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Having determiined that T 1 é‘ %“
the constrarnis fapiy 1 0.25 -0.4375 0.125
that 0<x <2, we select 5 095 0375 1125
4 grid points, in ths s 125 -0sus oz
case evenly distributed. g iﬁgs :g : 1375 2: fzs
g8 z.0 0 8.0

The piecewise-linear a
LP formulation:

pproximation has the

Minimize z Z lij fij
i=1 j=0

subjectto > > Ayg; <6

=1 j=0
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..at most TWO ;s will be positive, and
these will be weights of adjacent grid

points!
Ap=0 hop =0 The LF solution displays
h1=0 b1 =0 the property we expect
ri2=0 P =0 when the problem is
hz=1 ho3=0 convex’
hig=0 hoq4 =0
As=0 Hos = 0.9090909
Me=0 s = 0.0909090 =
o
hiz=0 hog=0
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Minimize x%-2x; - x;

subjectto 2x$+3x%<6
X = 0, X; = 0
82(x2) = 3 %3
10
54
n T T T T T é
: 1 fo(x2) = - x
i & fy Sai 2(%2) 2
0o 0 0 : :
1 0.25-0.25 0.1875 L1k ewise, we f?’e[ermt{ze
205 -0.5 0.7 that feasfbiiity reguires
3 0.75 -0.75 1.6875
4 1.0 -1.0 3.0 that 0<x,2, and sefect ¥
S 1.25 -1.25 4.6875 . .
6 15 _1.5 675 grid points for x,.
7 1.75 -1.75 9.1875
8 2.0 -2.0 12.0

That is, the LP problem:

Min -0.43754,,-0.754,,-0.9375X15-A14-0.93754,5-0.754,1,-0.43754,

-0 .25}»21-0 .5122-0 .75123-1.24-1 .251.25-1 -51'26'1 .751.27-2123

subject to
1.251.11 + 0.51.12 + 11251.13 + 21.14

+3.125Q 5 + 4.50 ¢ + 61257 + 8A;5
+0.1875A,; + 0.7545, + 1.6875,; + 3,4
+4.68755 + 6.75h5 + 9.1875A,7 + 124,53 < 6
Ay +A ot 3t gt A st g+ At hgs = 1

conventy”
CONSEr s Lo+t ozt houtAos+hosthortdos = 1
Liz0,Vi&j
X1 =0.75h3 LP Solution

=(0.75)(1)=0.75
X2 = 1.257\.25 + 1.57\,25

=(1.25) (0.9090909) + (1.5) (0.0909090)
=1.2727

LP objective = 2.21023

The solution ebtained from the

precewise-linear approximation X} =0.7906
Is reasenably close to the “true” X, =1258
optinmiim; f(X*)=2.213
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Piecewise-Linear
Approximation of
Convex Nonlinear
Separable Programs
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Minimize z fi (x;)

=1
14§
subject to > gi; (x)) < by, i=1,. -
i1
x;20,j=1,

The "finer" the mesh of the grid, i.e., the nearer
the grid points, the more accurate is the piecewise-
linear approximation, generally....

But the greater the computational burden!

What is needed is a "fine" mesh only in the

vicinity of the optimal solution, with a coarse

mesh elsewhere. The "grid refinement" method

to be introduced next will iteratively select
additional grid points to improve the approximation
in the vicinity of the optimum!

Minimize -Aq2 - Aoz - 2ho3

subject to

2012 +8hi3 430y +12hp3 <6
AMi+hpz+hpz=1
Mot +rz+hpz=1
Apz=0,Vj&k

Piecewise-Linear
Approximation

!

LP Solution:
z=-1%
Mz=1
Mz =80, 3 = Yo

If v, were a new grid point for x,; , then we would
generate a new column for the tableau:

2y . . 5
1 with cost coefficient +y$ -2y,
0
EVGM reduced cost :
2y
b-2v) - [-Yo,- 70, -] 1
cost of simplex 0
variable multipliers column of

coefficients
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o
Given a set of P; grid points { Vi }k]=1 for X;,
and assuming that, for each j, fj & g;; are

convex functions, we obtain a piecewise-linear
approximation:

n P
Minimize Z £iCvix) Aix
j=1 k=1
n P
subject to z Z i) Mg =bj,1=1,--- m
=T
> Ag=1j=1,---n
k=1

Minimize x%- 2x; - X,
subject to

2x$+3x%<6

X 20,%,20 Xy | x%-2x | 2 %%

0 0 0
1 -

Instead of initially 9 é g

using 9 grid points

for each Varl‘able, as x| -x | 3%

before, we will use an

s n n . 0 O O

initial "rough" grid, 11211 3

{0,1, 2} for bothx, & x; 5 -9 |19

z=-19%
Mz=1 =x1 = (0)X0) + (YD) + @)0) = 1
hoo =80, hs = o | = %5 = (OXO0) + (1)(%h) + 2)(k) = 1%
Optimal Simplex Multipliers (dual variables):

n=[-Yo -7, -24]

