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A function g(t) defined for all t = (;, t,, ..
inR™ with t; > 0 for alli=1,2, ... m
is called a pasynamia/ if it is of the form

. tm)

glt) =

uM:

m ay
Cy H tj
j=1

where the c;'s are positive constants, and the
exponents a;’s are real numbers
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PRIMAL GEOMETRIC PROGRHAM

[uncang‘rrained case)

n m L
Minimize the posynomial g(t) = > ¢; I] tja”
i=1 =1

subject to t; >0 for j=1,2, ... m

)
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n
0 &P m o as) 5w Z0
i 194 i i=
s fie) |f B - () fr
= = j=1

i=1

We would like this lower bound to be not
dependent on the variables t;,j=1,2,...m

This will be so if their exponents are zero:

i a;8=0, j=1,2,... m

=1

-
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fxamples of posynomials

ay

L

s

g(t) = % (o

: 2 1
221y i.e., 2x y/zz
X
Ax 2 . 5 -1 2
- 1 + 3X2 X3 7.e., Xl Xz + ?)Xz X3
2

Mote that nol sl poslnomials sre pollomials,
F 708 S POl IIOTIES Sre LOSVIonTiES!
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Rewrite g(t):

m a; .
n G IIt”’
gty - > 5| i1 where 8, >0
i=1
61 n
and > § =1
i=1

It " 5

Ci] I n e n omooas,

g(t) > [T it -_H(%) 111t
i=1 5 i=1 \"1 i=1j=1
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Under the restrictions that

n
> 8 =1 Normalitl condition
i=1
n Qrtfogonsiiiy
> a;8=0, j=1,2,... m conditions
i=1 {ane pey primel
varishia)
8 >0,i=1,2,..n
then b e, 5;
g(t)> 1712
=1 A8
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. . n fc. izl ;
Define the function v(3) - 1T (2] 77, 8
= n RN
DGP: Maximize v(§) = 1‘[( )
then for all t>0 and nonnegative & satisfying subject to =1
the normality & orthogonality conditions, N
0 5, > 8 =1 Normalitls condition
m a;; n fe. i=1
zci_nl t'j ' - g(t)Z V(8)= H(B_lj fn It f
i=1 = i=1 \¥1 _ i LG OnE L)
2 aj 6=0,j [,2,... m conaitions

e Frimal - sl fnequsliils
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Weak Duality Theorem

If t* solves the primal geometric program (GP)
and §&* solves the dual geometric program (DGP)

then
g(t*) > v(s*)

Froor’ The Frimal-Lusal inegualit)l

{We will next show that the above inequalfty
s tight, f.e., that the strong duality property
holds.)
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mooay Lo # 7 ol the
c; ITt; P primal obrective
oF = oL
i g(tX) =—{ aptimal value

ol poaglnomial

That is, the optimal dual variable &F, associated
with term i of the primal objective function, is
simply the #aciion of the aplimal cost which is
coniribuied bl that term!

5 [ror]
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n

g(t)= 2>

i=1

u; t) where u;(t)=c; In—‘l[t?ij
j=

If t* minimizes g(t), then t* satisfies (for k=1, ...m)
d X9 19 s a1
0=—s8=2 —ul) = 2 —g¢ Ht = Z Ciayly Ht”
atk i=1 Ot ty i=1 0t ty i=1 i=1
Multiply both sides by t;:
n a; 01 A n m g . n
tx0=t, > ciajty Htj”: 22 G I1t = 2 2 uy(t)
i=1 izk i=1 i=1 i=1
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i=

& »>0,i=1,2,..n
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Strong Duality Theorem

If t*=(t}, t%, ... tf) solves the primal GP,

then the dual GP is consistent, and the vector
m a;

ci_Hﬁk !
g( *)

is a solution for the dual GP, and g(t*) = v(§*)

& = (8}, 8%, ... 8%) defined by &% =
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u; () where u;(t)=c; ﬁt?‘j
1 i=

ui(t*)
glt*)

where t* minimizes g(t), then

If wedefine  &¥=

&% is feasible in the dual, and g(t*) = v(§%),

By the weak duality theorem, &% sotves
the dual GP.
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Therefore, if t*¥ minimizes g(t), then t* satisfies

= = u; (t*)
ix U (TX)= = i , k=1,
g:aku Elak s m
(%)
If we let §%= -
& a(t) i=1,2,..n
then &*- (8}8%, ... 8} satisfies
n forthogonalitly
_ X 1 4 :
0= Elaiksi k-1, conditions are
satisried!)

