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The function:
n
Clx,y) =2

Biw Y Geoxp” 4 (v -y

is convex in (x,y)
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This condition yields the equations

Z ]W (X —X ) 0
N =5+ (V7 -y
BJW (Y -y -0

;«/(x

which, unfortunately, we cannot solve analytically
for the values of X* and ¥™!

-3t (Y -y
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Suppose that we wish to select the location of
single racility, anywhere in the plane, {o serve
7 set of demand points.
Given, for each of demand points j=1,2, .n:
(xj ,¥j)  coordinates of the point
Bj cost per unit volume per unit distance
W volume of shipments per unit time

[Find coordinates of the source facility, (x,y), which will
minimize the total shipping cost per unit time:

Biw Y G+ &y -y

n
Minimize Clx,y) = >

’Q_ ESKUING "sireight-line
Fuciicess gisisnces!

Weber’s
Problem
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Tie together in a knot ("X") n strings of equal length L

Attach a bucket with
weight Wi at the end of
string i.

Yarignon
Frame

@

A necessary condition for (X™,Y™) to minimize

n 2 2
Cluy)= I BywV Geoxp” + (v - y)
is )
2" ¥y =0
PV ( )
3 * ok
— CX',¥Hy=0
v ( )
That is, (X™,Y™) should be a "stationary point" of

the function C.
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For convenience, deline & disiance function tor

ezl ju

dj(X,Y) = A (X = %2+ (Y - yy)?
Necessary Z Byw (X" - %) -0
conditions di(x™,Y )
ror n N
aptimality Z Byw (Y — vy _

o4y
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We will use a [ - Bj\’\:jxi
"successive ot d; (X7 ¥7)
substitution” noByw
method using Z PN
. j=1 ](X ,Y )
these equations 3
to find X* & Y* noBiwiY
vt o FLAOCYD
n w
Z l?'J i
_ j=1 j(X ,V )

Weiszfeld Algorithm

Starting with an initial "guess”
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(x°,¥°),

we will generate a sequence of approximate

solutions, (X',Y'),

(X2Y?), (X3Y2), ...

which converge to the optimal facility

location (X*,Y*).

We terminate the method when two successive
approximate solutions are “close enough”,

i.e.,
XEHL_xK| L |y oyE|

Starting PointE

€~ 0
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A good stariing poind s ihe
centroid, 1.e., the weighied

average of the customer

coordinales.

4
Z Bjw;iX Z Biw;Y;
XO_J1BJJJ &Y:J-=1BJJJ
4 4
2 Biw; 2, Biw;
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Note: X* gnd F*
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the egquations? -
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Y
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Suppose, at iteration ¥k, we have an

approximate solution (XX Yk).

We obtain an improved approximate solution

(X k"'l’Yk"'l ) bY

noBiwx; By
gkl d; (XK vE) yk+l _ d;(xk,vE)
Z”: Bw; i _ Bywy
i1 d(XEYE) i1 dj(XEYE)
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Customer 1 2 3 4
Location (0,3) (24) (43) (1,0
Rgmt.(Ton/wk)| 1 2 3 2
2@ Costtomrimile
i5 same rtor &t
1 customers
B3
Wwhere should  suppl
FECIit - e focated so
that tolal shipping cost
3 L8 Wesk 15 mininized ?
—
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Customer| 1 2 3 4 _ .
Location [(03) (24 (43 (1,0) Bj =1 V]
Rgmt. 1 2 3 2
5
WK
o _ SPYR1%0+2x2+3x4+2x |
T T T 2+3+2 4%
E Byw;
s
/0 - ZPWYs %34 ox4e3Ix3+0x1 -
=1 = =2
+ + +
S b, [+2+3+2
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Now compute distance from (X O ya) to each

customer:

d,- (%—o]2+ (%—3]2 ~2.305
d,- (%_2)2+ (%—4)2 ~ 1521
ds- (%_4)2+ (%—3)2 ~1.820
d,- (%_1}2+ %—of ~2.795
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App v our successive substitution method

lo (‘we hopel) ohiain a better approximate

solution:
5 W5

j ~ 10373 _ 9599
4113

s Wit 1><3+2><4+3><3+2><O
ytod 9 _ d dp ds da _ 11506 -5 705
Zm 124342 4.113
i g dy dp dz d4

Listance belween

initial and improved
5 sofution.
. 0.421
: ‘i—/nwm e soltition

First gue553 ; "
Pariorm aaiitionsl
rerations, unti/

‘e aistanee moved s

Srricient\e small "

©Dennis Bricker, U. of lowa, 1997

Facility location at X= 2.41659, Y= 2.79785

Distances to demand pta:

i 1 3 4
Dli) 2.42503 1.27229 1.59626 3.13603
WTLilxDli) 2.42503 2.54457 4.78879 6.27206

Total cost iz 16.0305

Wew location iz at X= 2.51012, ¥= 2.92419

Rectilinear distance moved is 0.21987
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Shipping Cost.

1(2.305) + 2(1.521)
+3(1.82) + 2(2.793)
= 16.397

é“\
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FE 7
if'zz:;,j; d =«/[2.522-><j]2+ [2.798-YF
d;=2.530
2 dy= 1.310
ds=1.492

d,=3.185

—

1.492

c

1(2.53)+2(1.31)+3(1.492)
+ 2(3.185)
= 15996 < 16.397
requction of 2 4%

vmnns wrowner , w.owowwa, 1997

;“\
3.18

Facility location at X= 2.25, ¥= 2.5
Distances to demand ptsi

i
DIli) 2.30489 1.52069 1.82003 2.79508
WTlilxDli) 2.30429 3.04138 5.460028 5.59017

Total cost iz 16.3965

Wew location iz at X= 2.41659, Y= 2.79785
Rectilinear distance moved iz 0.464436
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Facility location at X= 2.51012, Y= 2.92419

Diztances to demand pts:

i 1 2 3
Dli] 2.51126 1.19063 1.49181 3.2011
WI[ilxD[i] 2.51126 2.38126 4.47542 6.5822
Total cost is 15.9501
New location is at X= 2.55738, Y= 2.96949

Rectilinear distance moved iz 0.0925647
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Facility location at X= 2.55738, ¥= 2.96949
Digtances to demand pted
i 1 2 3 4
Dli) 2.55757 1.1716 1.44294 3.3531
WT[ilxDli] 2.55757 2.34319 4.32881 6.7062
Total cost is 15.9358
New location iz at X= 2.58231, Y= 2.98276

Rectilinear distance moved iz 0.0381954
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Facility location at X= 2.59667, Y= 2.93528
Digtances to demand pted
i 1 2 3 4
Dli) 2.59671 1.17715 1.40341 3.38544
WTlilxD[i) 2.59671 2.35429 4.21023 6.770289
Total cost is 15.9321

Wew location iz at X= 2.60557, Y= 2.98478
Rectilinear distance moved iz 0.0094046

<0.01 {stopping criterion)
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Path Followed by the Successive Substitution Method E

éﬁﬁ/ soltion

X= 2.60857, Y= 2.98472

T T
2.3 2.4

ZV\ 25
ntral guess (centrordl

26
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Facility location at X= 2.58231, Y= 2.93276
Distances to demand pted
i
Dli) 2.58237 1.17212 1.4178 3.37647
WIlilxD[i] 2.58237 2.34424 4.25339 6.75294
Total cost iz 15.9329

New location iz at X= 2.59667, Y= 2.98528

Rectilinear distance moved iz 0.0168736
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The Optimal Location for the Supply Facility I

54
4 2
34l — o3
> rix= 2.60557, Y= 2.98478
14
0 ¢4 T T T 1
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