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LP Formulation of the Transportation Problem

Let i index the sources, and j the destinations
m = ¥ of sources, n = # destinations
orven:
Si = quantity of goods available at source i
Dj = quantity of goods required at destination j

Cij = unit cost of shipping goods from source i

. todestination j
Find:

Xij = quantity of goods to be shipped from source i
to destination j
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The standard, "balanced”, transportation problem
has total supply = total demand

m n
Z SF_Z; Dj
i=

i=1

so that all constraints will be "tight” at a
feasible solution, i.e.,

n
2 Xy=8; fori=1, ... m
=1

m
Z; Xy=D; for j=1, ...n
b
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|Conversion to Standard Form E

H\/\/hen total supply exceeds total demand: X §; > 2 D;

i=1 j=1

Wwhen total demand exceeds total supply fj 8;< i D,

i=1 =1

Create a "dummy” destination (n+1) whose
"demand” is equal to the surplus supply:

m n
Dml:Z Si - Z Dj
i=1 j=1

and let the cost of "shipping” to this destination
be Cinn = 0

(X, will equal the
unshipped supply at
source i)

In this case, the problem is infeasible, i.e., not
all demand can be satisfied.

One can create a "dummy"” source (m+1) whose
available supply is ttl}e shortfall, i.e.,

m
Sm+l:Z Dj - Z Si
j=1 i=1

and define the cost of "shipping” to be
C ms1,j = Unit shortage cost at destination j
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The TP Lableaug

Dstns

EXCESS
sources~_ATLANTA LA, DALLAS CHGO. NY.  CAP. supply
HOME 12

cITY .95 1.05 .80 15 1.00 0
BRANCH
P 35| [r.s0] [ra0] [8o| [30] [ o] °
BRANCH 15
2 -90| [1.80 11.60| |.70 .85 0
demand: sum=
5 4 4 11 8 2 34
Lt sfnpoing
Shivments oSt
ol be prvtiier:
fere
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The Simplex method requires a
BASIC FEASIBLE SOLUTION (bfs) to begin.
(# of basic variables is m+n -1)
F commaonly used melhods
Northwest Corner Method
Least-Cost Method

Vogel's Approximation Method

®©Dennis Bricker, U. of lowa, 1997
Northwest Corner Rule E
EXCESS
ATLANTA L.A. DALLAS CHGO. NY. CAP. supply
HoME |5
cITY .95 | fr.os| [.s0]| [.15] [1.00 0| 2.7
BRANCH
1 .35 1.80| |[1.40 .80 .30 0 ?
BRANCH 15
-2 90| |[1.80] [1.60| |.70| |.85 0
demand: | -5 4 4 11 8 2 sum=
0 34

Starting in the upper-left ("northwest") corner, i.e, the
shipping route from HOME CITY to ATLANTA, we assign

X = minimum {12, 5} =5 to the route, and reduce the
supply at HOME CITY, and the demand at ATLANTA each by 5

7/28/98
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Even though the transportation problem is an
LP problem and is solved by the Simplex Method
for LP, we do not use the usual LP tableau.

©Dennis Bricker, U. of lowa, 1997

To perform the Simplex Method,
we need to:

obtain an initial basic feasible solution

"price” the nonbasic variables &
select an entering variable

select the basic variable which
will leave the basis

How are these steps performed using
the transporiation tableau? &

®©Dennis Bricker, U. of lowa, 1997

Obtaining an "Northwest Corner Rule”

initial b.f.s.

Step 1: Assign to the upper left corner of the
TP tableau the minimum of the supply in that
row & the demand in that column:

X;= minimum{S; , D; }

Step 2: Reduce the supply & demand for that
row & column by Xj;

Step 3: Delete any row &/or column with zero
supply or demand, and return to step 1.

