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The exam is closed book and closed notes.

1. An incompressible, viscous fluid with density, p, flows past a solid flat plate which has a
depth, b, into the page. The flow initially has a uniform velocity U before contacting the plate.

2
The velocity profile at location x is estimated to have a parabolic shape, u = U [(%y) - (%) ]

fory < § and u = U for y > § where § is the boundary layer thickness. (a) Write the continuity
equation and determine the upstream height from the plate, h, of a streamline which has a height,
§, at the downstream location. Express your answer in terms of §. (b) Determine the force the
fluid exerts on the plate over the distance x. Express your answer in terms of p, U, b, and §. You
may assume that the pressure everywhere is atmospheric pressure.

u=U . yvz0
o streamline _ ___———————— T o
T Y ) u=U H?" ;J-l‘ ;.Y‘). V=0
Ii 'y l
u=U " plate has depth, b,
Y > mto the page
A B

ST s d _ .
Continuity equation: T fCVpdV = fCSpVR ndA
. d
Momentum equation: } F = chv pvdy + fCS pV Vg -ndA

n+1
y

n+1

Integration formula: [ y™dy = +C

Hint: write continuity and momentum equation between sections A (constant velocity) and B.
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2. Consider steady flow of a Newtonian fluid of density p and viscosity u at velocity U (aty = o)
past an infinite plane (y = 0) as shown in the Figure below. The flow is 2D, incompressible,
laminar, and gravity effects are negligible. The plate is porous and has constant suction v= -vo.
Assume that pressure is constant and v = -vo everywhere in the flow. Simplify the continuity
and Navier Stokes equations and apply boundary conditions to find the velocity distribution u

(y). (Hint: for solving differential equation a— + b — + ¢ = 0 with constant coefficients a, b,

and c, assume that the solution is e?? and flnd /’L)

i
;1-

-V

Incompressible Continuity Equation:

Incompressible Navier-Stokes Equations in Cartesian Coordinates:

_% ( ou i)_ ("_” ou, ,ou a”)
PGx =5+ U ax2+ st—=)=p at+ +v +wZ

X
_o» (ua_zv&)_(a_v w2 _V)
PGy ay+” ax2+ay2+az2 =P 6t+uax+vay+waz

L0y (P O 0PN (0w ow  dw o
PGz 6+'u(6x2+ +622)_p(6t+uax+vay+waz)

zZ




Name: --------===-emmmu- Final Exam Time: 120 minutes

ME:5160 Fall 2023

3. A parachute of a new design is tested in standard air (p=1.2 kg/m® and x=1.8E-5 kg/m-s) with a
total weight of the load and parachute of 200 N. The diameter for the tested prototype is 5 m. The
results showed that the parachute reaches a constant velocity of 3 m/s. (a) Use the prototype data
and find the drag coefficient for the parachute. (b) If you are to repeat the experiment for a 2.5
times smaller model using Reynolds similarity, and the weight of the model parachute comes out
as 40 N, how much load do you need to add?

(Hint: Cp = 7L | Re = £72)

PVeA u

TDmg

J Weight

4. A small bug rests on the outside of a car side window as shown in the Figure below. The
surrounding air has a density of p=1.2 kg/m® and viscosity of p=1.8E-5 kg/m-s. Assume that the
flow can be approximated as flat plate flow with no pressure gradient and the start of the
boundary layer begins at the leading edge of the window. (a) Assuming that the flow is turbulent
where the bug is, determine the minimum speed at which the bug will be sheared off of the car
window if the bug can resist a shear stress of up to 1 N/m2. (b) Confirm the turbulent flow
assumption. (c) What is the total skin friction drag acting on the window at this speed?

i _ 21y 0.027 0.031
(Turbulent BL: ¢f = —28 ~ =7, Cp~=377)
X L

window

U bug

=T}

e— 40 cm —’I

e—— 100 cm ——>
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5. The parallel galvanized-iron pipe system (e = 0.15mm) delivers water at 20°C (p =
998 kg/m3 and u = 0.001 kg /m - s) with a total flow rate of 0.036 m®/s. (a) Find out the relation
between V; and V,. If the pump is wide open and not running, with a loss coefficient of K=1.5,
(b) determine the velocity in each pipe (V; and V). Use f; = f, = 0.02 for your initial guess and
do one iteration on the Moody’s diagram.

