
ENGR:2510 Mechanics of Fluids and Transport Fall 2016 

EXAM 2 Solutions 
 
Problem 1: Control Volume Analysis [Momentum] (Chapter 5) 

 

Information and assumptions 
• ρ = 999 kg/m3 
• mnozzle=4.5 kg 
• 𝑉𝑉 = 0.002 𝑚𝑚3 

Find 
• Determine (a) the velocity V2 at the nozzle exit and (b) the vertical component of the reaction force, Ry, 

exerted by the nozzle on the coupling to the inlet pipe. 

Solution 
(a) Continuity equation 

𝑄𝑄1 = 𝑄𝑄2 (+1) 

𝑉𝑉2 = 𝑉𝑉1
𝐴𝐴1
𝐴𝐴2

= 𝑉𝑉1 �
𝐷𝐷1
𝐷𝐷2
�
2

= (2) �7.5
2.5
�
2

= 𝟏𝟏𝟏𝟏𝐦𝐦 𝐬𝐬⁄  (+1) 

 (b) Momentum equation 

𝑚̇𝑚𝑣𝑣out − 𝑚̇𝑚𝑣𝑣in = −𝑝𝑝1𝐴𝐴1 −𝑊𝑊nozzle − 𝑊𝑊water + 𝑅𝑅𝑦𝑦 (+6) 

𝑚̇𝑚 = 𝜌𝜌𝑉𝑉1𝐴𝐴1(= 𝜌𝜌𝑉𝑉2𝐴𝐴2) 

𝑣𝑣in = −𝑉𝑉1 

        𝑣𝑣out = −𝑉𝑉2 sin 30∘ (+1) 

Thus, 

(𝜌𝜌𝑉𝑉1𝐴𝐴1)(−𝑉𝑉2 sin 30∘) − (𝜌𝜌𝑉𝑉1𝐴𝐴1)(−𝑉𝑉1) = −𝑝𝑝1𝐴𝐴1 −𝑊𝑊nozzle − 𝜌𝜌g𝑉𝑉nozzle + 𝑅𝑅𝑦𝑦 

∴ 𝑅𝑅𝑦𝑦 = (𝜌𝜌𝑉𝑉1𝐴𝐴1)(𝑉𝑉1 − 𝑉𝑉2 sin 30∘) + 𝑝𝑝1𝐴𝐴1 + 𝑊𝑊nozzle + 𝜌𝜌g𝑉𝑉nozzle = (999)(2) �𝜋𝜋
4
� � 7.5

100
�
2

(2 − 18 sin 30∘) +

(125,000) �𝜋𝜋
4
� � 7.5

100
�
2

+ (4.5)(9.81) + (999)(9.81)(0.002) = 𝟓𝟓𝟓𝟓𝟓𝟓.𝟏𝟏𝟏𝟏 𝐍𝐍 (+1) 
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Problem 2: Energy equation (Chapter 5) 

          

Information and assumptions 
• ρ = 999 kg/m3 
• 𝑚𝑚 = 360 𝑘𝑘𝑘𝑘, 𝑡𝑡𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐ℎ = 15 𝑠𝑠 
• 𝑊𝑊𝑝̇𝑝 = 950 𝑊𝑊 

Find 
• Calculate (a) the water flow rate Q in the pipe and the velocity V2 at the exit and (b) the head loss hL in the 

pipe and valve.    

Solution 
 
(a) Flow rate and exit velocity 

𝑄𝑄 = 𝑚̇𝑚
𝜌𝜌

= (360 kg) (15 s)⁄
(999kg m3⁄ )

= 0.024 m3 s⁄  (+1) 

𝑉𝑉2 = 𝑄𝑄
𝐴𝐴2

= 0.024

�𝜋𝜋4�(0.1)2
= 3.06 m s⁄  (+1) 

(b) Head loss 

ℎ𝑝𝑝 = 𝑊̇𝑊
𝑚̇𝑚g

= 950

�36015 �(9.81)
= 4.035 m (+1) 

 

𝑝𝑝1 = 𝑝𝑝2 = 𝑝𝑝atm and 𝑉𝑉1 ≈ 0. 

𝑧𝑧1 + ℎ𝑝𝑝 =
𝑉𝑉22

2g
+ 𝑧𝑧2 + ℎ𝐿𝐿 

Thus, 

ℎ𝐿𝐿 = ℎ𝑝𝑝 −
𝑉𝑉2
2

2g
− (𝑧𝑧2 − 𝑧𝑧1)  (+6) 

ℎ𝐿𝐿 = 4.035 − (3.06)2

2×9.81
− 1.5 = 2.06 m (+1) 
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Problem 3: N-S (Chapter 6) 
 

 

Information and assumptions 
• 𝜌𝜌 = 864 𝑘𝑘𝑘𝑘/𝑚𝑚3 
• 𝜇𝜇 = 7.25 × 10−2 𝑁𝑁𝑁𝑁/𝑚𝑚2 
• ℎ = 1 𝑐𝑐𝑐𝑐 
• 𝛼𝛼 = 450 
• ∂p

∂x
= 0 

Find 
• (a) Solve the equation for u (b) Calculate the volume flow rate q and average velocity V. 

