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Quiz 7. Water at 20°C flows through an elbow and exits to the atmosphere (𝑝𝑝2 = 0 gage).  The pipe di-
ameter is 𝐷𝐷1 = 10 cm, while D2 = 3 cm.  At a mass flow rate 𝑚̇𝑚 of 15.3 kg/s, the pressure 𝑝𝑝1 = 2.3 
atm (gage).  Neglecting the weight of water and elbow, estimate the horizontal force on the 
flange bolts 𝐹𝐹𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 at section 1.  (Hint: 𝜌𝜌𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 = 998 Kg/m3, 1 atm = 101,350 N/m2) 

                          

Note: Attendance (+2 points), format (+1 point) 

Solution: 

From the x-direction force balance, 

∑𝐹𝐹𝑥𝑥 = −𝐹𝐹𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 + 𝑝𝑝1𝐴𝐴1 = 𝑚̇𝑚𝑢𝑢2 − 𝑚̇𝑚𝑢𝑢1               (∵ 𝑝𝑝2 = 0 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔) 

(+4 point) 

where, 

𝑢𝑢1 =
𝑄𝑄
𝐴𝐴1

=
𝑚̇𝑚 𝜌𝜌⁄
𝜋𝜋𝐷𝐷12 4⁄

=
15.3 kg s⁄

998 kg m3⁄ ×
4

𝜋𝜋(0.1 m)2 = 1.95 m s⁄  

(+1 point) 

𝑢𝑢2 = −
𝑄𝑄
𝐴𝐴2

cos 40∘ = −
𝑚̇𝑚 𝜌𝜌⁄
𝜋𝜋𝐷𝐷22 4⁄

cos 40∘ = −
15.3 kg s⁄

998 kg m3⁄ ×
4

𝜋𝜋(0.03 m)2 × cos 40∘ = −16.6 m s⁄  

(+1 point) 

Thus, 

𝑚̇𝑚 = 𝜌𝜌𝜌𝜌 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 

∑𝐹𝐹 = �𝜌𝜌𝑉𝑉 𝑉𝑉 ⋅ 𝐴𝐴
𝐶𝐶𝐶𝐶

 

For steady incompressible flow (uniform flow over CS), 

 

Continuity equation: 

 

Momentum equation: 

 

 

𝐹𝐹𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 
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𝐹𝐹𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑝𝑝1𝐴𝐴1 + 𝑚̇𝑚(𝑢𝑢1 − 𝑢𝑢2) 

= (2.3 × 101350 N m2⁄ ) ×
𝜋𝜋(0.1 m)2

4
+ 15.3 kg s⁄ × (16.6 + 1.95) m s⁄ = 2115 N 

              𝑭𝑭𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 𝐍𝐍 

(+1 point) 
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Quiz 8.  When the pump in the figure draws 220 𝑚𝑚3/ℎ  of 
water at 20 ℃ from the reservoir, the total friction 
head loss is 5 𝑚𝑚. The flow discharges through a 
nozzle to the atmosphere. Estimate the pump 
power in kW delivered to the water. 

1) gravity, 𝑔𝑔 = 9.81𝑚𝑚/𝑠𝑠2 
2) density,𝜌𝜌 = 998 𝑘𝑘𝑘𝑘/𝑚𝑚3 

3) 
𝑝𝑝1
𝜌𝜌𝜌𝜌

+ 𝑉𝑉1
2

2𝑔𝑔
+ 𝑧𝑧1 + ℎ𝑝𝑝 =

𝑝𝑝2
𝜌𝜌𝜌𝜌

+ 𝑉𝑉2
2

2𝑔𝑔
+ 𝑧𝑧2 + ℎ𝐿𝐿 

4) Pump power, 𝑃𝑃 = 𝜌𝜌𝜌𝜌 𝑄𝑄ℎ𝑝𝑝 

Note: Attendance (+2 points), format (+1 point) 

Solution 

Assume 𝑉𝑉1 = 0  and 𝑝𝑝1 = 𝑝𝑝2 = 0 

ℎ𝑝𝑝 =
𝑉𝑉22

2𝑔𝑔
+ (𝑧𝑧2 − 𝑧𝑧1) + ℎ𝐿𝐿  

(+4 points) 

Calculating velocity at location 2 

𝑉𝑉2 =
𝑄𝑄
𝐴𝐴2

=
220

3600
𝜋𝜋(0.025)2 = 31.12𝑚𝑚/𝑠𝑠 

(+1 point) 

Thus, 

ℎ𝑝𝑝 =
(31.12)2

2(9.81) + 2 + 5 = 56.4 𝑚𝑚 

 (+1 point) 

The pump power, P,  

𝑃𝑃 = 𝜌𝜌𝜌𝜌 𝑄𝑄ℎ𝑝𝑝 = (998)(9.81) �
220

3600
� (56.4) = 33.7 𝑘𝑘𝑘𝑘 

(+1 point) 

② ① 
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Quiz 9.  Water flows as two free jets (section 2 and 3) from the tee attached to the pipe as shown in the 

Figure. Viscous effects and gravity are negligible. Determine (a) Velocity at section 1 (𝑉𝑉1), (b) 
pressure at section 1 (𝑝𝑝1) and (c) x-component of the force that the pipe exerts on the tee. ( 𝜌𝜌 =
999 𝑘𝑘𝑘𝑘/𝑚𝑚3) 

 

 
 
Note: Attendance (+2 points), format (+1 point) 
Solution: 

(a) Continuity: 
𝑄𝑄1 = 𝑄𝑄2 + 𝑄𝑄3 

 
𝐴𝐴1𝑉𝑉1 = 𝐴𝐴2𝑉𝑉2 + 𝐴𝐴3𝑉𝑉3 

(+0.5 point) 
 