©Dennis Bricker, U. of lowa, 1997

Northwest Corner Rule E

EXCESS
ATLANTA LA. DALLAS CHGO. NY. CAP. supply
HOME
cITY 0| I3
BRANCH 7
=1 0
BRANCH 15
2 0
demand: | ~5. 4. 4 11 8 2 sum=
0 M 34

Assign X;,=min{ 7, 4} = 4 to the shipping route
from HOME CITY to L.A.
Reduce supply for HOME CITY & demand for L.A. by 4
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I Northwest Corner Ruleg

7/28/98

EXCESS
ATLANTA L.A. DALLAS CHGO. NY. CAP. supply
HOME [ 13
cITY 80| [1s| [o0 [ o] TEIF3E.0
1
BRANCH 1
.1 | [1.40] [.80] [.30 o] *
BRANCH 15
2 8D [1.60 .70 .85 0
demand: | ~5._ 4. 4 11 8 2 sum=
0 0 1 34

Assign X;3= min { 3, 4} =3 to the shipping route
from HOME CITY to DALLAS
Reduce supply at HOME CITY & demand at DALLAS by 3

©Dennis Bricker, U. of lowa, 1997

Northwest Corner Rule E

EXCESS
ATLANTA LA. DALLAS CHGO. NY. CAP. supply
HOME
CITY R0
BRANCH 6.0
=1
BRANCH - 15
*2 B
demand:| ~5. 4. 4. “H-. 8 2 sum=
0 0 \'1]\ 5 34

Assign X,4,=min {6, 11} = 6 to the shipping route

from BRANCH #1

to CHGO.

Reduce supply at BRANCH #1 & demand at CHGO. by 6

©Dennis Bricker, U. of lowa, 1997

Northwest Corner RuleE

EXCESS
ATLANTA L.A. DALLAS CHGO. NY. CAP. supplg
HOME 3
CITY .80 B
BRANCH 1
P 1,40 ?
BRANCH 15
*2
demand: | 5 4 4 1 8 2 sum=
34

These 8 shipments are feasible & basic
Total cost of this shipping plan is $27.85

R

®©Dennis Bricker, U. of lowa, 1997

Least-Cost Rule §

EXCESS
ATLANTA L.A. DALLAS CHGO. NY. CAP. supply
HOME 1
cITY .95 | [1.05| [.80| |[.15] [1.00 0| 1!
BRANCH
1 .35 1.80| |[1.40 .80 .30 0 ?
BRANCH 15
-2 .90| [1.80] [1.60 |.?0| |.85 0
demand: | 5 4 4 "H. 8 2 sum=
0 34

Ignoring the EXCESS CAPACITY destination, the least-cost

shipment is from HOME CITY to CHGO.

Assign min{12, 11} to this shipping route, and reduce the

supply & demand.
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Northwest Corner Rule g

EXCESS
ATLANTA L.A. DALLAS CHGO. NY. CAP. supply
HOME [5
CITY “HRITE.0
BRANCH ~2_ 6
*1
BRANCH 15
*2
demand: | “5. 4. 4. 11 8 2 sum=
0 0 \E\ 34

Assign X,z=min{7, 1} = |1 to the shipping route
from BRANCH #1 to DALLAS
Reduce supply at BRANCH #1 & demand at DALLAS by 1

©Dennis Bricker, U. of lowa, 1997

Northwest Corner Rule 5

EXCESS
ATLANTA L.A. DALLAS CHGO. NY. CAP. supply
HOME
cITY RTITEL0
BRANCH 6.0
-1
BRANCH 8 2 15
*2 .70 .85 0
demand: | ~5._ T T4 THe 8 2 sum=
0 [ 5 34

0
Continuing, we get X;,=5, X35=8, and X34=2

®©Dennis Bricker, U. of lowa, 1997

Obtaining an "Least-Cost Rule”

initial b.f.s.

Whereas the NW-corner rule ignored costs
completely, this rule selects the least-cost
shipping route for the next assignment.
(Otherwise, similar to the NW-corner rule.)

