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7.3 Laminar Boundary Layer Similarity Solutions

Laminar Boundary Layer: Reci = 91,000; Reprqns = 5 X 10° —
3 x 10°.

Similarity solutions (2D, steady, incompressible): method of reducing
PDE to ODE by appropriate similarity transformation; also, because of
transformation at least one coordinate lacks origin such that the solution
collapses to same form at all length or time scales.

uy +v, =0
Uly + VU = UUy +VUy,

BCs: u(x,0) = v(x,0) =0 noslip
u(x,0) = U(x) matching outer flow
+ inlet condition

For Similarity ”;’ng;) =F (ﬁ) expect g(x) related to §(x)

Or in terms of stream function ¥ :u =y, v = -,
Forsimilarity ¥ =UM)g)fm  n=y/g9x)

u=v, =Uf v=—p,=—Ucgf +Ugyf —Ugunf)
BC.:
u(x,0)=0=U(x)f'(0)=0= f'(0)=0
v(%,0)=0=U,(x)g(x) f (0)+U (x)g,(x) f (0)
~U(x)g,(x)x0x f'(0)=0
= (U, (0)9() +U (x)g,(x))f (0) =0
= f(0)=0
u(x,0)=U(x)=U(x) f'(c0) =U(x)= f'(c0) =1
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Write boundary layer equations in terms of ¥

lpylpyx - lpxlpyy =UU, + ﬁlpyyy

v, =Uf'/g
—e
ny :Uxf'_Uf 77gx/g

Assemble them together:

() (Vef - %{%) — (Urgf + Ugsf — Uginf )(UF "/ 9)

=UU,+v(Uf"/g?)

Substitute

r " n U n
UUxfz —UUff — (Uz 9/ 9ff = UU, +V?f

, U . u ..
UUxfz _E(Ug)xff =UUy + V?f

FrHE U HE U1~ £2) =0

C1 C.

Where for similarity C; and C, are constant or function n only

e i.e. for a chosen pair of C; and C,=> U (X) g(X) can be found,
I.e., potential flow is NOT known a priori.

e Then solution of f +C1 ff +C2(1— flz)zo gives f(ﬂ)%
U(X, Y) Ty = ,u% — “U; (0), 9, 6*,0, H, Ct, Cp
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The Blasius Solution for Flat-Plate Flow

U=constant—> Ux =0 - Cz =0

Then C; = %ggx #* function(x)

L =2 ) g0 = [26,va /U]

Let ¢, = 1, then g(x) = /2”7" |:>n=y/%: L o
U

) 5 . 5x VX

NOte;—\/R——eJC,l.e.,(s——U_x—S\/;

Y = U[2vx/U]1/2f< \/7> V2vUxf(n)

Sl A

u= 1/)y =Uf
v ==y =Ug:(nf —f) =[Uv/2x]"2(nf "~ f) = U%—e”

" _ Blasius equations
|:> fo+fr =0 for Flat Plate

, , Boundary Layer
fO) =f10)=0,f(0) =1

Solutions by series or numerical methods

%\-\M \s.a A L %‘w&-c!\._ ‘9\ A yi /
P ’Toh{g 41 . )
* )
- ‘_ /J 2 o i =
S s
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FIGURE 4-6

The Bls_asius solution for the flat-plate boundary layer: (a) numerical solution of Eq. (4-45) (k)
comparison of f' = u/U with experiments by Liepmann (1943).
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Highly resolved numerical solution of the Blasius eqt Hn for

flow over a flat plate, Eq. (4-60)

. 1/ 1995 Ja) f'@) J"ap S @)
0.0 0.00000 0.00000 0.00000 0.46960 0.00000
0.0 0.05761 0.00939 0.09391 0.46931 -0.00441

0.4 11521 0.03755 0.18761 0.46725 -0.01755

0.6 0.17282 0.08439 0.28058 0.46173 —0.03896

0.8 0.23042 0.14967 0.37196 045119 —0.06753

1.0 0.28803 0.23299 0.46063 0.43438 -0.10121

1.2 0.34563 0.33366 0.54525 0.41057 -0.13699

1.4 0.40324 0.45072 0.62439 0.37969 —0.17114

1.6 0.46084 0.58296 0.69670 0.34249 —0.19966

1 1.8 0.51845 0.72887 0.76106 0.30045 -(0.21899

12.0 0.57606 0.88680 0.81669 0.25567 —-0.22673

22 0.63366 1.05495 0.86330 0.21058 -0.22215

124 0.69127 1.23153 0.90107 0.16756 -0.20636
2.6 0.74887 1.41482 0.93060 0.12861 -0.18196
2.8 0.80648 1.60328 0.95288 0.09511 —0.15249
3.0 0.86408 1.79557 0.96905 0.06771 —-0.12158