@©D. Bricker, L. of 14, 1998
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K

Also, X u, ()
% 5wy 7O
and n
(4K
« & uty) E“l[‘ ) (normalit v condition

o 8 =§ o) gt /s satisiied!)
Therefore, &% is feasible in the dual GP.
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6/98
Also, gt¥)=g(t)™" =gt g(t) - - - glt)™
s 3 %
u ()] fu e Jugle9]™
3, 3 - 5.
8 5
51 52 Ba | m m ¢ m "
C C C ajj ajj aj
= 8_1 8_2 L 8_“ Ht*j 1 Ht*j 1 Ht*j )
1 2 n j=1 j=1 j=1
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c 8y c 8y c 8a éaijsi
t* = _1 _2 . -n m *‘_
e =[] T ] e
81 82 8:\
- (] |f2 Ca T
[81] M IS] 2K
81 82 8{\
AN el R i § T
3, 3, 3,
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Degrees of Diffreuliy”

of a geometric program is

(# of terms) - ( 1 + # of variables)

.

/ A A
naTber of diisl fnTiber oF diial equaliiy
(Fialioty CONRSErEnts
(rommalitl + ortfogonalit i
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Minimize 1/ st. x>0
piq

Fhe minimum is not
gliained gt any
rinite @i of v

There is a single term, so that the dual program is

DGP: Mazximize (é_)a

subjectto §=1

C— RORTIEEN Conaiiion

-6=0 &— ordfagonslit )y conaiiion
§=0
7There is no 1egsible solution of th
diial Geoimelinic prograi!
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That is, if t* is optimal in the primal GP,
then §* is feasible and optimal in DGP,

where mooag;
c; ITt;
L
i g(t*)
and
gltt] = v(8%)
Q.E.D.

)

|
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)
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3
Minimize Cix +

Eramples

[Mimmize IA st. x>0 Gravel Box Design

J

[Minimize x st.x0 ]

Gravel Box with Runners

[
[
[
[

Gas Transmission Line

<D
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Minimize x st. x>0

The minimum is not
Fligined st an\
pasiiive \waive of v

There is a single term, so that the dual program is
DGP: 1
Mazximize (?)

subjectto §=1

&— nonmality condition

§=0 &— artfiogonslity condition

50
There is no feasible solition of i
aiisl geomelnic prograntt
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Example

3
Minimize f(x)=Cx + C2
b4

GP: ,where Cy>0& Cz>0

Define two dual variables, one per term of the posynomial:

CIX — 81
C -
=2 = Cox L “— 82
8+ 8, =1 =— Morvmalite constraint
38,-8, =0 = arthogonsiiti constraint
3,°0&8,>0 J
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The constraints of DGP (2 equations with 2 variables)
have, in this example, a wigue feasitiie safilion.

8+ 8, =1 N 8, = %
38,-8, =0 5 - %
3,>0&38,>0
cte)¥ (o £ c, A 13/4 o3
- " g - oo
3/ 9 Va4 3% 3
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In this example, DGP had a unique feasible
solution... such is not the case in general,

so that one must actually solve a maximization
problem in DGP!
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Decision Variables

%y = length (m)
"3 %o = width (m)
%z = height (m)

"2 X1

end: HaXz (m?2)
o (o side: X%z (m?2)
1%2%3 (M) bottom: %%, (m?2)

@©D. Bricker, L. of 1A, 1998

11/16/98

The dual objective:
5

wo- il (6

270

81,02
DGP:  Maximize 51) Ce
8,/ \8;
subject to
S+ 8, =1 =— Mormality constraint

38,-8, =0 = arthogonsiiti constraint

3,>0&8,>0

@©D. Bricker, U. of 14, 1998

Computation of the Primal Optimal Solution

3 C,
5. = |/4 _ CyxX 5. - 3, - *
l f(X*) ‘ 7 f(X*)
Y s
Since f(x*)=v(8*) = 4 [;_] C, Atc2/4
3 Va
%k:% (4) [;—]/AC1]/4'C2% = x*= 1_ C1-1/4C21/4
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Example:

Gravel Box Design

400 m of gravel is to be ferried across a river on a barge.

