53:244 (58:254) ENERGY PRINCIPLES IN STRUCTURAL MECHANICS

2-1 STRAIN ENERGY OF BEAMS, COLUMNS AND
SHAFTS

STRAIN ENERGY DUE TO BENDING

» Elastic material: internal forces are conservative in the
kinetic sense.

» Straight beam subjected to bending about two axes and load
along its axis; consider principal axes of inertia.

oxdA =0, ohdA =0, phxdA =0

» Assumptions: plane sections remain plane and normal o the
centroidal axis.

> Derive expressions for moments along two axes using vector

product.
S =ax +bh +c

M=r F, r=xe; + he, F= osdA, s =se3
M, =ghdA: M, =-exdA: N = s dA

Mpx  M;h
R gt

> s = =
L, I, A
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> Derive strain energy density expression: virtual work of the
internal force on a small differential volume element dsdA is
given as
W' = (sdAds)de = - 1/2 Ee°dAds = -1/2 se dAds
Strain energy of small element, dU = 1/2 se dAds
Strain energy density, Up = 1/2 se

» Strain energy expression for the beam; 0UodV = %c‘ﬁe dv

» Strain energy is sum of three strain energies

LaavI2 |v| 20
=15 F—= h N ~ds
2508 I, |h AB

» Moment curvature relationship: M = EI/R

» Strain energy for bending in one plane
U= o =3g b)) he= 1 g ) e

STRAIN ENERGY DUE TO SHEAR

> Shear stress is approximated by the elementary formula
t =SQilb

» Strain energy density due to shear deformation: t 2/2G

Lecture #9 42



53:244 (58:254) ENERGY PRINCIPLES IN STRUCTURAL MECHANICS

: : _ L kS
> Strain energy due to shear deformation: Us=@ SGA ax ;
A Q°
K =—o¢—d?
1”7 b
> Ug=1¢gBsdx; b= sloped hear def on, B=
s =5 @ 550X; Db = slope due to shear detformation, GA

> y includes deflection due to shear; y' is the total slope

> Slope due to bending only = (y' - slope due to shear); similarly

curvature
U, = & Elly™ ] dx
> The problem is to determine y and b to minimize the total
potential energy among the functions that satisfy the end
conditions and continuity requirements.
» For clamped end:y=0,y" =b, M = EI(y" - b")
» For pinnedend: y =0, M =0 givesy" = b’
» For free end: M = O gives y" = b’
S=0(dM/dx =0) givesy" =b"
> At the point where a point load is applied, y' and b are

generally discontinuous, but (y' - b) and (y" - b") are
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continuous, since the bending moment is continuous. (y"' - b'")

being proportional to shear is discontinuous.
STRAIN ENERGY DUE TO TORSION
> Derive an expression for strain energy due to torsion
> Expression for torque: T = 6Jqg/L

GJg°
» Strain energy due to torsional deformation: Ut = 2|(_]

» Total strain energy = sum of all strain energies
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