(Hint : hy = fég, for pipes in parallel: Q = Q; + Q,, Ahf1 = Ahfz, for pipes in series: Q = Q; = Q,,

=60m,D;=5cm ,V;

L,=55m,D,=4cm,V,

Values of (Vd) for water at 60°F (velocity, ft/s x diameter, in)

0.1 0.2 04 06 081 2 4 6 8 10 20 40 60 80 100 200 400 600 800 1000 2000 4000 f)()(lx;ooxl.(l)(l
Values of (Vd) for atmospheric air at 60°F [ I { l T —[ | i
’7 2 ‘ N \‘ (\I l(i\‘\| 20 l 40 | 60 |I()()| | 200 | 400 M)ﬂ;‘)ﬂ 1100 2000 4000 ({Yf;:mll’(!.[lm 20,000 1 40,000 L.(’::)‘“:(l’l()lﬂ
LV 0 T D W W T
0.09 |-\ Laminar-Critical A ‘
AL ﬂ()wl 10nc Tr'msmon |- | S N A A A A SN N A : I
008 LAy \ZO“C‘:\:Completc turbulence, rough pipes ——————+——+—+——+"1+ 1
0.07 |- PR ] T SSCCie S S SSSSisSSss ! 0.05
0.04
0.06 [+
I 0.03
0.05 {1 = 0.02
| - 0.015
0.04 [ 2\% | 0.01
L | B wlx
<[> ‘ 0008
s ‘ 1]
I 0.006 =
1l 0.03 - ! )
e S 0.004 32
g T . =
& 00250 M * 2
s A S i e =
g \\\ | é
g 0.02 = J‘ 0001
SR TTTT 0.0006
1 AN T J‘ 0.0004
0.015 -+ 2 § e
QoSS TTrrsr J 00002
il s ——— \‘\ 0.0001
001 Hi O i T 0.000,05
I T T N A A O A T \ TS
0.009 P e A \\\:\~~-..
0.008 = 0.000,01

]01 2“03)3 4 56 8|04 7“04)1 4 56 Xloﬁ 7”05)3 4 56 Xlo(v 2“0(1 3 456 XIO‘I 2“07)’4 4 56 8]08

Reynolds number Re = ‘;—d f—l = 0.000,001 = 0.000,005

x|,
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6. The bottom of a river has a 4 m high bump that approximates a Rankine half-body, as in
Figure. The pressure at point B on bottom is 130 kPa, and the river velocity is 2.5 m/s. Use
inviscid theory to estimate the water (a) velocity and (b) pressure at point A on the bump, which
is 2 m above point B. (sin? 8 + cos? 8 = 1;p = 998 kg/m3;y = 9790 N/m3)

Rankine half body equations:

Y =Ursin@ + mO; m =Ua

_ 10¥ _ oy
Ur=re00 VT T or
_ m(n-6)

oo (on surface)

Bump downstream height = ma

Hint:
(@ atpointA, 8 =n/2anda = 4/n

(b) Bernoulli’s equation:

Pa VA2 P VBZ
=4+ = == 4+-=4z
y 29 29 P
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Solution 1
(a) Continuity Equation:

h 8

bedy=fu(y)bdy +2
0 0
O T2Y\ (VY
o= ['w0[(2)-€) o

2 3\9%
_ y y _ 28)
_bU<5 352>0_bu<3

bhU 2bU6 h 26 +4
== = = —
3 3

(b) Linear Momentum Equation in x Direction:

> E== [ uwplubdy + [ u@plulbay [

1 2

h 5
—F = —f pU?b dy+f pu?(y) b dy
0 0
5
—F = —pUzbh+pbf u?(y)dy
0

1) 2 2\ 2
=—pU2bh+pr2f0 (%—%) dy

) 2_’)/ y2 2 ) 4y2 y4- 4y3 4y3 y5 y4- § 4 1 8
JO <?_5_2> dy—fo (?*ﬁ‘?)dy—<@+@‘ﬁ)o—§5+§5‘5—E5
8
_F = —pU2bh + pbU? (1—55)

— —pU%b (35) + pbU? (E 5)
3 15

'F—Z U?bs +2
T
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Solution 2:
Assumptions:

(1) Steady: % =0

(2) 2D flow: w = 0; =~ = 0

(3) No gravity: g=0

(4) Pressure constant: dp/dx; = 0

(5) Vertical velocity constant everywhere: v = —v,; dv/dx; =0

Continuity:
Ju Jdv Jw

a%‘@i‘g—o

u
—+0()+0(2)=0
0x
ou ~0 (6
ax_ ( ) +3

Navier-Stokes in x direction:

( N N N )_ 6p+ 62u+62u+62u
P lac T%ax " Vay T Waz) TPI T o TH\Gxz T ay2 T 522

ou 0%u
p (0(1) + 0(6) + (—vo)@(S) + 0(2)) =03)—04)+u (0(6) + a_yz + 0(2))

0%u ou
,ua—yz+pv0£= 0 +4

Follow the hint to solve the O.D.E.:

0 02
u=er - —uzle’ly; 2= j2eM
ay dy?

