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There are many wvalid "cutting patterns” which will
provide the required lengths, e.g..

14 feet

scrap:
1 foot
In Stock: Required:
k|1 23 i|123
Ly|914 16 il 45 7
Cg|S 910 b; | 30 20 40
14 feet

scrap:
1 foot

0

F we rgnore the inleger restriction on X7
and solve the [P relaxation, we can olten
get a good inleger salution by rounding, elc.

In the LP relaxation, at most I patterns
will be used (in abasic optimal solution)

In a typical problem, there may be
an "astronomical” number of possible
patterns, even though a relatively small
number are used in the optimal solution.

page 1

A certain material (e.g., lumber) is kept
in stock in standard lengths:

length (ft)| 9 14 16
cost ($) 5 9 10

An order is received:

length (ft) | 4 S5 7
# pieces 30 20 40

How should these required pieces be cut from the
standard lengths, so as to minimize the cost?

Ly, L,,... Ly standard lengths
Cy, Cp,... Cg costs

2,4, 4
by by, . by

A cutting pattern #j
k(j) index of standard length used by pattern #j

required lengths
# pieces required

A{ # pieces of length ¢, produced by pattern #j

X; = * of times pattern j is used

Integer LP
Model

I
Minimize 3 Cyg X
j=1

J .

st. > Al Xjz b, =12, 1
j=1

X;z0 andinteger, j=1,2,---J

= At each iteration of the
| Column Generation | revised simplex method,

Scheme for LP a simplex multipfier T

is computed.
A pattern [a;, a5 ...a; ] may be entered into the
basis if its requced cost is negative, ie., if
ie., ZI: na; > Cy
i=1

I
and feasible,i.e., X fia = Ly
i=1

Cg-na<0

where Ly is the length used by the cutting pattern
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Column Generation
Scheme for LP

Given T, solve

Subproblem:

the knapsack
problem, which
(if ma>Cy ) yields
a pattern which
may be entered

into the solution.

I
Maximize > mnjaj
i=1

I
s.it. > fQiaj< Ly
i=1
a;,az,---a; =0 and integer

I
Maximize > mnja;

i=1

Filling :
s.it. > fiaj = Ly
i=1
aj ,az,---a] =0 and integer
Step 1
Order the requested lengths according to the ratios
of "payoff” per unit length, T VL
/Qil /Qiz /Qi.l

I
Maximize > mnja;
i=1

I
s.it. > fiaj< Ly
i=1
a) ,az,---a; =0 and integer

fi(L) = maximum value which can be attained using

lengths £, through i

when L units of

capacity remain in the knapsack

= max {®ja; + fi (L -Liag) ] fori=1,2,...1
f(L)= 0
In Stock: Required:
Solution of k|1 23 il123
Example
Ly| 914 16 Q|45 7
Cg|5 9 10 b; | 30 20 40

To begin our column generation algorithm, we shall
(arbitrarily) propose the following three patterns
cut from the 9-feet stock length:

27 [0 0
0|:|1[,&0
ol lo 1

o F-HE gy
51 fength
o 7 ferngliy
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If dynamic programming is
used, then we will obtain a
solution of the subproblem for
each standard length.

We can then add each pattern to the LP if the
pattern's reduced cost is negative.

Solution of
Knapsack

Subproblems

A feuristic method (which is faster than DP but
doesn't guarantee the optimal solution to the
knapsack problem) may also produce patterns with
negative reduced cost to be added to the LP.

Fill the knapsack with the maximum

: Filling possible number of pieces of length _{j,
Ly “taor”
aj; = ,/Qx/ Function
1

Fill what remains empty (Lg-Lia,) with

as many pieces as possible of the next most
"valuable"” length ( Li, ), etc., until the knapsack is
filled or the last length {; has been tried.

Compute fo, fi, f5, ... ]
recursively for all permissable
values of L.

DP Solution
of Knapsack

Probl

Thus, all subproblems have been solved by computing
fr (Lx) for k=1,2, ... K.

Our initial LP is

Minimize 5X; + 5X; + 5X5
s.t. 2X1 - Sl =30
X2 - Sz =20
X3 - S3 =40
X;20, k=1,2,3; §;20, i=1,2,3

with the optimal solution:

X =15, X,=20, X;=40, §,=5,=8,=0
n=25,n,=5,n;=35, cost= $375
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Heuristic

Knapsack Max 2.5 a + 5a2+ 53,3

s.t. 4a; + Say + 7a; < 16
a; = 0 & integer, i=1,2,3

Filling

Let's try generating a cutting pattern from the
longest (16-ft) stock using the heuristic method:

