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Applications of Momentum Equation 

Initial Setup 
1. RTT: 

𝐷𝐵𝑠𝑦𝑠
𝐷𝑡

=
𝑑
𝑑𝑡
� 𝛽𝜌𝑑𝑉
𝐶𝑉

+ � 𝛽𝜌𝑉𝑅 ⋅ 𝑑𝐴
𝐶𝑆

 

where, 𝑉𝑅 = 𝑉 − 𝑉𝑆 and 𝑑𝐴 = 𝒏�𝑑𝐴. 

If CV is non-deforming and flow is steady (𝜕 𝜕𝑡⁄  = 0), 

𝑑
𝑑𝑡
� 𝛽𝜌𝑑𝑉
𝐶𝑉

= �
𝜕
𝜕𝑡

(𝛽𝜌)𝑑𝑉
𝐶𝑉

= 0 

If CV is fixed (i.e., 𝑉𝑆=0), 

𝑉𝑅 = 𝑉 

Also, if flow is 1D at discrete CS’s, 

� 𝛽𝜌𝑉 ⋅ 𝑑𝐴
𝐶𝑆

= �(𝛽�̇�)𝑜𝑢𝑡 −�(𝛽�̇�)𝑖𝑛 

where, 

�̇� = 𝜌𝑉 ⋅ 𝐴 = 𝜌𝑄 = 𝜌𝑉𝐴  (𝑉 = �𝑉� if 𝑉 is normal to 𝐴) 
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2. Linear momentum equation: 

Simplified RTT for 1) fixed CV, 2) steady flow, and 3) 1D flows at discrete CS’s: 

𝐷𝐵𝑦𝑠𝑠
𝐷𝑡

= �(𝛽�̇�)𝑜𝑢𝑡 −�(𝛽�̇�)𝑖𝑛 

Let, 

𝐵 = 𝑚𝑉 

𝛽 =
𝑑𝐵
𝑑𝑚

= 𝑉 

Then, 

𝐷𝐵𝑠𝑦𝑠
𝐷𝑡

= �𝐹 

Thus, a simplified momentum equation becomes 

�𝐹 = ��𝑉�̇��𝑜𝑢𝑡 −��𝑉�̇��𝑖𝑛 

or, in component forms: 

�𝐹𝑥 = �(𝑉𝑥�̇�)𝑜𝑢𝑡 −�(𝑉𝑥�̇�)𝑖𝑛 

�𝐹𝑦 = ��𝑉𝑦�̇��𝑜𝑢𝑡 −��𝑉𝑦�̇��𝑖𝑛 

�𝐹𝑧 = �(𝑉𝑧�̇�)𝑜𝑢𝑡 −�(𝑉𝑧�̇�)𝑖𝑛 

where, 

�̇� = 𝜌𝑄 = 𝜌𝑉𝐴 
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1.  Jet deflected by a plate or vane (Lecture note Ch5, page 12) 
 
Consider a jet of water turned through a horizontal angle 

 
 

1) Bernoulli equation 

𝑝1
𝛾

+
𝑉12

2𝑔
+ 𝑧1 =

𝑝2
𝛾

+
𝑉22

2𝑔
+ 𝑧2 

Since 𝑝1 = 𝑝2 = 𝑝𝑎𝑡𝑚 = 0 (gage) and assume (𝑉12,𝑉22) ≫ 2𝑔(𝑧1 − 𝑧2), 

∴ 𝑉1 = 𝑉2 

2) Continuity equation 

𝜌1𝑉1𝐴1 = 𝜌2𝑉2𝐴2 

Since 𝜌1 = 𝜌2 = 𝜌 and 𝑉1 = 𝑉2, 

∴ 𝐴1 = 𝐴2 

3) Momentum equation 

𝑥-equation: 

�𝐹𝑥 = (𝑉𝑥𝜌𝑉𝐴)𝑜𝑢𝑡 − (𝑉𝑥𝜌𝑉𝐴)𝑖𝑛 

𝐹𝑥 = �𝑉2𝑥��𝜌𝑉2𝐴2�
=𝑄

�− �𝑉1𝑥��𝜌𝑉1𝐴1�
=𝑄

� 

∴ 𝐹𝑥 = 𝜌𝑄�𝑉2𝑥 − 𝑉1𝑥� 

CV and CS are 
for jet so that Fx 
and Fy are vane 
reactions forces 
on fluid 
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𝑦-equation: 

