Portfolio Selection 

The issue of what investments to select for a portfolio is a problem that exists for a corporation seeking to invest in internal projects and seeking investments in external assets such as stocks or bonds. Each project or investment is called an asset in the following discussion.

Assumptions

To ease the analysis, it is assumed that each asset, i, is Normally distributed with mean (i and standard deviation ( I, though this assumption is not mandatory for all aspects.

Basic Statistics

If we have a sample of N observations, we can use this data to help us estimate the true means, variances and covariances of the random variables. 

Sample Mean:

[image: image3.wmf](

)

(

)

X

X

K

K

N

K

X

v

o

C

i

N

i

i

-

-

-

=

å

=

1

1

1

)

,

(

ˆ


Sample Variance:
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Standard Deviation = sq root (Variance)

Sample Covariance:
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Normal Distribution
The mathematical equation for the normal distribution is:


Properties of a Normal Distribution 

1. The distribution is bell-shaped. 

2. The mean, median, and mode are equal and located at the center of the distribution. 

3. The curve is symmetrical about the mean--the shape of the curve is the same on both sides of the vertical line passing through the center. 

4. The curve is continuous: there are no gaps or holes.  For each value of X, there is a corresponding value of Y. 

5. The curve never touches the x axis.  

6. The total area under this curve sums to 1.00 (or 100%).

7. The areas under the curve are as follows:

	within number of  Standard Deviations:
	1
	2
	3

	Area 
	0.68
	0.95
	0.997

	Percentage
	68%
	95%
	99.7%


 Values are obtainable from tables, calculators and spreadsheets.
Portfolio Expected Return

The portfolio expected return is given by

ep = w1e1 + w2e2 + ……+ wnen
Where

ep  
The expected return from the portfolio

wi 
The weight of allocation to each asset i

ei
The expected return from asset i.

And where


( wI = 1

Expected Return: Multiple Assets Using Matrix and Vector Notation

For n assets, the portfolio return is the weighted sum of the individual asset returns: 

Portfolio return = w'r 

With the constraint:

w'I=1 

where

w' 
Transpose of the n x 1 vector of the weight of allocation to each asset

r
The n x 1 vector of the return from each asset

I
a n x 1 identity or unity vector

similarly the portfolio expected return is:

Project portfolio expected return = w'E 

where E represents the n x 1 vector of the expected returns of the various projects.  

Example

A 3 asset portfolio is held. Suppose w' is [0.2 0.5 0.3] and the expected return E (expressed as the expected percentage returns) is 
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. The expected portfolio return is w'E  = [0.2x10  +  0.5x20 + 0.3x15] = 16.5%

Portfolio Risk

For 1 asset the risk is given by the standard deviation

For 2 assets the risk is given by

Risk = ( (w12(12 + w22(22 + 2 w1 w2 (1 (2 (12)

Where

wi 
weight of allocation in asset i

(i2
variance of the return from asset i

(ij
Correlation coefficients between the return of assets i and j

and

(ij = v ij / (i (j
Where 


v ij is the covariance between i and j

Example

Calculate the expected return and the risk of a portfolio containing equal amounts (i.e. weight of allocation of each = 0.5) of two assets that have a correlation coefficient of 0.4. Asset 1 has a mean return of 12% and a standard deviation (risk) of 20, while asset 2 has a mean return of 10% and a standard deviation (risk) of 16.


Expected return = ep = w1e1 + w2e2 = 0.5 x 12 + 0.5 x 10 = 11%  

Risk 
= ( (w12(12 + w22(22 + 2 w1 w2 (1 (2 (12)



= ( ( 0.52.202 + 0.52 .162  + 2 . 0.5 . 0.5 . 20 . 16 . 0.4)



= ( (0.25 x 400 + 0.25 x 256 +  6.4) 



= ( (170.4) = 13.05

Note that by investing in these two assets, the expected return lies between the two returns while the risk is below either of the assets. 

Risk: Multiple Assets Using Matrix and Vector Notation

The variance of the portfolio return is:

= w'Vw 

Where 

V is the n x n covariance matrix of the returns from the assets. 

Note the above equation gives the variance of the return from the portfolio. The risk is usually identified as the standard deviation of the return and is therefore the square root of the variance.

Example

This example concerns investing in three assets: large company stocks, small capitalization stocks and international stocks. The return and risk values for these three assets are
:

	
	Large Co Stocks
	Small Cap Stocks
	International Stocks

	Expected return
	12.09
	17.83
	14.95

	SD (risk)
	15.71
	21.51
	17.94


The covariance matrix V for these three assets is
:

	246.80
	266.97
	135.28

	266.97
	462.72
	146.64

	135.28
	146.64
	321.84


(note that the diagonal elements of V are the variances of the respective asset).

With w' = [0.50  0.25  0.25], the expected return is given by:

w'E = [0.50  0.25  0.25] 
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 = 14.24%
The variance of the portfolio return is:

= w'Vw
where w' and V are shown above. From this

Variance = 229.6 and 

Risk = (229.6 = 15.15

The covariance of two project portfolio returns, each denoted by their own set of weights, wx and wy is:

= wx'V wy






� EMBED Equation.3  ���
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� From p160 “Asset Allocation” by R.C. Gibson and are for the period 1973 –1994.


� From p161 “Asset Allocation” by R.C. Gibson and are for the period 1973 –1994.
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