® sort the rgmts: Te LT, i.e.,%>%>§%
PN CP ¥

# fill the knapsack with as many as possible of the

o-ft lengths, i.e., az=[15—6 =3
The new LP IS Mvinimize 5X,+5X,+5X5+10X,
s.t. 2X1 - S1 =30
Xz +3X4 - S2 =20
X3 - S3=40
X;20, 820 k=1,2,3,4;s=1,2,3

which has the optimal solution:
X=15, X;=40, X4_ 3, X,=8,=8,=58;=0
Ry = 2.5, % = 12, 1 = 5, cost= $341.67

We fill the 16-ft knapsack with as many of the 7-ft
required pieces as possible:

a3=l17—6=2

This leaves 16-2x7 = 2 feet capacity, which is

insufficient for any of the other required lengths.
The pattern generated by the heuristic method is
therefore [O

0
2| with reduced cost 10 - 5x2 = 0.
i.e., this pattern is not useful in the LP.

LP X;=15, X42%, Xe=20
Solution: | g, =25, 5,= 1g, ;= 4.5, cost= $321.6

The next subproblem is Max 2.5 a, +1%a2+5a3
s.t. 4a; + Say + 7ag = |

a; = 0 & integer, i=1,2,3

where L is either 9, 14, or 16.
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# after including 3 pieces of length 5 feet,
16 - 3x5 = 1 foot of capacity remains.
This is insufficient for any of the other required
pieces, ie., az=a; =0.

Fhe heuristic method has produced the pattern

0] with reduced cost 10 - A= 10-15 = -5
3
0

The reduced cost is negative, so it is worthwhile
to add this pattern to the LP.

A=

Let's try generating another useful pattern by the
use of the heuristic method on the 16-ft stock length:

Max 2.5 a; + ,1%&2 + Say
s.t. 4a; + Sa; + 7a3 < 16,
a; = 0 & integer, i=1,2,3

Sort the required pieces:

n3 E2>R} 1e,7>—10/3 2/%
2 1

If we apply the heuristic to the 14-ft stock length,
we again obtain a, =a,=0, az=2, but because the
cost of the 14-ft stock length is lower, the reduced

costis 9-5x2=-1 <0, 0
Therefore, we add the pattern A’ = 0] (withk(5)=2)
2
Minimize 5X; + 5X, + 5X5 + 10X, + 9Xs
s.t. 2X1 'Sl 230
X, + 3%, -8, =20

X3 + 2X5
Xxz0, S;=0 k=1,2,3,4,5;s=1,23

-S3=40

Heuristic pattern generation from 14-ft stock length

Max 2.5 a; + ,1%&2 + Sag
(=14

s.t. 4a; + Sa; + 7a3 < 14
a; = 0 & integer, i=1,2,3

Sorting the requred lengths:
105 45 25

T . :
2 > 3>n1, ie., 2 ,/7>,/4

L W 4 s
We can include 2 of the 5-ft pieces, leaving 14-10=4
feet capacity. The next length to try is 7-ft, but there
is insufficient capacity; finally, we include 1 of
the 4-ft pieces, exactly filling the knapsack.
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. 1 LP
We have thus generated the pattern A" =2 Minimize 5X, + 5X; + 5X5 + 10X4 + 9X¢ + 9X;

0 st 2%, + X -8 =30
from the 14-ft stock length. Because the reduced Xz +3X4 +2Xe -8; =20
cost of this pattern is Xs +2Xs -8, =40

) 10 ., X20, k=1,2,3,4,5,6; 820, s=1,2,3
Cp- 2 may=9-[2.5x1 +?X2+4'5X0.|:'0'17 <0

1
we will add the pattern to the LP:
Minimize 5X; + 5X; + 5X5 + 10X, + 9Xs + 9X;

s.t. 2X, + Xg - 5y =30
Xz + 3X4 + 2X5 - SZ =20
X3 + 2X5 - S3 =40
X0, k=1,2,3,4,5,6: $0, s=1,2,3
Heuristic solution 39

of knapsack problem: Maximize 2.5 a; + Eag +4.5 a3

s.t. 4a+5a+7a3< 14
a; = 0 & integer, i=1,2,3

Sort the pieces: Tz M3 .My e 3./2% N 2}2/2
2 3 1

Using 14-ft stock length, we include a,=2 of the 5-ft
length, a;=0 of the 7-ft length, and a,=1 of the 4-ft
length; éut this was patiern *& (which now has
reduced cost 0)

Minimize 5X, + 5X, + 5X5 + 10X4 + 9Xs + 9X,+ 5X5
s.t. 2X1 + Xs +X7 - Sl =30
Xz + 3X4 +2X+X7 -8, =20
X3 + 2Xg -85;=40

Xxz0, k=1,2,3,4,5,6; 5iz0, s=1,2,3

LP Solution: X,=5, X=20, X7=20
R, =2.5, R, =2.5, 13 = 4.5, cost= $305

Max 2.5 a; + 2.5 a; + 4.5a;
s.t. 4a; + Sa, + 7az < |
a; = 0 & integer, i=1,2,3

Column-generating
subproblem:

The heuristic method is unable to generate a pattern
having a negative reduced cost... however, because
it doesn't in general optimize the knapsack problem,
there may be other patterns which do have negative
reduced costs.

