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Modeling

* Model: A representation of a physical system that may be used to predict
the behavior of the system in some desired respect

* Prototype: The physical system for which the predictions are to be made

Prototype | Model



Types of Similarity

e Three necessary conditions for complete similarity between a
model and a prototype:

1) Geometric similarity
2) Kinematic similarity
3) Dynamic similarity



1) Geometric Similarity

* A model and prototype are geometrically similar if and only if all body
dimensions in all three coordinates have the same linear scale ratio.

a=1L,/L (or,A = L/L,,)

e All angles are preserved in geometric similarity. All flow directions are
preserved. The orientation of model and prototype with respect to the
surroundings must be identical.
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2) Kinematic Similarity

e Kinematic similarity requires that the model and prototype have the
same length scale and the same time scale ratio.

* One special case is incompressible frictionless flow with no free surface.
These perfect-fluid flows are kinematically similar with independent
length and time scales, and no additional parameters are necessary.



2) Kinematic Similarity — Contd.

* Frictionless flows with a free are kinematically similar if
their Fr are equal:
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* In general, kinematic similarity depends on the
achievement of dynamic similarity if viscosity, surface
tension, or compressibility is important.



Example 1: Fr Similarity

-

8.52 If the seale ratio between a model s illway and its
prototype 16— what velocity and discharge ratio will pre-
vail between model and prototype? If the prototype dis-

charge is 3000 m’/s, what is the model discharge?

Fig. 5.9 Hydraulic model of the Bluestone Lake Dam on the New River near Hinton, West Virginia. The model scale is 1:65
both vertically and horizontally, and the Reynolds number, though far below the prototype value, is set high enough for the
flow to be turbulent. (Courtesy of the U.S. Army Corps of Engineers Waterways Experiment Station.)



Example 1: Fr Similarity — Contd.

For Fr similarity,
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3) Dynamic Similarity

 Dynamic similarity exists when the model and the prototype have the
same length scale ratio (i.e., geometric similarity), time scale ratio (i.e.,
kinematic similarity), and force scale (or mass scale) ratio.

 To be ensure of identical force and pressure coefficients between model
and prototype:
1. Compressible flow: Re and Ma are equal

2. Incompressible flow:
a. With no free surface: Re are equal
b. With a free surface: Re and Fr are equal
c. Ifnecessary, We and Ca are equal



Theory of Models

Flow conditions for a model test are completely similar if all relevant dimensionless
parameters have the same corresponding values for the model and then prototype.

For prototype:
Hl = ¢(H2! HB! ey Hn)

For model:
Hlm — ¢(H2mi HBmi ) Hnm)

Similarity requirement*

My, =11

M3y, = I3

My, =11,
Prediction equation

[y =

*Also referred as the model design
conditions or modeling laws.
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Example 2: Re Similarity

Drag measurements were taken for a 5-cm diameter sphere in water at 20°C
to predict the drag force of a 1-m diameter balloon rising in air with
standard temperature and pressure. Determine (a) the sphere velocity if the
balloon was rising at 3 m/s and (b) the drag force of the balloon if the
resulting sphere drag was 10 N. Assume the drag D is a function of the
diameter d, the velocity V, and the fluid density p and kinematic viscosity v.

D=fdV,pv)

D,=10NatV,, =7 D=?atV=3m/s

water air
model prototype



Example 2: Re Similarity — Contd.

 Dimensional analysis

e Similarity requirement

Vd  Vidnp
Vo vy,
e Prediction equation
D D,




Example 2: Re Similarity — Contd.

(a) From the similarity requirement:

or

(1.004 X 107° m2/5> ( 1m

145 x 10-5m2/s ) \0.05 m) (3 m/s)

~V =415 m/s



Example 2: Re Similarity — Contd.

