3. A large tank of liquid under pressure is drained through a smoothly contoured nozzle of area A. The
mass flow rate n is thought to depend on the nozzle area A, the liquid density p, the difference in height
between the liquid surface and the nozzle h, the change in pressure Ap, and the gravitational
acceleration g. Taking p, A, and g as repeating variables, find an expression for the mass flow rate ni as
a function of the other parameters in the problem in terms of dimensionless Pi groups

Dimensions

Quantity Symbol MLT® FLT®
Length iz L L
Area A iy iy
Volume v i I?
Velocity 1% i L1
Acceleration dvidt LT 2 LT 2
Speed of sound a LT™! LT™!
Volume flow 0 B L
Mass flow m mMT! FTL™"
Pressure, stress D; 0T ML™'T2 FL™?
Strain rate € /il 7
Angle 0 None None
Angular velocity w, ) T! 7
Viscosity m ML~'T! FIL™
Kinematic viscosity v o ol i
Surface tension 6 § MT 2 FL™!
Force F MLT F
Moment, torque M ML*T 2 FL
Power P ML’T™ FLT™'
Work, energy W,E ML*T 2 FL
Density p ML Prict
Temperature i/ (C] (C)
Specific heat B & L’T 0! L’T 0!
Specific weight Y MLT? FL™
Thermal conductivity k MLT307! FT7'e™!
Thermal expansion coefficient B o' 0!




Solution 2:

Assumptions: the problem is only a function of the given dimensional variables.
m = f(A,p, h,Ap, 9)
n==~6
m={MT™}; A={%}; p={ML} h={L; dp={MLT2; g={LT"%} ©)
j=3 > k=n—j=3 (2)

The repeating variables are p, A, and g; adding each remaining variable in turn, we find the Pi
groups:

I, = pAP gt = ((ML3)2(L2)? (LT~?) (MT 1)} = (M°LOT°0"}
a=-1;, b=-5/4; c=-1/2

m

I, =—-
1 pAs""‘gl/z

()

MM, = p®APg°h = {(ML™3*)*(L)*(LT~*)“(L)} = {M°L°T°0"}
a=0;, b=-1/2; ¢c=0

h

— 2

M, = iV (2)

M = p®A°g°Ap = {(ML3)*(L)* (LT ?)*(ML™'T~%)} = {M°L°T°0°}
a=-1, b=-1/2; c=-1

Ap
s = Airzg (2)

Thus the arrangement of the dimensionless variables is:

m h Ap
pAST4g1/2 =f (Al/‘z ’pAlfzg)



4. When small aerosol particles or microorganisms move through air or water, the Reynolds number is
very small. The aerodynamic drag FD on an object in this condition is a function only of its speed V, some
characteristic length scale L of the object, and fluid viscosity p. Use dimensional analysis to generate a
relationship for FD as a function of the independent variables.
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1. Air discharge from a 2 in diameter nozzle and strikes a curved vane, which is in a vertical plane
as shown in below figure. A stagnation tube connected to a water U-tube manometer is located in
the free air jet. Determine the horizontal component of the force that the air jet exerts on the vane.
Neglect the weight of the air and all friction.

Vwaater: 62'4 lb/ft3

) Dia: 2 in
Stagnation tube | y
. S— v
ﬁl’ L @ Free air jet
— N
Patm
Patm I
—
h:7 in
Water — S

Dié: 2in

Solution 1:

KNOWN: Inlet and outlet diameter, Outlet flow angle, manometer height.
FIND:
- Force R, that requires to hold the plate stationary

ASSUMPTIONS:
Neglect weight of air
Neglect friction loss
R, =V, —mV, (1)
Diameter of section @) and 2) is same
A7y (2)
V, Direction is negative x and has cos (30°)

&~ R, =mV; —m(—V;cos30°)

R, = mV;(1 + cos30°) (2)

Calculate V; using Bernoulli equation (Apply stagnation point and section(®)

(2)



Pstag + Vsztag _ Pl V_l2

Pair 2 Pair 2

Pstag= Pl +V—12

Pair Pair 2

From the manometer,

Pstag = Patm + MYwater

Py = Pyim
%n + h)/water — % + V_lz
Pair Pair 2
V_12 _ h)/water, v, = 2hywal:er ,
2 Pair Pair ( )

Plug in V] to the R,

> o ™2 ’ 2 o
R, = mV;(1 + cos30°) = 'DairZ(E> V(1 + cos30°)

T2\ Ywat
R, =pair2<ﬁ> 2h Z;‘: (1 + cos30°)

_nh

2 \2
X 7(E> Ywater (1 + c0s30°)

m(7/12) 1 2 \?
R, = (+) (E) 62.4(1 + c0s30°)

R, = 2.963 b (2)



3. The viscous, incompressible flow between the parallel plates shown in Figure is caused by both
the motion of the bottom plate and a constant pressure gradient Z—Z. Assuming steady, 2D, and

parallel flow and using differential analysis: (a) Show that the flow is fully developed using
continuity equation; (b) Find the velocity profile u(y) using Navier-Stokes equations with
appropriate boundary conditions; (c) Find wall shear stress at bottom wall; and (d) Find the flow
rate (hint: Q = [V - n dA and assume constant width w). Explicitly state all assumptions.

