2 ,

Ψ̃{𝑖1 ,𝑖2},(1,2) ≈ −7.2106 + 45.6315𝑥𝑖1 + 69.7704𝑥𝑖2 − 69.6313𝑥2𝑖1 − 315.5668𝑥𝑖1𝑥𝑖2 − 156.5890𝑥2𝑖2 + 31.2103𝑥3𝑖1
+245.7964𝑥2𝑖1𝑥𝑖2 + 94.1290𝑥3𝑖2 + 385.4555𝑥𝑖1𝑥

2
𝑖2
,

Ψ̃{1,2,3},(1,1,1) ≈ −26.6996 + 142.3955𝑥1 + 142.3947𝑥2 + 142.4017𝑥3 − 204.6920𝑥21 − 513.2261𝑥1𝑥2 − 513.2261𝑥1𝑥3 − 204.6891𝑥22
−513.2261𝑥2𝑥3 − 204.6891𝑥23 + 88.9962𝑥31 + 370.8128𝑥21𝑥2 + 370.8244𝑥21𝑥3 + 370.8106𝑥1𝑥22 + 370.8366𝑥1𝑥23
+88.9962𝑥32 + 370.8211𝑥22𝑥3 + 370.8382𝑥2𝑥23 + 88.9962𝑥33 + 949.2981𝑥1𝑥2𝑥3 ,

a. Here, 𝑖 ∈ {1, 2, 3} and 𝑖1, 𝑖2 ∈ {1, 2, 3} with 𝑖2 > 𝑖1.
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Table B.2 
Exact orthogonal polynomials consistent with the three PDFs of Example 1.
 Case 1: Gaussian PDF on ℝ3 (𝜎1 = 𝜎2 = 𝜎3 = 1∕4, 𝜌12 = 𝜌13 = 𝜌23 = 1∕5)
Ψ{0},(0) = 1,
Ψ{𝑖},(1) ≈ 4𝑥𝑖 ,
Ψ{𝑖},(2) ≈ −0.7071 + 11.3137𝑥2𝑖 ,
Ψ{𝑖},(3) ≈ −4.8990𝑥𝑖 + 26.1279𝑥3𝑖 ,
Ψ{𝑖1 ,𝑖2},(1,1) ≈ 0.1961 − 3.2686𝑥2𝑖1 − 3.2686𝑥2𝑖2 + 16.9967𝑥𝑖2𝑥𝑖1 ,
Ψ{𝑖1 ,𝑖2},(2,1) ≈ 1.6667𝑥𝑖1 − 3𝑥𝑖2 − 9.2593𝑥3𝑖1 + 50𝑥2𝑖1𝑥𝑖2 + 1.8519𝑥3𝑖2 − 18.8889𝑥𝑖1𝑥

2
𝑖2
,

Ψ{𝑖1 ,𝑖2},(1,2) ≈ −3𝑥𝑖1 + 1.6667𝑥𝑖2 + 1.8519𝑥3𝑖1 − 18.8889𝑥2𝑖1𝑥𝑖2 − 9.2593𝑥3𝑖2 + 50𝑥𝑖1𝑥
2
𝑖2
,

Ψ{1,2,3},(1,1,1) ≈ 0.4439𝑥1 + 0.4439𝑥2 + 0.4439𝑥3 + 1.9024𝑥31 − 9.8291𝑥21𝑥2 − 9.8291𝑥21𝑥3 − 9.8291𝑥1𝑥22 − 9.8291𝑥1𝑥23
+1.9024𝑥32 − 9.8291𝑥22𝑥3 − 9.8291𝑥2𝑥23 + 1.9024𝑥33 + 73.5600𝑥1𝑥2𝑥3 .