(b) From the prediction equation:

D Dy
pv2d?  ppVids,

o= (2)(5) () o

_ (1.23kg/m? 3m/s \°/ 1m \° 0N
_<998kg/m3><4.15 m/s> <0.05 m> (101)

~D=26N

or




Example 3

7.79 The pressure rise, Ap, across a centrifugal pump of a
given shape can be expressed as

Ap = f(D, w, p, Q)

where D is the impeller diameter, w the angular velocity of the
impeller, p the fluid density, and Q the volume rate of figw
through the pump. A model pump having a diameter of 8 in. is
tested in the laboratory using water. When operated at an an-
gular velocity of 407 rad/s the model pressure rise as a function
of Q is shown in Fig. P7.79. Use this curve to predict the
pressure rise across a geometrically similar pump (prototype)
for a prototype flowrate of 6 ft/s. The prototype has a diameter
of 12 in. and operates at an angular velocity of 607 rad/s. The
prototype fluid is also water.

Property Model Prototype
Diameter, D 8in. 12 in.
Angular velocity, w 40r rad/s 607 rad/s
Flow rate, Q ? 6 ft3/s
Fluid water water

Ap=pa=p

Centrifugal pump

Model data
®,, = 40mrrad/s
Dm = 8 m'

0.5 L4 1.5 2.0
Q,, (ft%/s)
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Example 3 — Contd.

 Dimensional analysis

w | o | o | s | o

MLy Ly | | MLty | ATy
r=n—-m=5—-3=2
m = 3 repeating variables: D for L, w for T, and p for M
[, = D*w”p°Ap = (L)*(T™H)P (ML) (ML™'T~?)
= p(@=3c=1)p(=b=2) pylc+1) = [OT0p/0

Ap
pw?D?

l_[1 = D2 a)_zp_lAp —



Example 3 — Contd.

 Dimensional analysis — contd.
[, = D%w’p°Q = (L)X(T™HP(ML)*(L*T™H)
- L(a—3c+3)T(—b—1)MC = 10700

0,
~ I, = D—3 -1 —
2 W Q O)DS

e Dimensionless eq.

Ap Q
pw2D? ¢ (a)D3>



Example 3 — Contd.

e Similarity requirement

or

Q Om

3 = 3
wD WmDm

3

on=()(3) ¢

40m rad/s\ / 8in. 3 3
B <6O7t rad/s) (12 in.) (6 ft°/5)

Q= 1.19t3/s



Example 3 — Contd.

* Prediction equation )

Ap _ _ Apm
pw?D?  ppwyDE

or

Model data

2 2
= (o)) (52)
Pm/) \Wm Din ™ E

_ 607 rad/s ? 712 in.\° S
= ( )<407r rad/s) <8in.> (5:5psi)

- Ap = 27.8 psi
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Distorted Models

It is not always possible to satisfy all the known similarity
requirements.

Models for which one or more similarity requirements are not
satisfied are called “distorted models.”



Model Testing in Water

(with a free surface)

Geometric similarity

Lm
— =
L
Fr similarity
glm gL VAL
Re similarity
VL VL Vv L, V,
m-m — > m = m_m = a\/a =
Vi v % LV



Example 4

EXAMPLE 7-11 Model Lock and River

In the late 1990s the U.S. Army Corps of Engineers designed an experiment
to model the flow of the Tennessee River downstream of the Kentucky Lock
and Dam (Fig. 7-43). Because of laboratory space restrictions, they built a
scale model with a length scale factor of L,/L, = 1/100. Suggest a liquid
that would be appropriate for the experiment.

FIGURE 7-43

A 1:100 scale model constructed to
investigate navigation conditions in
the lower lock approach for a distance
of 2 mi downstream of the dam. The
model includes a scaled version of the
spillway, powerhouse, and existing
lock. In addition to navigation,

the model was used to evaluate
environmental issues associated with
the new lock and required railroad
and highway bridge relocations. The
view here is looking upstream toward
the lock and dam. At this scale, 52.8 ft
on the model represents 1 mi on the
prototype. A pickup truck in the
background gives you a feel for the
model scale.

Photo courtesy of the U.S. Army Corps of
Engineers, Nashville.
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Example 4 — Contd.