Solution 
(a) x-momentum equation 

By integrating the differential equation twice, 

𝑢𝑢(𝑦𝑦) = −𝜌𝜌g sin 𝛼𝛼
2𝜇𝜇

𝑦𝑦2 + 𝐶𝐶1𝑦𝑦 + 𝐶𝐶2  (+3) 

No-slip boundary condition at 𝑦𝑦 = 0: 

𝑢𝑢(0) = 0 + 0 + 𝐶𝐶2 = 0 

∴ 𝐶𝐶2 = 0 (+2) 

No-slip boundary condition at 𝑦𝑦 = ℎ: 

𝑢𝑢(ℎ) = −
𝜌𝜌g sin𝛼𝛼

2𝜇𝜇
ℎ2 + 𝐶𝐶1ℎ + 0 = 0 

∴ 𝐶𝐶1 = 𝜌𝜌g sin𝛼𝛼
2𝜇𝜇

ℎ (+2) 
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Thus, 

∴ 𝒖𝒖 = 𝜌𝜌g sin 𝛼𝛼
2𝜇𝜇

(ℎ𝑦𝑦 − 𝑦𝑦2) (+1) 

(b) Flow rate and average velocity 

By integrating the velocity profile, 

𝑞𝑞 = � 𝑢𝑢(𝑦𝑦)𝑑𝑑𝑑𝑑 = �
𝜌𝜌g sin𝛼𝛼

2𝜇𝜇
(ℎ𝑦𝑦 − 𝑦𝑦2)𝑑𝑑𝑑𝑑

ℎ

0
=

ℎ

0

𝜌𝜌gℎ3 sin𝛼𝛼
12𝜇𝜇

 

∴ 𝑞𝑞 = (864)(9.81)(0.01)3 sin 45∘

12(7.25×10−2)
= 𝟔𝟔.𝟖𝟖𝟖𝟖 × 𝟏𝟏𝟏𝟏−𝟑𝟑 𝐦𝐦𝟑𝟑  (+1) 

The average velocity is 

𝑉𝑉 = 𝑞𝑞
ℎ

= 6.689×10−3

0.01
= 𝟎𝟎.𝟔𝟔𝟔𝟔𝟔𝟔𝐦𝐦 𝐬𝐬⁄   (+1) 
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Problem 4: Dimensional Analysis (Chapter 7) 

 

Information and assumptions 
• 𝛿𝛿 = 𝑓𝑓(𝑥𝑥,𝑈𝑈,𝜌𝜌, 𝜇𝜇) 

Find 
•  (a) Use the Buckingham Pi theorem to show how many dimensionless parameters are associated with 

this problem and (b) use the method of repeating variables to generate a dimensionless relationship for δ 
as a function of the other parameters. 

Solution 
(a) Buckingham Pi theorem 

𝛿𝛿 = 𝑓𝑓(𝑥𝑥,𝑈𝑈,𝜌𝜌, 𝜇𝜇) 

where, 

𝛿𝛿 𝑥𝑥 𝑈𝑈 𝜌𝜌 𝜇𝜇 
𝐿𝐿 𝐿𝐿 𝐿𝐿𝑇𝑇−1 𝑀𝑀𝐿𝐿−3 𝑀𝑀𝐿𝐿−1𝑇𝑇−1 

(+2.5) 

∴ 5 − 3 = 2  (+1) 

(b) Repeating variables method 

Π1 = 𝛿𝛿𝑥𝑥𝑎𝑎𝜌𝜌𝑏𝑏𝑈𝑈𝑐𝑐 =̇ (𝐿𝐿)(𝐿𝐿)𝑎𝑎(𝑀𝑀𝐿𝐿−3)𝑏𝑏(𝐿𝐿𝑇𝑇−1)𝑐𝑐 =̇ 𝑀𝑀0𝐿𝐿0𝑇𝑇0 (+2) 

Π1 = 𝛿𝛿
𝑥𝑥
 (+1) 

Π2 = 𝜇𝜇𝑥𝑥𝑎𝑎𝜌𝜌𝑏𝑏𝑈𝑈𝑐𝑐 =̇ (𝑀𝑀𝐿𝐿−1𝑇𝑇−1)(𝐿𝐿)𝑎𝑎(𝑀𝑀𝐿𝐿−3)𝑏𝑏(𝐿𝐿𝑇𝑇−1)𝑐𝑐 =̇ 𝑀𝑀(1+𝑏𝑏)𝐿𝐿(−1+𝑎𝑎−3𝑏𝑏+𝑐𝑐)𝑇𝑇(−1−𝑐𝑐) =̇ 𝑀𝑀0𝐿𝐿0𝑇𝑇0 (+2) 

𝑎𝑎 = −1, 𝑏𝑏 = −1, 𝑐𝑐 = −1 

∴ Π2 = 𝜇𝜇
𝜌𝜌𝜌𝜌𝜌𝜌

= 𝜌𝜌𝜌𝜌𝜌𝜌
𝜇𝜇

 (+1) 

The functional relationship is 

𝛿𝛿
𝑥𝑥

= 𝑓𝑓 �𝜌𝜌𝜌𝜌𝜌𝜌
𝜇𝜇
� = 𝑓𝑓(𝑅𝑅𝑒𝑒𝑥𝑥) (+0.5) 
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