©Dennis Bricker, U. of lowa, 1997

Least-Cost Rule §

EXCESS
ATLANTA L.A. DALLAS CHGO. N.Y. CAP. supply
HOME
cry | [95]| [res| [.s0 100 [0] ™!
7
BRANCH
-1 35| [1.80] [1-40 30 [o] ™°
BRANCH 15
-2 90| [1.80] [i.60 .85 0
demand: | 5 4 4 TH. 8. 2 sum=
0 ; 34

Assign minimum {7, 8} = 7 to the shipping route from
BRANCH #1 to N.Y,, and reduce the supply & demand
for this route.
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Least-Cost Rule E

EXCESS
ATLANTA L.A. DALLAS CHGO. NY. CAP. supply
T

HOME

cITY 105 T
BRANCH .0

*1
BRANCH Tt5. 14

2 .90 1.80, |1.6 ‘ .85 0
demand:| 5 4 4 . 8. 2 sum=

0 e 34

Assign minimum {15, 1} = 1 to the shipping route from
BRANCH #2 to N.Y, and reduce supply & demand

©Dennis Bricker, U. of lowa, 1997

Least-Cost Rule E

EXCESS
ATLANTA LA. DALLAS CHGO. NY. CAP. supply
HOME 1
Hone T2 0
BRANCH 3.0
1 1
BRANCH | O “t5.H4.. 9
-2 .90| [1.80] [1.60}:: : 0
demand: | -5 4 . M. 8. 2 sum=
0 3 0 "“‘5\ 34

Next, we assign minimum{14, 5} = 5 to the shipping route

from BRANCH #2 to ATLANTA, and reduce supply &
demand.

©Dennis Bricker, U. of lowa, 1997

Least-Cost Rule E

EXCESS
ATLANTA LA. DALLAS CHGD. NY. CAP. supply
HOME 1"
cITY 15 12
BRANCH 7
*1
BRANCH | 1 2 15
-2 90| [1.80] [i6 .85 0
demand: | 5 4 4 1 8 2 sum=
34

These 8 shipments are feasible, and a basic
solution, with cost $21.90

@

®©Dennis Bricker, U. of lowa, 1997

Vogel's Approximation
Method (VAM)

Find the maximum penalty (which may be on
either a row or column), and the least-cost
cell within that row or column.

As in NW-corner Method, assign as great a
shipment as possible to this cell, reduce the
supply & demand for the row & column, and
repeat (recomputing the penalties)

7/28/98
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Least-Cost Rule E

EXCESS
ATLANTA LA. DALLAS CHGO. NY. CAP. supply
HOME 1 e |
cITY 1.05 R
BRANCH 20
-1
BRANCH /—{ /—( 5.7t 9
2 90| [1.80] [1.60 0
demand:| 5 4 e THL T8 2 sum=
3 0 “E\ 34

Assign minimum{ 1,4} = 1 to the shipping route from
HOME CITY to DALLAS, and reduce the supply &
demand.

©Dennis Bricker, U. of lowa, 1997

Least-Cost Rule E

EXCESS
ATLANTA LA. DALLAS CHGO. NY. CAP. supply
HOME g
el 12 0
BRANCH 20
=1
BRANCH “t5. 7t 9
2 7y, 1.80, [1.60:: 0
demand:| 5. 4 4. “H. 8. 2 sum=
0 3 0 ““l}i\ 34

¥We continue, assigning the amounts required by each
of L.A., DALLAS, and "EXCESS CAP." to the shipping
route from BRANCH #2

®©Dennis Bricker, U. of lowa, 1997

Obtaining an
initial b.f.s.

Vogel's Approximation
Method (VAM)

For each row, compute a "penalty” equal to the
difference between the two smallest costs in
that row.

{1 we dio NOT select the least-cost cell in this row for 85signing

7 shipinient, we will pa\v st least 145 much mmore per it il

Likewise, compute a "penalty” for each column,
equal to the difference between the two smallest
costs in that column.