�𝐹𝑦 = �𝑉𝑦𝜌𝑉𝐴�𝑜𝑢𝑡 − �𝑉𝑦𝜌𝑉𝐴�𝑖𝑛 

𝐹𝑦 = �𝑉2𝑦��𝜌𝑉2𝐴2�
=𝑄

� − �𝑉1𝑦��𝜌𝑉1𝐴1�
=𝑄

� 

∴ 𝐹𝑦 = 𝜌𝑄 �𝑉2𝑦 − 𝑉1𝑦� 

For the given geometry, 

𝑉1𝑥 = 𝑉1;𝑉1𝑦 = 0;𝑉2𝑥 = −𝑉2 cos𝜃 ;𝑉2𝑦 = −𝑉2 sin𝜃 

Note: 𝐹𝑥 and 𝐹𝑦 are the forces exerted by the vane on the fluid and −𝐹𝑥 and −𝐹𝑦 are the forces on the vane 
by the fluid (Newton’s 3rd law: Action and reaction) 
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P5.66-simplified) Air (ρ=2.38×10-3 slugs/ft3) jet of velocity V=175 ft/s 
strikes a curved vane as shown below. Determine the horizontal 
component of the anchoring force to hold the vane fixed in place. 
Neglect the weight of the air and all friction. 

 

x-momentum equation: 

𝐹𝑥 = (𝑉𝑥�̇�)𝑜𝑢𝑡 − (𝑉𝑥�̇�)𝑖𝑛 

Since 𝑉1 = 𝑉2 = 𝑉 from the Bernoulli equation and 𝐴1 = 𝐴2 = 𝐴 (= 𝜋𝐷2 4⁄ ) from the continuity 
equation, 

𝐹𝑥 = (−𝑉 cos𝜃)(𝜌𝑉𝐴) − (𝑉)(𝜌𝑉𝐴) = −𝜌𝑉2𝐴(1 + cos𝜃) 

Thus, 

𝐹𝑥 = −(2.38 × 10−3)(175)2 �
𝜋(2 12⁄ )2

4 � (1 + cos 30∘) = −2.97 lb 

∴ 𝐹𝑥 = 2.97 lb (to the left) 
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3.  Forces on Bends (Lecture note Ch5, page 16) 
Consider the flow through a bend in a pipe.  The flow is 
considered steady and uniform across the inlet and outlet 
sections.  Of primary concern is the force required to hold the 
bend in place, i.e., the reaction forces Rx and Ry which can be 
determined by application of the momentum equation. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Continuity equation: 

𝜌1𝑉1𝐴1 = 𝜌2𝑉2𝐴2 

Since 𝜌1 = 𝜌2 = 𝜌 (i.e., incompressible), 

𝑉1𝐴1 = 𝑉2𝐴2 = 𝑄 (= constant) 

x-momentum equation: 

�𝐹𝑥 = (𝑉𝑥�̇�)𝑜𝑢𝑡 − (𝑉𝑥�̇�)𝑖𝑛 

𝑝1,gage𝐴1 − 𝑝2,gage𝐴2 cos𝜃 + 𝑅𝑥 = �𝑉𝑥2� �𝜌𝑉2𝐴2�
=𝑄

�− �𝑉𝑥1��𝜌𝑉1𝐴1�
=𝑄

� 

∴ 𝑅𝑥 = 𝜌𝑄�𝑉𝑥2 − 𝑉𝑥1� − 𝑝1,gage𝐴1 + 𝑝2,gage𝐴2 cos𝜃 

Rx, Ry = reaction force on 
     bend i.e., force  
     required to hold  
     bend in place 
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y-momentum equation: 

�𝐹𝑦 = �𝑉𝑦�̇��𝑜𝑢𝑡 − �𝑉𝑦�̇��𝑖𝑛 

−𝑊𝑓 −𝑊𝑏 + 𝑝2,gage𝐴2 sin𝜃 + 𝑅𝑦 = �𝑉𝑦2��𝜌𝑉2𝐴2�
=𝑄

�− �𝑉𝑦1��𝜌𝑉1𝐴1�
=𝑄

� 

∴ 𝑅𝑥 = 𝜌𝑄 �𝑉𝑦2 − 𝑉𝑦1� − 𝑝2,gage𝐴2 cos𝜃 + 𝑊𝑓 + 𝑊𝑏 

For the given geometry, 

𝑉1𝑥 = 𝑉1;𝑉1𝑦 = 0;𝑉2𝑥 = 𝑉2 cos𝜃 ;𝑉2𝑦 = −𝑉2 sin𝜃 
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Example) Water at 20°C (ρ = 998 kg/m3) flows steadily through a 
reducing pipe bend, as shown below. Known conditions are p1 = 350 
kPa, D1 = 25 cm, V1 = 2.2 m/s, p2 = 120 kPa, and D2 = 8 cm. Neglecting 
bend and water weight, estimate the total force that must be resisted 
by the flange bolts.  