A box (with open top) is to be built for this purpose. Afterall

the gravel has been ferried, the box is to be discarded.
fransport 10¢ per round trip of barge

materials sides & bottom of box: $10/m
<:5 ends of box: $20/m

Costs:
@©D. Bricker, U. of 14, 1998

Cost function

3
Transport cost: (0.10 $ )M

3
KiXgXs m/tr‘ip
20 $/ 2)><2><3m2
m
10 $/ z)x1 ><3m2
m

0%/,
m

trip

ends of box: 2

Materials
cost:

sides of box: 2

bottom: 2

2
Ky KoM

@©D. Bricker, L. of 14, 1998
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total
cost

f(x) = 4Ox]|x;]x;]+40x2x3+ 20% x5+ 10%,%,
(Nl B N N N

rEnsnait EHGS siges Lallom

a posynomial!
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cost: 40><;I><;I><;I + 40x%,x3+ 20% %z + 10 %,
| N N S N

2renspart EHEE siges batiom

= 4O><1 ><2 ><3 + 40 ><,><2><3 + 2O><|><2><3+ 10><‘,><;><§
The orthogonality constraint corresponding fo x, Is
_8]

+8;+8, =0

(exponent of X; in term I 1s the coelficient of &5 7

Sa

=1
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8 8, 83 84
maximize v[8]= 40)(40) 720} (10
8, \8,) |85 |8,

8+ 82+83+ 84 =1
-3, +8;+3, =0
-8, + 38, +8, =0
-8, + 8, + 3 =0

8,>0,i=1,2,3,4

@©D. Bricker, U. of 1A, 1998
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LDefine a “weight’, i.e., dual variable, for
each term of the cost function.

81+ 8, +83+ &4

.

=1, 8>0, i-1,2,3,4

-

normalily constraint

In addition, there will be an "orthogonality
constraint” for each of the {primall variables.
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40><, ><2 ><3 + 40 x9xL x5 + 20x x9x5 + 10x xo%S
exponeit insiiix:
-1 -1 -
-8, +3;+8, =0 A= ? é :
=8, + 3, +8, =0 110
-8, +8,+ 3 =0

orthogonality
constraints

@©D. Bricker, L. of 14, 1998

7 £05 ol agait DGF 1255 3t oqua! mimiber
OF \EIEhies and equalions, wilh @ wngue 1essibie
salution

GaLss-Jordan
3+ Ja+83+ 84 =1, eliminstion
-3, +8;+ 8, 0 Vields
-8, + 8 +38, =0 5 =04
12 4 8,=02
-8, +8,+ 85 0 83=02
84=02

@©D. Bricker, U. of 14, 1998

-1 -1 -
cost: 40x; x, %z +40x,xz+ 20% xz+ 10xx, Computation of the optimal primal variables
[N S N N
2renspart EHEE siges batiom -1 -1 -1 i :
5% - 04 < | 0% %, x5 At the op‘tlmum solutions
) . L k%) of the primal & dual,
We immediately have the result that I f(x*) = v(§%)
) =04 40 %, %
8,-02 transportation cost = 40% of {otal cost 33=02= il ><2* )3 where
8:=02 cost of ends = 20% of {ofal cost 40 81 40 82 ‘20 83 10 84
84=02 cost of sides = 20F of total cost _20%%s V) = (8_) (8_) (8_) (S_J
cost of bottom = 20% of total cost f(x*) I 2 ? 4
This is independent of the cost coefficients! 8%-02 < 10%, ><2 v(8%) = 100
(e.g.,, 10¢/trip, etc.) 4= T

@©D. Bricker, L. of 1A, 1998
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Solve for x.

40% %, %5 = 40
-1 -1 -1
40%, %, x5 = (0.4)100) =40 40 % ,%5= 20
40><2X3 = (O.2)(100)=2O 20)(]}(3:20 j
20x %35 = (0.2)(100) = 20 10 %, = 20
10xy%, = (0.2)(100) =20
2 z,=1n 2 Xy =2
7his can be done by taking logs of bolh sides, = 42,=0=In1 = %=1
lo get a linear system in the logarithms ol x; Zz=-In2 X3 =15
@©D. Bricker, U. of 1A, 1998 @©D. Bricker, U. of 14, 1998

HModification of ariginal problem.