Py

©Dennis Bricker, U. of lowa, 1997

EXCESS
DALLAS CHGO. N.Y. CAP.

o680 055 055 ©

ATLANTA LA
255 075

supply

Gy 275| [95] [os| [0] [a5] m [o] "

BRNCH 250 T55] [i.so| a0 [8o] [30] [ o] *

BRANCH 0.70| [90| [180 [r60 [70] [#5] [ 0]

demand: 5 4 4 11 8 2 .
The penalty for DALLAS is j

1.40-0.80 = 0.60 i.e., if DALLAS does not receive

its shipment from HOME CITY,
the cost will be at least 0.60/unit greater
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EXCESS
ATLANTA L.A DALLAS CHGO. N.Y. CAP. SUDDlg
0.55{0.75 0.60 0.55 0.55 0O
St
HOME
e 275 95| *fos| [so] [15] oo [0] ™ ®
ANCH
BRANCH 0.50| 55| [1.80] [ra0] [s0] [30] [ o]
BRANCH 15
oy 2701 oo [1.80] [160] [70] [85] [ o
demand: 5 4. 4 11 8 2 sum=
0 34

The maximum penalty is that for L.A.
So we select the least-cost cell for L.A. (HOME CITY-L.A.)

©Dennis Bricker, U. of lowa, 1997

EXCESS
ATLANTA L.A. DALLAS CHGO. NY. CAP. supply
0.55 0.60 055 0.55
HOME
CITY @) 95 8. 0
BRANCH ?
e 97| [35
BRANCH 2 15013
AN o.15 [o0] iis

demand: 5 . 4 . 8 2. | Sums

0 3 0 34

After updating the penalties, we select the HOME CITY row,
and the least-cost cell in that row (HOME CITY - CHGO.)

©Dennis Bricker, U. of lowa, 1997

EXCESS
DALLAS CHGO. N.Y. CAP.

020 0/0 055

ATLANTA L.A. supply

HOME
CITY

BRANCH
*1

278 0

2

i.a0] [.80] [.30
i.60] [.70] [.85]

"5 e 4 s S : N
0 0 3 0

BRANCH o2 /5
*2

demand:

The maximum penalty is now that of BRANCH #1, and we
select the least-cost cell in that row (BRANCH#1 - N.Y.)

®©Dennis Bricker, U. of lowa, 1997

EXCESS

ATLANTA L.A. DALLAS CHGO. NY. CAP. supply
HOME 4
CITY .
BRANCH 7
*1
BRANCH 3 6 15
2 1.60 .70 .85 0
demand: | 5 4 4 11 8 2 sum=
34

The total shipping cost for this solution is $21.35

%

7/28/98
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EXCESS
ATLANTA L.A. DALLAS CHGO. N.Y. CAP. supply
255 260 055 055 o

HOME

oy 277 [os T2 8

BRANCH

1 .50 .35 ?

BRANCH 513

AN @) [90]

demand: 5 sum=
34

The maximum penalty now is that of BRANCH #2.
We select the least-cost cell in that row (BRANCH#2 - EXCESS CAP)

©Dennis Bricker, U. of lowa, 1997

EXCESS
DALLAS CHGO. N.Y. CAP.

220 0210 055

ATLANTA LA supply

HOME
CITY

278, 0

BRANCH p p5 2
*1

BRANCH & /5 1 1513
*2

demand: sum=

34

5. TR 4 e 8 2.
0 1] 3 0

Again we update the penalties, and choose the largest penalty,
that of ATLANTA., and the least-cost cell in that column
(BRANCH#1 - ATLANTA)

®©Dennis Bricker, U. of lowa, 1997

EXCESS
ATLANTA LA. DALLAS CHGO. NY. CAP. supply
HOME 2. 0
cITY 8.
BRANCH 2.0
=1
BRANCH 513
2
demand: 5. 4. 4 . e 2. | Sum=
0 0 3 6 0 34

Since only one source remains, we can complete the solution!

©Dennis Bricker, U. of lowa, 1997

Computing To begin a simplex iteration,
Reduced we must select a variable (shipment)
Costs to enter the solution.