For water at atmospheric pressure and at T = 15.6°C, the prototype
kinematic viscosity is v =1.12 x 10® m?/s.

Required kinematic viscosity of model liquid:

3
1 \2
= (1.12 x 10‘6) 1—00 =1.12x107° mz/s

N w

Vi = Va

Even liquid mercury has a kinematic viscosity of order 10”7 m?2/s — still two orders
of magnitude too large to satisfy the dynamic similarity. In addition, it would be
too expensive and hazardous to use in this model test.

=

Specific Dynamic I Kinematic Surface Vapor Bulk

Density, Weight, Viscosity, Viscosity, Tension,” Pressure, Modulus,"
Temperature ] y M v o Py E,
Liquid (°C) (kg/m®) (kN/m®) (N - s/m?) I (m?%/s) I (N/m) [N/m? (abs)] (N/m?)

Carbon tetrachloride 20 1,590 15.6 958E — 4 J603E - 7] 269E — 2 1.3 E+4 1.31E+9
Ethyl alcohol 20 789 7.74 1.19E -3 151E—6 228E — 2 59 E+ 3 1.06E + 9
Gasoline® 15.6 680 6.67 31 E— 4 |4.6 E— TI 22°E~—12 55 E+ 4 1.3 E+9
Glycerin 20 1,260 124 1L.5S0E+ 0 li9e -3l 633E—2 14 E-2 452E +9
Mercury 20 13,600 133 ¥57B ~3 JLISE - 7] 466E — 1 1.6 E—1 2.85E + 10
SAE 30 oil® 15.6 912 8.95 38 E—1 |4.2 E— 4| 36 B —2 — 1.5 E+9
Seawater 15.6 1,030 10.1 I20B -3 1LLITE—6 734E — 2 1.77E+ 3 234E+9
Water 15.6 999 9.80 112E =3 l112E -6l 734E — 2 I.77TE + 3 215E +9




Model Testing in Water — Contd.

(with a free surface)

Alternatively, by keeping v,,, = v,

e Re similarity

VL. VL V., L
= = —_— =— =
Vm v VL,

e Frsimilarity
2
Vm — V = g_m — (V_m) (L) — a—Za—l — a—B
gmLm 3y, gL g 4 Lm

For example, for o = 1/100,

1 -3
gﬁ:( ) =1x10°6
g

= Again, impossible to achieve.



Model Testing in Water — Contd.

(with a free surface)

In practice, water is used for both the model and the prototype, and the
Re similarity is unavoidably violated.

The low-Re model data are used to estimate by extrapolation the desired
high-Re prototype data.

There is considerable uncertainty in using extrapolation, but no other
practical alternative in model testing.

Range Range

of Re,, R - of Re, "
d Power-law
— extrapolation

=
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pets
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= Model e .Ui'lCCI tainty
data: _od— "~ in prototype
O o© data estimate
0O
- -

105 100 107 108

log Re ——



Model Testing in Water — Contd.

Assume:

» (7 = Total resistance coefficient
* (y, = Wave resistance coefficient
* (, = Viscous friction resistance coefficient

Model Testing with the Fr similarity

Extrapolation (with C,,,,, = Cw)
Cr=Cy +C = (CTm - Cvm) + G,

Cr = f(Re, Fr) = C,,(Fr) + C,(Re)

Cw = Cwm = Crm — Cymy

(with a free surface: Ship model testing)

- -"'—-_——,-

C,m(Re,,) and C,(Re) obtained from flat plate data with same
surface area of the model and the proto type, respectively.




Model Testing in Air

Geometric similarity:

Ly
.= a
Ma similarity:
V, V V., an
- = — - =
A, a |4 a
Re similarity:
L, V,, LV Vin Ly Vi, Am
= = = = q- —
Vi v v LV a

Since the prototype is an air operation, need a model fluid of low viscosity
and high speed of sound, e.g., hydrogen — too expensive and danger.

Re similarity is commonly violated in wind tunnel testing.