Therefore, we must now apply the DP (dynamic
pregramming) algorithm.

with solution
X,=10, Xs=20, X,=10
ny =2.5,n, =3.25, 15 = 4.5, cost= $320

If we apply the heuristic pattern-generating method
to the 9-ft stock length, we get the pattern

1
A = (1) with reduced cost

Cy- > mya=5-12.5x1 + 3.25x1 + 4.5%0) = - 0.75
i

and so we will add this pattern to the LP.

Applying the heuristic
method to the knapsack

Max 2.5 a; + 2.5 a, + 4.5a;
s.t. 4a; + Sa; + 7az = |

problem: a; = 0 & integer, i=1,2,3
Sorting the req'd pieces:

n/3>n)>f‘3,i.e., 2 > 2>4'g

/Q3 /Ql /Qz

Using L=9, we get as; =1, a,=0, a, =0, which is
pattern #3 again, now with reduced cost 0

Using L=14, we get a; =2, a, = a, =0 with reduced
cost =0

Using L=16, we get a; =2, a,=a,=0, which has reduced
cost =+1.

Stock Plece 1 (Length 9
*%%x Optimal knapsack value 1s § %

*%* There are 2 optimal patterns from this stock pilece **x

Optimal Pattern # 1 from this stock piece

1 a
4 2
5 0
70

Scrap remaining: 1

INI |

Optimal Pattern # 2 from this stock piece E

Scrap remaining: 0

[RTNTETSY
e LS I
oD

Reduced Cost: 0
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Stock Plece 2 (Length 14)
Stock Plece 3 (Length 16)

*%% Optimal knapsack value ig 9 #**x
P P i 1 a *%% Optimal Knapsack value is 10 sk
14 0 ining: i1 a
3 5 9 Scrap remaining: 0 i a1 1 Serap remaining: 0
T R
Reduced Cost: 0 Red . o
educe ost:
S v X: 0 1 2 3 4
- Stage 2 E svx: 0 1 2 3
P18 am nmes in
3 0 _999:99 -000 -9909.00 -000 0 0.00 :999.99 :999.99 :999.99
- . - . 1 0.00 ~999.,99 -900 90 999,99
3 0 999.99 -999 -999,99 -999 - - -
. . 2 0.00 ~999.,99 -900 90 999,99
4 0 2.50 -999 -999.,99 -999 - - -
. - . 3 0.00 ~999.,99 -900 90 999,99
5 0 2.50 -999 -999.99 -999 - - -
. - . 4 2.50 7999.,99 -900 90 999,99
6 0 2.50 -999 -999.99 -999 - -
. . 5 2.50 2.50 ~999.99 999,99
7 0 2.50 -999 -999.99 -999 - -
- . 6 2.50 2.50 ~999.99 999,99
g 0 2.50 5 7099.99 ~000 - -
- . 7 2.50 2.50 ~999.99 999,99
9 0 2.50 5 7099.99 ~000 - -
- . 8 5.00 2.50 ~999.99 999,99
10 0 2.50 5 7099.99 ~000 - -
- . 9 5.00 5.00 ~999.99 999,99
11 0 2.50 5 7099.99 ~000 -
. 10 5.00 5.00 5.00 999,90
12 0 2.50 5 7.50 7999 -
. 11 5.00 5.00 5.00 999,90
13 0 2.50 5 7.50 7999 -
. 12 7.50 5.00 5.00 999,90
14 0 2.50 5 7.50 7999 -
. 13 7.50 7.50 5.00 999,90
15 0 2.50 5 7.50 7999 14 7.50 7.50 7.50 "999.99
16 0 2.50 5 7.50 10 . : - -
15 7.50 7.50 7.50 7.50
16 10.00 7.50 7.50 7.50
; v x: 0 1 2 |Optima1 Solution of LP|
Stage 3 | =
? o} 0.00 ~099.99  ~900 90
1 0.00 ~099.99  ~900 90
2 0.00 ~099.99  ~900 90
3 0.00 ~099.99  ~900 90
4 2.50 ~099.99  ~900 90
5 2.50 ~099.99  ~900 90 X _
6 2.50 ~099.99  ~900 90 17
7 2.50 4.50 ~999.,99
g 5.00 4.50 ~999.,99
9 5.00 4.50 ~999.,99
10 5.00 4.50 ~999.,99
11 5.00 7.00 -999.990 Xs5=20
12 7.50 7.00 999,99
13 7.50 7.00 999,99
RS R R B
15 . . .
16 10.00 9.50 9.00 X-=20