This variable should have a negative reduced cost.

change in cost function
if one unit is shipped
along that route

reduced cost of a route =



Transportation

©@Dennis Bricker, U. of lowa, 1997

The TP tableaut
Dstns

ATLANTA LA

EXCESS
DALLAS CHGO. N.Y. CAP. supply

Sources
HOME
CITY 12
BRANCH ?
*1

BR‘Agcu 5 - : . IE 2|_n 15
demand:| 5 4 4 1 8 2 ‘;:F
Suppose that we ship one unit from HOME CITY
to ATLANTA.
Change in total cost = +0.95 - 0.80 + 1.60 - 0.90
=+0.85
{Reduced Cost)

©Dennis Bricker, U. of lowa, 1997

The TP Lableau!
Dstns

EXCESS

CAP.
Sources ™~ ATLANTA LA. DALLAS CHGO. NY. supply
HOME
cITY 12
BRANCH ?
*1
BRANCH 15
*2 § {) 0
demand: sum=
5 4 4 11 8 2 34

In this tableau, only the (BRANCH#2 - CHGO.) route has a
negative reduced cost (=+0.70-0.15+ 0.80-1.60 = - 0.25)

That is, every unit we ship along this route reduces our
total cost by $0.25.

©Dennis Bricker, U. of lowa, 1997

Then the reduced cost, as in the revised simplex

method, is computed by: S
| reduced cost| 5
:

Cy=Cy- [up ug ooouy, vy, . vy ?
0

Column 0

of tableau :

for xij 0

1

9

=Cy- (u+ vy) s

which is much simpler than identifying the
cycles!

®©Dennis Bricker, U. of lowa, 1997

The Primai LP

Max 12u+7ugt .+ 2v
subject to
U+ v ¢ 095
U+ v < 1.05
U+ vz < 0.80
Up+ vy < 015
Ui+ vg< 1.00

X|1 x!z X% 3 1 + xw Xis xmx‘uxzs Rmxzalexmxuxss&ﬂ Kw xlo

ot - N WSS w o
neoo no® Nesco® com o ae| MN
a e =X S o

111111
111111
111111

1 1 1
1 1 1

.
.
.
.

uz+ vg< 0.85
Uzt vg< O

aoaoa TN

NS ()

(u; & vj unrestricted
in sign)

7/28/98
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The TP tableauE
Dstns

EXCESS

CAP.
sourcos ATLANTA LA DALLAS CHEO. N.Y. supply
HOME
cITY 12
BRANCH 7
*1
BRANCH 4 15
2 .90 0
demand: 4 4 1 sum=
S 1 8 2 34

If we ship ONE unit from BRANCH#1 to CHGO., the
required adjustments are somewhat more complex.
The reduced cost is 0.80-0.30+0.85-1.60+0.80-0.15

= + 0.40

©Dennis Bricker, U. of lowa, 1997

An easier method for computing reduced costs:

Let u;- dual variable (simplex multiplier)
for the supply constraint: .Zixil: s,
i

v; = dual variable (simplex multiplier)
for the demand constraint: m
Xy=D,
i=1
Then the reduced cost, as in the revised simplex
method, is computed by: C;=Cy- (u;+v)

®©Dennis Bricker, U. of lowa, 1997

Computing the simplex multipliers

Recall that the simplex multipliers are the values
of the dual variables.

We will next write the dual constraints, and use
“Complementary Slackness” to compute the dual
variables.

©Dennis Bricker, U. of lowa, 1997

The dual constraints are
u+v;<Cy foralli &j

Complementary Slackness implies that

X;>0 = u+v;=Cy

This provides us with (m+n-1) equations
R_Fof basic variabies
from which we can compute the (m+n) unknowns.
(Recause the system of equations is
‘overdetermined , we can assign an arbitrary
valve, e.g., zero, to one of the dual variables.)

page 6
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EXCESS

™~ f’}‘ ATLANTA L.A. DALLAS CHGO. N.Y. CAP.

&1].