Fixed
plate

-
L/

6p+ 62u+62u+62u 3 ( 6u+ 6u+ 6u+ (')u)
POx = x TH\Gax2 Tay2 T a22) TP\ o T ax T Vay TV oz
6p+ 62v+62v+62v 3 ( 6v+ 6v+ 6v+ 617)
P9y =5y "M axz Tay2 T 22) TP \Var T ax T Yoy T Vo
6p+ 62w+62w+62w 3 ( 6W+ 6w+ 6w+ 6W)
POz = 5, TH\axz Ty T2 ) TP W T ax T Vay T Wz




Solution 3:

KNOWN: Flow condition, Boundary condition
FIND: (1)

- Show that the flow is fully developed

- velocity profile u(y)

- Find wall shear stress at bottom wall

- Find the flow rate

ASSUMPTIONS:
L9 _
- steady: 5 = 0
- 2D flow: w = 0; 9
0z

=0
- Parallel flow: v =w =0

2
- 22 — constant
ox

ANALYSIS:

(a) Continuity
Ju N v N ow 0
ox 0dy 0z

—+04+0=0 -» —=0 - ull developed (1)
d0x dx f y

(b) x-momentum equation

ou ou  Ou ou op 0*u  0*u 9%*u
p(—+u—+v—+w—>=pgx——+,u +

ot Yax Ve TWaz ax Moz Tz T o2
0 oP N 0%u
~Toax TH dy?
0*u 10p
a—yz = ;a (1.5)

Integrate twice

1 dp
u(y) = ﬂ&yz +ayte (1.5)



Apply boundary conditions

y=0 - u=U - ¢=U

b 0 0 1<ap>b2+ b+U 1(ap)b v
= d = - = —|— e = ——|— —_—
y u 24 \0x “ “ 2 \0x b (2)
Therefore,
1 dp 5 y
u(y) —ﬁ<a>(y —by) + U(l—g)
(c) Shear stress at bottom wall
du 1/0p U
=ngy =3 (5) @ - =g
bopy U
Twan = T(0) = —E(a) M (1.3)

(d) Flow rate

b b

B B _wap13b2)b ( 12)
Q_fz ndA_WfO“(y)dy_zu(ax>(3y V) WU Y

—W(ap>(1b3 1193)+ U(b 1b>— W(ap>b3+WUb
Q=2\6:)3" 3 w 2”) = " 12u\ox 2 (1.5)



Consider natural convection in a rotating, fluid-filled enclosure. The average wall shear stress
Tin the enclosure is assumed to be a function of rotation rate £, enclosure height H, density p,
temperature difference AT, viscosity u, thermal expansion coefficient 8, and gravity acceleration
g. Rewrite this relationship asa dimensionless function. Use the following repeating variables:
p, H, 0,and B.

Dimensions
Quantity Symbol MLT® FLTO
Length L L L
Area A iy L’
Volume v 7 I?
Velocity v T gt
Acceleration dV/dt Er—* Er—=
Speed of sound a LT LT
Volume flow 0 I I
Mass flow 1 MT™! FTL™!
Pressure, stress P, o, T ML™'T™2 FL™™
Strain rate € / /i
Angle 0 None None
Angular velocity w, () 7! T
Viscosity w ML™'T™! BT
Kinematic viscosity v i o e
Surface tension Y MT FL™!
Force F MLT? F
Moment, torque M ML*T 2 FL
Power P MLT> B
Work, energy W,E ML*T 2 FL
Density p ML> Froc
Temperature T 0 (O]
Specific heat € G L’T7?07! L’T 07!
Specific weight v ML FL™3
Thermal conductivity k MLT>@ ! FT7'0™!
B

Thermal expansion coefficient

o'

o'




KNOWN: dimensional parameters

FIND: Pi groups ‘"

ASSUMPTIONS: the problem is only a function of the given dimensional variables

ANALYSIS:

= f(p,H,Q,B,u AT, g)
+0.5

n=a~8

T ={ML1T-2}; p={ML-3}; H={L}; 2 ={T"1}
B = (01} j=(MLAT-; AT = (0} g = LT3}
j=4 > k=n—j=4 +1
The repeating variables are p, H, Q, and §; adding each remaining variable in turn, we find
the Pi groups:
[ = paHb Qefdr = {(ML-3)a(L)?(T-1)¢(0-1)4(ML-1T-2)} = {MOLOT00%} .05

a=-1;,b=-2; c=-2; d=0

_ T
= pH20?

+0.5
[z = peH? Qcfdp = {(ML-3)a(L)P(T-1)c(@-1)4(ML-1T-1)} = {MOLOT0@°} +0.5
a=-1;,b=-2; c=-1;, d=0

o
I, = pH2Q  T0°

I3 = peHb QeBIAT = {(ML-3)a(L)P(T-1)c(0-1)4(0)} = {MOLOT°Q0}
a=0;b=0; c=0;,d=1

s = par 0

4 = paHb Ocfdg = {(ML-3)*(L)P(T-1)¢(0-1)4(LT-2)} = {MOLOT000} +0.5