 Case 2: Gegenbauer PDF on the unit ball 𝔹3 (𝜇 = 5)
Ψ{0},(0) = 1,
Ψ{𝑖},(1) ≈ −3.7417𝑥𝑖 ,
Ψ{𝑖},(2) ≈ −0.7845 + 10.9825𝑥2𝑖 ,
Ψ{𝑖},(3) ≈ 5.3923𝑥𝑖 − 28.7589𝑥3𝑖 ,
Ψ{𝑖1 ,𝑖2},(1,1) ≈ 14.9666𝑥𝑖1𝑥𝑖2 ,
Ψ{𝑖1 ,𝑖2},(2,1) ≈ 3.5949𝑥𝑖2 − 3.5949𝑥3𝑖2 − 46.7332𝑥2𝑖1𝑥𝑖2 ,
Ψ{𝑖1 ,𝑖2},(1,2) ≈ 3.5949𝑥𝑖1 − 3.5949𝑥3𝑖1 − 46.7332𝑥𝑖1𝑥

2
𝑖2
,

Ψ{1,2,3},(1,1,1) ≈ −63.4980𝑥1𝑥2𝑥3
 Case 3: Dirichlet PDF on the tetrahedron 𝕋 3 (𝑘1 = 𝑘2 = 𝑘3 = 𝑘4 = 1)
Ψ{0},(0) = 1,
Ψ{𝑖},(1) ≈ 1.5275 − 6.1101𝑥𝑖 ,
Ψ{𝑖},(2) ≈ 2.0225 − 18.8776𝑥𝑖 + 30.2042𝑥2𝑖 ,
Ψ̃{𝑖},(3) ≈ 2.5064 − 40.1024𝑥𝑖 + 144.3688𝑥2𝑖 − 137.4941𝑥3𝑖 ,
Ψ{𝑖1 ,𝑖2},(1,1) ≈ 4.4604 − 20.8149𝑥𝑖1 − 20.8149𝑥𝑖2 + 16.3546𝑥2𝑖1 + 16.3546𝑥2𝑖2 + 56.4978𝑥𝑖1𝑥𝑖2 ,
Ψ{𝑖1 ,𝑖2},(2,1) ≈ 7.2019 − 69.6181𝑥𝑖1 − 45.6118𝑥𝑖2 + 156.0405𝑥2𝑖1 + 315.2819𝑥𝑖1𝑥𝑖2 + 69.6181𝑥2𝑖2 − 93.6243𝑥3𝑖1

−245.6638𝑥𝑖1𝑥
2
𝑖2
− 31.2081𝑥3𝑖2 − 384.8999𝑥2𝑖1𝑥𝑖2 ,

Ψ{𝑖1 ,𝑖2},(1,2) ≈ 7.2019 − 45.6118𝑥𝑖1 − 69.6181𝑥𝑖2 + 69.6181𝑥2𝑖1 + 315.2819𝑥𝑖1𝑥𝑖2 + 156.0405𝑥2𝑖2 − 31.2081𝑥3𝑖1
−245.6638𝑥2𝑖1𝑥𝑖2 − 93.6243𝑥3𝑖2 − 384.8999𝑥𝑖1𝑥

2
𝑖2
,

Ψ{1,2,3},(1,1,1) ≈ 26.6983 − 142.3910𝑥1 − 142.3910𝑥2 − 142.3910𝑥3 + 204.6871𝑥21 + 513.2009𝑥1𝑥2 + 513.2009𝑥1𝑥3 + 204.6871𝑥22
+513.2009𝑥2𝑥3 + 204.6871𝑥23 − 88.9944𝑥31 − 370.8099𝑥21𝑥2 − 370.8099𝑥21𝑥3 − 370.8099𝑥1𝑥22 − 370.8099𝑥1𝑥23
−88.9944𝑥32 − 370.8099𝑥22𝑥3 − 370.8099𝑥2𝑥23 − 88.9944𝑥33 − 949.2734𝑥1𝑥2𝑥3 ,

a. Here, 𝑖 ∈ {1, 2, 3} and 1 ≤ 𝑖1 < 𝑖2 ≤ 3.
b. The orthogonal polynomials are computed exactly; only round-off error is incurred.
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