HOME
CITY

BRANCH
*1

BRANCH
*2

4@(3@5

Let's arbitrarily set uy= O
Then complementary slackness implies that

[ o]

uy+vy =080 and W+ =015
= ;=080 = =015
©Dennis Bricker, U. of lowa, 1997
EXCESS
“~._ F; ATLANTA LA. DALLAS CHGO. NY.  CAP.
o .8 .15
HOME : 11
cITY 15
BRANCH
*1 :
4 3 : 2
seon 8| Lon|* oo, (| sl [ o]

Now we can use complementary slackness to
obtain v, v,, Vs, and v,

7/28/98

U.3+ V)= 090 U.3+ Vo = 1.80 U3+ V5= 065 U3+ Vf) =0
=V1=010|| = Y2 =100 =vs=005|| = v5=-08
©Dennis Bricker, U. of lowa, 1997
EXCESS
~ f?' ATLANTA L.A. DALLAS CHGO. N.Y. CAP.
& 1 1.0 .8 .15 .05 -8
HOME 11
cry 0 15
BRANCH 2
*1
4 3
BRANCH -8 1550 e e I P

Now let's use the simplex multipliers to compute
the reduced costs, using the formula: C; =Cy- (u+vy)

611= 0.95-(0+.1)
=0.85

Tye= 080 - (0.25+0.15)
=040

E3q= 070 - (08"'01 5)
=-025

These are in agreement QD
with the earlier computations!

®©Dennis Bricker, U. of lowa, 1997

DALLAS CHEO

Since each unit shipped along
HOMNE 1+9 &1 1-9 the BRANCH#2-CHGO. route
iy reduces our cost by $0.25,
so we wish to ship as much as
possible.
What is the upper limit on 8 ?
BRANCH
2 As soon as 0= 3, the shipment
from BRANCH¥#2-DALLAS

becomes zero, preventing any
further increase in 0

page 7
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EXCESS

. ff}‘ ATLANTA L.A. DALLAS CHGO. N.Y. CAP.

u .8 .15
HOME llm

CITY

BRANCH
*1

BRANCH 5
*2

ol e e o]

Now we can use Complementary Slackness to obtain
ust+ vy =1.60
us+ 8= 1.60
=u3= 8

©Dennis Bricker, U. of lowa, 1997

EXCESS
“~_ F; ATLANTA LA. DALLAS CHGO. NY.  CAP.
2 1 1.0 .8 .15 .05 -.8
HOME 11
ary 0

BRANCH
1

BRANCH .8 |5
2 8 .90 0

Finally, we can use v, to compute u,:

u, +vy =030
= u, =025

®©Dennis Bricker, U. of lowa, 1997

Selecting variable to leave the basis

Once we have selected the variable to enter
the basis, we must select the variable to
leave the basis.

(in the simplex methed, this is usually decided by the
PN RATIOC TEST

@

©Dennis Bricker, U. of lowa, 1997

The TP tableau§

Dstns

EXCESS
CAP.
Sources ATLANTA L.A. DALLAS CHGO. NY. supply
HOME
CITY 12
BRANCH 7
1
BRANCH 4 15
2 .90 0
demand: | 5 4 4 11 8 2 sum=
34

The new solution has a total shipping cost of $21.15,
a savings of $0.75 (= 3x0.25)
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EXCESS
ATLANTA L.A. DALLAS CHGO. N.Y. CAP. Xij> 0
s N . o
%35 135 8 15 3 -55 |ZWrVi=Cy

7/28/98

i
HOME
CITY 0

[15)

BRANCH

BRANCH 5 4 13 1 2
*2 55 .90 i | .70 0
To proceed with the next iteration, we first compute the
dual variables.
For example, start with u; = 0:

o8 v, =0.35
4= 0. _
u1=0${3_ ) v,=1.25
v =015 =u;3=055 = vs=03 = u,=0
v,=-0.55
©Dennis Bricker, U. of lowa, 1997
pst The TP Lableaui
stns EXCESS
Sourcos ATLANTA LA. DALLAS CHGO. N.Y.  CAP. supply
HOME
CITY 12
BRANCH ?
=1
BRANCH 2 15
.2 .90 i .85 0
demand: | 5 4 4 1 8 2 s;':“

We identify the cycle formed by adding the new

shipment, and determine the adjustments required.

The maximum allowed increase in 8 is min{8,4}-4

©Dennis Bricker, U. of lowa, 1997

The TP tableauk

7 09 160 135 07 085 0O supply
_O% . RSP ~
-0.55 7

0 15
demand:| 5 4 4 11 8 2 S;";F

By first assigning u;= 0, the dual variables shown
above are computed.