 

x-momentum equation: 

�𝐹𝑥 = (𝑉𝑥�̇�)𝑜𝑢𝑡 − (𝑉𝑥�̇�)𝑖𝑛 

𝑝1,gage𝐴1 + 𝑝2,gage𝐴2 + 𝐹𝐵 = (−𝑉2)(�̇�2)− (𝑉1)(�̇�1) 

where, 

�̇� = �̇�2 = �̇�1 = 𝜌𝐴1𝑉1 = (998)�
𝜋(0.25)2

4 � (2.2) = 107.8 
kg
m3 

𝑉2 = �
𝐴1
𝐴2
�𝑉1 = �

𝐷1
𝐷2
�
2
𝑉1 = �

0.25
0.08

�
2

(2.2) = 21.5 
m
s

 

Thus, 

𝐹𝐵 = −�̇�(𝑉1 + 𝑉2)− 𝑝1,gage𝐴1 − 𝑝2,gage𝐴2 

𝐹𝐵 = −(107.8)(2.2 + 21.5) �
1

1000
� − (250)

𝜋(0.25)2

4
− (20)

𝜋(0.08)2

4
= −14.9 kN 

∴ 𝐹𝐵 = 14.9 kN (to the left) 

  

8 
 



57:020 Fluids Mechanics 2013Fall 10/16/2013 

4. Force on a rectangular sluice gate (Lecture note Ch5, page 17) 
The force on the fluid due to the gate is calculated from the x-
momentum equation: 

 

x-momentum equation: 

�𝐹𝑥 = (𝑉𝑥�̇�)𝑜𝑢𝑡 − (𝑉𝑥�̇�)𝑖𝑛 

𝐹1 − 𝐹2 − 𝐹𝑣 + 𝐹𝐺𝑊 = (𝑉2)�𝜌𝑉2𝐴2�
=𝑄

�− (𝑉1)�𝜌𝑉1𝐴1�
=𝑄

� 

𝐹𝐺𝑊 = 𝐹2 − 𝐹1 + 𝐹𝑣⏟
≈0

+ 𝜌𝑄(𝑉2 − 𝑉1) 

where, 

𝐹1 = 𝑝1���𝐴1 = 𝛾ℎ�𝐴1 = 𝛾 �
𝑦1
2
� (𝑦1𝑏) =

𝛾𝑏
2
𝑦12 

𝐹2 = 𝛾 �
𝑦2
2
� (𝑦2𝑏) =

𝛾𝑏
2
𝑦22 

Thus, 

𝐹𝐺𝑊 =
𝛾𝑏
2
𝑦22 −

𝛾𝑏
2
𝑦12 + 𝜌𝑄(𝑉2 − 𝑉1) 
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Note that 

𝑉1 =
𝑄
𝐴1

=
𝑄
𝑦1𝑏

 

𝑉2 =
𝑄
𝐴2

=
𝑄
𝑦2𝑏

 

Thus, 

𝐹𝐺𝑊 =
𝛾𝑏
2

(𝑦22 − 𝑦12) +
𝜌𝑄2

𝑏
�

1
𝑦2
−

1
𝑦1
� 
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P5.62-simplified) Determine the magnitude of the horizontal 
component of the anchoring force required to hold in place the sluice 
gate shown below.  

 

Flow rate (per unit width, i.e., let 𝑏 = 1 ft): 

𝑄 = 𝑉1𝐴1 = (4)(10)(1) = 40
ft3

s
 

Gate force (𝑏 = 1 ft): 

𝐹𝐺𝑊 =
𝛾𝑏
2

(𝑦22 − 𝑦12) +
𝜌𝑄2

𝑏
�

1
𝑦2
−

1
𝑦1
� 

or 

𝐹𝐺𝑊 =
(62.4)(1)

2
((1.5)2 − (10)2) +

(1.94)(40)
1

�
1

1.5
−

1
10
� = −1290 lb 

 

∴ 𝐹𝐺𝑊 = 1,290 lb ft⁄   (to the left) 
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