Example 5

7.46 To test the aerodynamics of a new prototype automobile, a
scale model will be tested in a wind tunnel. For dynamic similarity,
it will be required to match Reynolds number between model and
prototype. Assuming that you will be testing a one-tenth-scale
model and both model and prototype will be exposed to standard
air pressure, will it be better for the wind tunnel air to be colder or
hotter than standard sea-level air temperature of 15 °C? Why?
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Example 5 — Contd.

e Re similarity:

or

since L,,/L =1/10. Ifv,,, /v = 1,
V, =10V

e Also, if V =55 mph,
Vi, = 550 mph

= Too large for simple tests. In addition, Ma = 0.7 for the model and the
compressibility effects become important while they are not for the prototype
with Ma = 0.07. We will need v,,,/v < 1 for more realistic V/,,,.



Example 5 — Contd.

v variation with T for air at standard atmospheric pressure (scaled with v
at 10°C):

-50 0 50 100 150 200

Thus, it would be better to have a colder wind tunnel. However, even with
T =-40°C, which gives v,,, /v = 0.707, the required V,,, = 10(0.707)(55) =
389 mph.



Model Testing in Air — Contd.

In practice, wind tunnel tests are performed at several speeds near the
maximum operating speed, and then extrapolate the results to the full-
scale Reynolds number.

While drag coefficient Cp is a strong function of Reynolds number at low
values of Re, for flows over many objects (especially “bluff” objects), the
flow is Reynolds number independent above some threshold value of Re.

% ‘Re

lindependence
\ : :

Re



Example 6

EXAMPLE 7-10 Model Truck Wind Tunnel Measurements

A one-sixteenth scale model tractor-trailer truck (18-wheeler) is tested in a
wind tunnel as sketched in Fig. 7—-38. The model truck is 0.991 m long,
0.257 m tall, and 0.159 m wide. During the tests, the moving ground belt
speed is adjusted so as to always match the speed of the air moving through
the test section. Aerodynamic drag force Fp is measured as a function of

wind tunnel speed; the experimental results are listed in Table 7-7. Plot the
drag coefficient C, as a function of the Reynolds number Re, where the area
used for the calculation of Cp is the frontal area of the model truck (the area
you see when you look at the model from upstream), and the length scale
used for calculation of Re is truck width W. Have we achieved dynamic sim-
ilarity? Have we achieved Reynolds number independence in our wind tunnel
test? Estimate the aerodynamic drag force on the prototype truck traveling on
the highway at 26.8 m/s. Assume that both the wind tunnel air and the air
flowing over the prototype car are at 25°C and standard atmospheric pressure.

Wind tunnel test section

Fo__ (oYW
prza T\ u

e W =Width of the truck
e A =Frontal area

Moving belt  Drag balance



Example 6 — Contd.

Wind tunnel data: aerodynamic drag
force on a model truck as a function
of wind tunnel speed

V, m/s Fo N
20 12.4
25 19.0
30 22.1
35 29.0
40 343
45 39.9
50 47.2
55 55.5
60 66.0
65 77.6
70 89.9
1.4
1.3
| o
1.2
1.1
l ] P o)
0.9 — o)
0.8 — =
4 memmmmmeea- O =0 =0= =0
0.7 —
0.6 IIII|IIII|IIII|III||I1II|IIII
5 3 4% 5 & 7
Re X 107

8

(1.184%)(26.8%)(0.159 m)

PmVmWm 5
(Rem)max Um 1.849x1075 kg-s/m 713 x10

pvw (1.184%)(26.8?)(16)@.159 m)

_ _ 6
Re = uo 1.849x10~5 kg-s/m =4.37x10

Reynolds number independence is achieved for Re > 5.5 X 10°, thus

Fp
EpV A

= Cpm = 0.76 from the wind tunnel data
“Fp =2pV2A- Cp

1 k 2
=2 (1.184 £) (26.8 ?) (162 x 0.159m x 0.257m)(0.76)

= 3.4 kN

33
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