®©Dennis Bricker, U. of lowa, 1997

7 09 160 135 07 085 0 Recause one
24 4 4 nonbasftc
-0.55 1.05 variable has
-055 a Zeroe
reduced cost,
0 there is an
0
[o] alternate
optimal
—sgltion!
i 1 11 2 2 2 2 3 3

i 1 5 6 1 2 3 4 6 2 3
Ejj +0.6 +0.7 +0.55( (9 )+0.75 +0.6 +0.65 +0.55 +0.2 +0.25

page 8
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EXCESS
ATLANTA L.A. DALLAS CHGO. N.Y. CAP.
2
435 135 8 15 3 -55
7 3
HOME
cary O .80
BRANCH
-1 0

5

s |l o
The reduced costs may now be computed:

Cyy= 0.95-(0+0.35) C;
=+ 060

1.80)

=Cy-(uj+ vy

Since Cyz< 0, we may enter
¥z into the solution.

612= 1.05- (0+1 25)
= =020

etc.
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The TP tableaug

Dstns

EXCESS
CAP.
Sourcos_ATLANTA LA. DALLAS CHGO. N.Y. supply
HOME ;
cITY 80 12
BRANCH 1 2
=1
BRANCH 15
2
demand: 5 4 4 1 8 2 sum=
34

The new basic solution, with the cost reduced
by X, XC12= 4%x0.20 = 0.80
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i

/09 160 135 07 085 O

LI].
-0.55

-0.55

1.05

0

The reduced costs of the nonbasic variables are:
i 1t 1 1 2 2 2 2 2 3 3
j 1 5 6 1 2 3 4 6 2 3
Ty | +06 +0.7 +0.55 0 +0.75 +06 +0.65 +0.55 +0.2 +0.25

Since the reduced costs are nonnegative, the above
solution s optimal!
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The TP tableau§

7 09 160 135 07 085 O supply

1.05 . 12

?

15
d d: sum=
eman 5 4 4 1 g8 2 .

Increasing X,; by 0 results in no change in the
total cost, since the reduced cost is zero.

Any increase up to 5 will be feasible, and there-
fore optimall
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The TP tableaul

7 09 160 135 07 085 0O supply

&
-0.55 4 12
-0.55 |- ?
0 15
d d: sum=
eman 5 4 4 11 8 2 34

For example, an increase of 3 is optimal (although
this gives us 9 positive shipments, which exceeds
the number of basic variables, and is therefore
optimal but not basicl)
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A Complication: Example:
Degeneracy supply

(5] [ ] [&]*

& degenerate feasible | 2 | 2 | 5 4

solution is one in which

a basic variable is zero. 8

_ (4] [2] [8
When this occurs, demand 2 4 10

the next basis change
may not result in an
improvement in the
total cost!
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As B isincreased,
two of the basic
. variables reach

basis, even though
it's value is zero.

| New bfs is degenerate

©Dennis Bricker, U. of lowa, 1997

As we try to increase

Vj 3 9 X13 ,we see that we
Uy are immediately
supply  "blocked" at @= 0l
0 4
If 6 > 0, then Xll
-4 4 becomes negative
(& the solution is
infeasible).
-1 8
Even though we
demand 2 4 10 cannot increase X13,

we do change the
basis.

7/28/98

;' “  zerosimultaneously!
Only one basic

4 variable can be
replaced by Hs,

8 while the other
remains in the

©@Dennis Bricker, U. of lowa, 1997

The TP tableauE

Dstns EXCESS
A . NY. CAP.
sourcor ATLANTA LA. DALLAS CHEO. N supply
HOME 4 4
cITY . 12
BRANCH 7
=1
BRANCH 15
*2
demand:| 5 4 4 11 8 2 sum=
34

If 8=75, then X3, becomes zero and can leave the
basis, giving the basic optimal solution shown
above.

el

©Dennis Bricker, U. of lowa, 1997
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| Initial bfs found by NW-corner rule:§

o5 3 4

Reduced costs:

Cy3= 8-(0+4)> 0

‘":”'” Ty=14-(1+5)>0
Ty=4-(4+5)<0
4 _
Cppm 2~ (4+3) <0
8

Either X5 or X5, may
enter the solution.
Let's arbitrarily select X3
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Suppose we keep Xy in the basis (at value O)

» Vi ( 5 3 9 Reduced costs:
0 0 ;r'a Cy5= 8-(0+9)< 0
IE Cyy= 14-(-4+5)>0
-4 4| T 4-(-4+3) 50
-1 8 Cy=2-(-1+3)=0
demand 2

Only X5 has a negative
reduced cost, so it enters
the basis next.