Decision Variables

To ease sliding the box onto the barge,

B ]ehc?tthh Rl while eliminating wear & tear on the bottom,
: :]\”, ht f ]1 m “runners” are to be placed on the bottom,
= height =/2m along the length.
) | Cost of materials for runners: $2.50/meter
end: Ko®z = 1o m?
" side: Xi¥s =1 m? ,
bottom: %%, =2 m? Cost of runners:
2(2.50)%, = 5x,
@©D. Bricker, L. of 1A, 1998 @©D. Bricker, L. of 14, 1998
-1 -1 -1
cost: 40 Xy ¥z +40KyK3 +20% X3 +10% %, + Sy, DGP The dual geometric program
Lrensaet &nas siges batinn UGS 8y 8y 8z 84 s
.. . maximize V(8] = 40} 40} 120} 110} 15
7his inlroduces a new dual variable, 8 - 1 3, 32 34( |85
81+ 82+83+ 84+ 85 =1
8]+ 82+83+ 84+ 85 = 1 Mow there she ! 2 3 4 ® -0
8. +8.+8.+8. =0 5 variablies, but T8 Oy =
! 3 4 3 ol F equslions! -5, + 8 + 8 =0
-8, +8,  +8, =0 bR 4
-8, +3,+3 =0
-8, + 8, + 85 =0 b
3;>0,i=1,2,3,4.,5
@©D. Bricker, U. of 1A, 1998 @©D. Bricker, U. of 14, 1998
di+ 82+33+ 84+ 85 =1 8 8, 55 84, 185 31 =04 - 0285
-8,  +8;+8,+8, =0 vig) =29 [49) (29} (19} S 4 | 32=02+ 0485
5.+ 5 +3 =0 3, 3, 8 8,1 185 8z=02- 06 &
1 2 4 ) - 84=02- 06 85
-8, +8,+ 3 =0 5l =
%1 82 35 34 35 el- 4-.26 2+.46 2-66 2-66
RN R B 1 0 0 0 02 04 [40‘]"5"40‘]"5'20‘]"5101'5555
Lo 110 0 1 0 0 -04 02 4-.28 2+.48 [.2—.65 [.2-.68.‘ [8_]
110100 — |00 1 0 06 02 ! ! ! ” ’
(111000 0 0 0 1 0602 We now have a function of 2 single variable to be
8 =04 - 028 MANINIZET, Wsing, For example, golden-section
(ESS-AordE = 32=02+ 04385 search!
Elimination 8:=02- 06 8

84=02- 06 85

@©D. Bricker, L. of 1A, 1998 @©D. Bricker, L. of 14, 1998
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What 75 the initial interial bounding the oplimum?

@©D. Bricker, U. of 1A, 1998

69

110

v

Q0

80

70

60

35
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T

3 =04- 02852 0 8 < 2
62:0»2+ 0.4 852 0 852 -5
83=02-0685> 0 35 < 4
3,=02-068> 0 3 <
0 <8< %
85 V[S] 85 V[S]

0.005  102.012 0.115  106.842

0.04  103.334 0.12  106.427 *

0.015  104.388 0.125  105.974 —

0.02 105.261 0.13 105.485 85 =0.07 £ 0.005

0.025 105.995 0.135  104.96

0.03  106.615 0.14  104.401

0.035  107.135 0.145  103.809 ae] =

0.04  107.567 0.15  103.183 V[8 108

0.045 107.92 0.155 102.526

0.05  108.201 0.16  101.837

0.055 108.414 0.165  101.113

0.06  108.564 0.17  100.369

0.065 108.655 0.176 00,5013

0.07  108.69 0.18 98.7847

0.076  108.672 0.185  97.9502

0.08  108.602 0.19 97.0883

0.085 108.484 0.195  96.1995

0.00  108.318 0.2 95.2843

0.095  108.108 0.206  04.3431

0.1 107.853 0.21 93.3765

0.105  107.557 0.215  92.3847

0.1 107.219 0.22 91.3681
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The economic model for the annual cost of a
furnace in which a slag-metal reaction is to
be conducted is:

13 3 2 2 -11 2 4
CILT)=1x10 /LT +100L +5x10 LT

where

L = characteristic length of furnace (feet)
T = temperature (° Kelvin)

Find the minimum cost and the optimal [ & 7.

gﬂi

T T T T T
IIEEEEEEEE NN

are

where

C(LDF) = 4.55x10]

L
D
F
P

6
, 657x10
L

The annual costs of a gas transmission line

LI/Z 4
—[+369x10D

387 2
FO 337D 2,

8F
+7.72x10 T

= pipe length between compressors (ft)

= pipe diameter (inches)
= p0219  _

= ratio of inlet to outlet pressure

1

I
T
T

TTTL

11

)

1
H el bk