𝑉𝑉1 =
𝐴𝐴2𝑉𝑉2 + 𝐴𝐴3𝑉𝑉3

𝐴𝐴1
=

0.3𝑚𝑚2 × 15 𝑚𝑚\𝑠𝑠 + 0.4𝑚𝑚2 × 15𝑚𝑚/𝑠𝑠
1𝑚𝑚2 = 𝟏𝟏𝟏𝟏 𝒎𝒎/𝒔𝒔 

 
 (+0.5 point) 

 
(b) Bernoulli equation: 
 

𝑝𝑝1 +
1
2
𝜌𝜌𝑉𝑉12 =

1
2
𝜌𝜌𝑉𝑉22 

 

𝑝𝑝1 =
1
2
𝜌𝜌(𝑉𝑉22 − 𝑉𝑉12) 

(+2 point) 

𝑝𝑝1 =
1
2

999 𝑘𝑘𝑘𝑘/𝑚𝑚3  (152 − 122)𝑚𝑚2/𝑠𝑠2 = 𝟒𝟒𝟒𝟒𝟒𝟒𝟒𝟒𝟒𝟒 𝑵𝑵 
 (+0.5 point) 

 
 
 
 
 

Momentum equation: 

∑𝑭𝑭 =
𝜕𝜕
𝜕𝜕𝜕𝜕
� 𝑽𝑽𝜌𝜌𝜌𝜌𝑉𝑉
𝐶𝐶𝐶𝐶

+ � 𝑽𝑽𝜌𝜌𝑽𝑽 ⋅ 𝑑𝑑𝑨𝑨
𝐶𝐶𝐶𝐶

 

Bernoulli’s equation: 

𝑝𝑝1 +
1
2
𝜌𝜌𝑉𝑉12 + 𝛾𝛾𝑧𝑧1 = 𝑝𝑝2 +

1
2
𝜌𝜌𝑉𝑉22 + 𝛾𝛾𝑧𝑧2 
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(c) 𝑥𝑥-momentum: 

−𝑉𝑉1𝜌𝜌𝑉𝑉1𝐴𝐴1 + 𝑉𝑉3𝜌𝜌𝑉𝑉3𝐴𝐴3 = 𝑝𝑝1𝐴𝐴1 + 𝐹𝐹𝐹𝐹 
 

𝐹𝐹𝐹𝐹 = 𝑉𝑉1𝜌𝜌𝑉𝑉1𝐴𝐴1 − 𝑉𝑉3𝜌𝜌𝑉𝑉3𝐴𝐴3 − 𝑝𝑝1𝐴𝐴1 
 

 (+3 points) 
 

𝐹𝐹𝑥𝑥 = 122
𝑚𝑚2

𝑠𝑠2
× 999

𝑘𝑘𝑘𝑘
𝑚𝑚3 × 1𝑚𝑚2 − 152

𝑚𝑚2

𝑠𝑠2
× 999

𝑘𝑘𝑘𝑘
𝑚𝑚3 × 0.5𝑚𝑚2 − 40500

𝑁𝑁
𝑚𝑚2 = −𝟕𝟕𝟕𝟕𝟕𝟕𝟕𝟕𝟕𝟕 𝑵𝑵  

 (+0.5 point) 
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Quiz 10. Oil (µ = 0.4 N⋅s/m2) flows between two fixed horizontal 
infinite parallel plates with a spacing of 5 mm.  The flow is laminar 
and steady with a constant pressure gradient dp/dx = -900 N/m3.  
Determine the shear stress 𝜏𝜏 = 𝜇𝜇𝜇𝜇𝜇𝜇/𝜕𝜕𝜕𝜕 at 𝑦𝑦 = ℎ, by solving Na-
vier Stokes equation. 

Continuity: 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 0 

Navier Stokes: 𝜌𝜌 �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑢𝑢
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 

+ 𝑣𝑣
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
� = −

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝜇𝜇 �
𝜕𝜕2𝑢𝑢
𝜕𝜕𝑥𝑥2

+
𝜕𝜕2𝑢𝑢
𝜕𝜕𝑦𝑦2�

 

Note: Attendance (+2 points), format (+1 point) 
Solution:Since the flow is steady and parallel, 𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕⁄  = 0 and 𝑣𝑣 = 0. From the continuity equation, 
𝜕𝜕𝜕𝜕/𝜕𝜕𝜕𝜕 = 0.  Then, the Navier Stokes equation is rewritten as 

𝜕𝜕2𝑢𝑢
𝜕𝜕𝑦𝑦2

=
1
𝜇𝜇
�
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� (+ 3 points) 

By integrating the Navier Stoke equation twice to yield 

𝑢𝑢 =
1

2𝜇𝜇
�
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� 𝑦𝑦2 + 𝑐𝑐1𝑦𝑦 + 𝑐𝑐2  

To satisfy the no-slip boundary conditions, i.e. 𝑢𝑢 = 0 at 𝑦𝑦 = ±ℎ,  

𝑐𝑐1 = 0  

𝑐𝑐2 = −
1

2𝜇𝜇
�
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�ℎ2  

Thus, the velocity distribution becomes 

𝑢𝑢 =
1

2𝜇𝜇
�
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� (𝑦𝑦2 − ℎ2) (+2 points) 

Hence, 

𝜏𝜏 = 𝜇𝜇
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

𝑦𝑦  

At 𝑦𝑦 = ℎ, 

𝜏𝜏𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 = 𝜏𝜏|𝑦𝑦=ℎ = �−900
𝑁𝑁
𝑚𝑚3��

0.005 𝑚𝑚
2

� = −2.25 𝑁𝑁/𝑚𝑚2 (+2 points) 
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