®Dennis Bricker, U. of lowa, 1997

Reduced costs:

Vv
I 4
ui 3 8 Cll = 5‘(04‘4) >0
0 supply
0 | 3 4 Cp1=14-(-3+4)>0
-3 4 | 3 4 Cy2=4-(-3+3) >0
6 032 = 2‘(0"‘3) <0
8
O L= [5
demand 2 4 10 Only X3z has a negative

reduced cost, so we will
enter it into the basis.

Cost remains at 88 I




Transportation

©@Dennis Bricker, U. of lowa, 1997

7/28/98

» Vi 4 3 8
supply
0 4
At this iteration,

-3 4| cven though the
solution is degenerate,
we are able to increase

0 | 2 8 | the variable entering
the basis.
demand 2 4
The next bfs is NOT
degeneratel!

©@Dennis Bricker, U. of lowa, 1997
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Reduced costs:

N 2 8
supply | C11 = 57(0+4)>0
0 4 Ciz=3-(0+2)>0
-3 4 | Cy=14-(-3+4)>0
0 g | Caz=4-(-3+20>0
demand 2 4 10

This solution is optimall

Cost is 84 E
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A Production Planning IDroblemE

# demands for next 4 weeks (which must be
satisfied) are: 300, 700, 900, and 800

# regular production capacity is 700/week

& overtime is available in the SECOND & THIRD
weeks, adding 200 to the production capacity

# production costs are $10/unit during weeks
#1&2, increasing to $15/unit during weeks

#3&4; overtime adds $5/unit to the cost.
® excess production may be stored at a cost of

$3/Un”- per week. How should production

be scheduled to minimize
)

costs?
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Units which are produced in week ¥1 and which satisfy
demand in week #1 are modeled as a flow from the
source node to the destination node:

700 700 200 700 200 700
10
300 700 900 800

7ie cost of "transporistion”
15 the production cost
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Flows in this model do not represent changes in
geographical location!

70 i 700 200 700 200 700

300 * 700 = 900 800

Note that tiows above are

never hack ward” i Lime.

%
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A TRANSPORTATION model of production planning:

For each week, represent each of regular and overtime
capacities as a source:

% 700 ¥ 700 200 700 200 i 700
3
-
@

week 2 week I week ¥
P
)
w5
¥ /N
ﬁ 300 700 900 800
DB
R

Likewise, for each week represent each demand as a
destination.
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Units which are produced in week ¥1 and which are used
to satisfy the demand in week ¥2 are modeled by a flow

from the week ¥1 source to the week #2 destination:

700 700 200 700 200 700
poT T THE casl af "lrensparistian " is
the sum af praguction & starege
Casis
300 700 900 800
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| Zransportation Tableau |

»
~
WEEK 1 WEEK 2 WEEK 3 WEEK 4 UNUSED  §
" DEMAND DEMAND DEMAND DEMAND CAPACITY &
—
5 [13] [e ] [1a] [o | 7°°
< [1o| [13] [16] [o | 700
pre
3 [15] [18] [21] [o] 200
; RT [hs] [&] [o | 700
2 o1 = o 200
-+
x  RT| [s]| [o] "0
d 7
2 gemand-300 | 700 900 800 500

infinite casi prevenis
SHIGIREITES BECK WEIT 77 1ine
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what meaning could a shipment backward in {ime fiave?

Suppose we proguce & unit in week 2 with which o
5atisiy week 1's demand:

700 200

300 700 # 900 800
That 1s, week I demand fias been "backordered”
The cost of such a “shipment” should include backorder
costs QD
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