132 0.92169 1.99058 0.98036 0.04637 -0.09230
33 0.95049 2.08883 0.98456 0.03781 —0.07899
34 0.97929 2.18747 0.98797 0.03054 -0.06679

| 3.47° 1.660G0 2.25856 0.99000 0.02603 —0.05878
35 1.00810 ©°2.28641 0.99071. . 0.02441 - =0:05582
3.6 1.03690 2.38559 0.99289 0.01933 —0.04611
3.8 1.09451 2.58450 0.99594 0.01176 —0.03039
4.0 1.15211 2.78389 0.99777 0.00687 —0.01914
4.2 1.20972 2.98356 0.99882 0.00386 —0.01152
4.4 1.26732 3.18338 0.99940 0.00208 -0.00663
4.6 1.32493 3.38330 0.99970 0.00108 —0.00366
4.8 1.38253 3.58325 0.99986 0.00054 —0.00193
5.0 1.44014 3.78323 0.99994 0.00026 —0.00098
52 1.49774 3.98323 0.99997 0.00012 —0.00047
54 153535 4.18322 0.99999 0.00005 —0.00022
5.6 1.61296 4.38322 1.00000 0.00002 —-0.00010
5.8 1.67056 4.58322 1.00000 0.00001 —-0.00004
6.0 1.72817 478322 1.00000 0.00000 —-0.00002

"Actual value to 16 significant digits: 5, = 3.471886880405967.
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FIGURE 4-40
Sketch of the triple-deck region at the trailing edge of a flat plate, merging into two-layer upstream and down-
stream regions. [After Stevvartson (1969) and Messiter (1970).]
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Falkner-Skan Wedge Flows

fr+aff +CG(-f%)=0 f=rm

n= y/g(,x) Similarity
fO=f@=0 flo)=1 wU=5 e
C; = %(Ug)x C, = %ZU,C (Blasius Solution: C,=0, C1:1)/

Consider (Ug?), = 2Ugg, + g*U,
= 2Uggy +29%Uy — 9°Uy = 29(Ug,+9Uy)- g*Uy
=29(Ug)x — 9°Uyx
= 2v(C; —v(,
Hence (Ug?), =v(2C, — C,)

Choose Ci=land letC,=C

Integrate Ug? =v(2-C)x note g2 =vC/U,
Combine UULC =v(2—-0C)x

X
au

T c 1
Rearrange 4% = —=
U 2—-Cx

Integrate InU = ﬁ Inx + Ink where In k = constant

C C

InU =Inxz2-¢c+ Ink=1nkxz2-c
U(x) = ka/(Z_C)

8
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L c 2(1-C)
vC12 C (—=—1_,; C (==
== | — = _ 2—C - _— 2—-C
g(x) [Ux] note U, = k X k o X
1
5 1
_ vC _ |v(2-0) (ﬂ) 2 fv(2-0) 1-c
( )
kTCx 2-C

using a1/2b1/2:(ab)1/2 and (am)n:amn

Alternatively, U, = % ko (€/(2=CN 1= % Ux~?

1
3 1
vC r: [U(ZIJC)x]z

Such that g(x) = [

C_yx-1
2-¢ 0%

Change constant: € = B = % and m = %

U(x) = kx™
Yy m+1U
77_g_y 2 vx

fr+ff +B(1-f2)=0
£(0) =£'(0) =0and f'(0) = 1

Note:

2m/(m+1) = %/(% + 1)= 22_/; /((2_23)): B

2-C =2 -2m/(m+1) = 2/(m+1)
1 1

1
_[v@-O)x]2 _ v2x |z . q_ [m+1 U]z
g(x)_[ U ] - [U(m+1) 1€, g(x) L2 vx]

9
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Numerical solutions for —0.19884 < 8 < 1.0.

/

Separation (z,, =0)
U(x) = kx™

4

009 @ - e

cle

Solutions show many commonly observed characteristics of BL flow:

e The parameter £ is a measure of the pressure gradient, dp/dx .
For >0, dp/dx < Oand the pressure gradient is favorable. For
B<0,the dp/dx > 0 and the pressure gradient is adverse.

e Negative A solutions drop away from Blasius profiles as separation
approached.

e Positive S solutions squeeze closer to wall due to flow
acceleration.

e Accelerated flow: Tmax near wall.

e Decelerated flow: T max moves toward 5/ 2

10
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(a) Velocity profiles and (b) shear-stress profiles for the Falkner-Skan equation.
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