Replace in the differential equation and find A values:

purze® + pvyle?y =0



Name: --------===-emmmu- Final Exam Time: 120 minutes

ME:5160 Fall 2023

0 = Al
eV (A +pvgd) =0 - pul+pred =0 - Awr+pr) =0 - A=1 py,

0 A,

Therefore:

u(y) = CreMY + Cre??Y

_pvo
u(y) = C;e®” + Cze( w)

_pvo,,
u(y) =C,+ Cre *# +1

Boundary conditions:
u=0aty=0 - 0=C+¢C,
u=Uaty=o - U=C,+0

Find C1 and C3:

C1:U, C1:_U +1

Replace and find final solution:

_P% _P%o
u(y) =U—-Ue Hy:U(l—e #y>
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Solution 3:
(@

D

CD = 1 (1)
7IDV2A
mD?
A=— (1)
4

If in equilibrium at constant velocity, then:

D=W (1)
o = w (200) — 1.89
D~ = =1 1
v Ja2@RE? W
(b)
To repeat the experiment, it has to be designed to reach same Reynolds number as prototype:
Rep, = Re, (2)
|/49)) V,,D D
=P 5 oy =y-L=y1=03)25) =75m/s (1)
Vin vp D,

At this speed the drag coefficient should be the same as prototype since C,, = f(Re). Therefore:
CDm = CDp = 189 (2)

1 T
Wiotar = Cp EpVZA = (1.89)(0.5)(1.2)(7.5)22(5/2.5)2 =200N

(1)
Wivaa = Wrotar — Wparachute = 200 — 40 = 160
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Solution 4:
(a)

_ U2 (05
Tw =P ¢

0.027 (0.5)
Cr R e
f Re1/7

X

_U%0.027 (1)
Tw = P7W

U_2 0.027 (1)
2 U7
)

_0.01354%7p8/7y*3/7
- x1/7

U= Ty e
0.0135u/7 p®/7
(1)

R (1.0)(0.4)*/7 W
= (0.0135 (18E — 5)1/7(1-2)"/’)

Re-arrange to find U:

(0.5)

= 20.16 m/s
(b)

(1) pUx  (1.2)(20.16)(0.4)
Re, = =

=~ — 5 (1)
7 (18E —5) 537,600 > 5 x 10> OK, turbulent

(©)

0031 (3

sl Rezﬁ
(;) _pUL  (1.2)(20.16)(1.0) 1,344,000
R TR LRSS

0.031
= = 0.00413
D™ (1344000)1/7

1
D= c,,ipusz (1)

= (0.00413)(0.5)(1.2)(20.16)2(0.7)(1.0) = 0.7 N (0.5)
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Solution 5:
a) Continuity:
4 d?
Qu+Qz = 7dVi +3d3V2 = Quorar; V2 = 75 Qotar — 5 1 (1)
v, = 0.036 0.05° V.
27 10.042 0.042 1

(1)
V, = 28.65 — 1.56

(b)
Same head loss for parallel pipes:
h’fl = hfZ + hmZ (2)
LV V7 ( L, ) _
fldlzg Zg f2d2+K _0

(1)

60 V2 vz (

55
[15052%981  2x981\? +1'5>_0

0.04
61.16f,VZ — (28.65 — 1.56 V,)%(70.08f, + 0.076) =0 (1)
Reynolds Number:

_pVyD; 998 x 0.05

Re. — pViD; 998 x 0.04V _ 39920V
2= - o001 % 2 (0.5)
Relative roughness:

e 0.5

— = =0. (0.5)

D, ~ 50 0.003

e 0.5

€2, (0.5)

D, ~ 40 0.00375

Guessing f; = f, = 0.02
fi=0.02,f, =0.02->V, =1159 > V, = 10.54 - Re; = 57800,Re, = 421000 (1)
f1 =0.0264, f, = 0.0282 - V; = 11.69 - V, = 10.37

@V =11.69m/s (1)
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Solution 6
a) Velocity
T
6 =—=90°
2
4
a=—=127
T

_m(r—0) a(m—-0) w

— - +2
Usin® sin @ 2
=10 I Wrcoso+m)=Ucoso+ 2
”T_rae_r r cos m) = U cos "
B 6‘11_ Using
Vg = Or_ Sin
" . . m? 2Um , U?a® 2U%a
Ve =U<*sin“0 + U~“ cos 9+r_2+ cos0 =U"+ 2 + cos @
a’> 2a
V? =U? 1+—+—cosé
T r
VZ=U?*(1+ @ + 2a cosn = 1.405U%
4 n2a2/4 ma/2 2)
V, =1.185U = 1.185 x 2.5 = 2.96 m/s
+4
b) Bernoulli
pa Vi _ DB £
y+2g+ZA_y+2g+ZB

)4
PA:PB+5(VBZ_VAZ)+V(ZB—ZA)

130000 4 9790
9790 2 x9.81

(2.52 — 2.96%) + 9790(—2) = 109200 Pa | 44

Pa =