How can we ‘refine the grid ie, add additional
grid points, se as te get a better approximation
and a better solution?’

reduced cost

2y
b2-2v)) - [—1/9,—7/9,—2/3} 1
cost of simplex 0
variable multipliers column of

coefficients
=v-2n+(§evd+ (2] +(3) ©

=2y ]
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Given a choice of grid points to choose from,
let's select that grid point whose column, when
added to the LP tableau, has the smallest

(i.e., "most negative") reduced cost.

Note that this rile does not necessarily give us
the grid point which will yield the most improve-
ment in the approximation or the ofjective function.

To identify this grid point, we will minimize the
1

reduced cost, 91 yE-2y1 + % , which is a function

of v

The column which we therefore generate for the
LP tableau, corresponding to this new grid point,

is 2
2vi 1.3388
1] =] 1
o 0

with objective coefficient

v - 2v1 = - 0.96694

Differentiating the reduced cost function
1.z 2
9 ! 9
and equating the derivative to zero yields (in
this example) a linear equation which is easily
solved for the grid point y;:

2+

9

.‘g‘. -Z= =
2| n-2=0 =yn=7

with reduced cost - 0.0404 < 0

Likewise, selection of a new grid point for x, is
done by choosing v, in order to minimize the
reduced cost of the generated column

3vf
“vp-[- Yo -7, - 25] 0
1

vz -+ 15

whose derivative, 25y,-1,iszeroat y,= 34

Thus, we refine the grids:

New LP optimumE

{0, 9%1,1,2} for X,
{0 , 1’3/2 , 2} for x,

generate the new columns for the LP tableau,
and re-optimize the LP:

Minimize —)\.12 - 7\.22 - 2)\.23 - 0.966947\.14 - 1.5)\.24
27\.12 +87~.13 +3)\.22 +127~.23 + 1.33887\.14 + 6.757\.24 =6
Mi+hiz+hiz+hg=1

Aot + Rz + Aoz + hog=1
he=0,Vj &k

Let's further refine the grid

* Reduced cost for grid point y;'s column is
(v -2y ) +0.1333 2y7 ) + 0.7884
which is minimized (with value - 0.0010) at

yi = 0.7895

* Reduced cost for grid point y,'s column is
-v2+0.1333 (37% )+ 0.6
which is minimized (with value -0.025) at |y2=1.25

z=-2.1884
ha=1 A1 =h2=h13=0
o2 = 0.5570, hops = 0.4430, hpy =hp3 =0

x; = 0.8182
xp = 1.2215

with Simplex multiplier vector
w=[-0.1333,-0.7884 ,-0.6]

Minimize -1.12 - l22 - 21.23 - 0966941.14 - 1.51.24
- 0.95569%,¢ - 1.

subject to
2012 +8hy3 +3A5 +12A55 + 1.3388A4 + 6.75,4
+1.2466 A5+ 4.6875h,5 < 6
Apg+A+ A+ +As =1
Aoy + A+ Aos + Aogt s =1

l]‘k =0 ’ v ] &k
which has optimum -2.2137 at
hi4=0.714751, 545 = 0.285249 __ | x;=0.8100
Aos=1 xo=1.25
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General
Scheme

w= [, 7, Tn | Tone1 s Tome2 -+ - W]

L™ I W -’
R v
regular convexity
constraints constraints

These simplex multipifers are used by the
revised simplex method to compute the
reduced cost of a nonbastc varfable.

Foreachij=1, 2, .. n:

* find the grid point ¥; which minimizes the
reduced cost function m
£Cr) - D mgiy) - Tome
i=1
¢ if the value of the reduced cost function exceeds
some tolerance ¢>0 in absolute value,
generate the LP column and add to the tableau

Suppose that the simplex multipliers are
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Corresponding to a new grid point vy forx; is
the LP column

) 42 [g1ityp)] with objective coefficient

=5 | geln) fi (v;)

- B :

e |

=g | 2mln)

n B 8 and reduced cost function
e ) —

X © :

E £ 1 fiCy) - z Tgii(Y ) - Tonej
8 § i 0 | i=1

If no new column was added to the LP tableau,
then terminate.

Otherwise, re-optimize the LP, and repeat the
procedure.

Note that in our example, we were able to
minimize the reduced cost function analytically;
more generally, it is necessary te use a one-
dimensional search technigue (e g, golden section

search, fibonacci search, quadratic interpolation,
erc.)



