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Jackson Networ Jackson Networ
of Queues of Queues
* the network consists of N service centers, o after receiving service at center i, a
where service center i contains ¢ customer leaves the network with probability
identical servers and a queue with sn2/7nste Pio = 0 or goes instantaneously to service
capacity center j with probability Pij

* customers from outside the network (called
exogenous customers) arrive at service
center i according to a Poisson process with
rate Ai. fdrrival processes are [ndependent.)

lindependent of number of customers at that
center or number in the systeq)
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Let Xi(t) = # of customers at service center i
at time t

Jackson Networ

of Queues

State of system: s=(s;,S, ...Sg)
P(s;t) = P(sy,s5, ...sy;t) = P{Xi(t)=s; , i=1,2,...N}
Steadv-state

s customers arriving at center i are served
FIFO (first-in-first-out), and service times
are exponentially distributed with mean 1/ui(si)

s =lim P(s;t)
t=eco

where s; = * of customers at center i. distribution
{Service rate at each center may depend only Jz}ckson Networks of queues have the very
on the number of customers at that center./ nice property that the steady-state distribu

has a produvct form:
ng=nd xng x ... x all
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o If 4;>0 for some i, the network is apen.

Open Jackson Networks

Ai >0 for some i Customers may arrive from

pio= 0 for some j Open ouiside the system, and may

AE one armore serivice centers, customers Jackson depart the systedr.

FTREW FVTVS Torm oulside nelwork &or depart Networks The total number of customers

the network i R

in the network ffuctvaces.

Closed Jackson Networks corver cerver

Ai=0 & pic=0 Vi */ ;

CUSEQITIENS CIFCUIEES SITIong Senice centers, O—

bt 5o exogenous arrivals or denartures example. Landem gueuss
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server seryver

&‘j -
O—_1TI00d—— _[TI0K
Recall that for the two infinite-capacity

tandem queues, the balance equations were
satisfied by

(rodiict-ronm
distributiont

Pi= %L,

T[SI:SZ = nlsl X T[%z

where

s, = (1-p) ;™

is the steady-state distribution for the
M/M/1 queuel
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exogenous arrival rate
at service center i

= departure rate in steady
state at service center i

Frergge rate _ { average rate
ol depariures () of arieals
Then N

O =li+ ;1 Ol Pj for i=1,2,...N

Given i and pj; , this system of linear equations
has a unique, nonnegative solution
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Consider an open Jackson network,
for which oj< cipy
Then the limiting probabilities exist,

N o
ng=[] ¥ilsi) pi= =~
i=1 Cilti
I
CiPy .
20)* :31) if n<c;

N CT
\I’I(O)ﬁ ifn = cy
and ¥(0) is a normalizing constant which is

chosen to yield ZDTi(n) =1 for each i.
n=
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#2
1 server

#1

#3
1 server
pz=6/hr.

2 servers

A =dihr || pi=3/hr.
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In the case of tandem gueuves, we know the
average arrival rate at the second gueuve to
be A.

More generalfly, when arrivals at a service
center may be exogenous or from any of the
other centers, we must compute the composiie
arrival rate of each center By sefving "tralfic
egquations .
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Since, in steady state the
composite rate of arrivals
fexternal & i(nternall must
equal the rate of departure
of each center,

o = composite arrival rate in steady state
at service center i

N
oi=Aj+ ‘Zl o pii for i=1,2,...N
j=
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Compare 0"
» \Fi(O)(c“:‘) if n<e;
n:
¥i(n) = n
w0y &P
i g ifnzcy

i
with the steadyv-state distrifution for the
MM gueve, with (nfinite capacity:

n
nq (ep)” ,n=1,2,...c
n!
p=
n
oy (cp) , n=c+1, c+2, ...
c!cht
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Traffic equations §

1
“0.33333
T0.66667 ~

oW |E

. (w=exogenous arrival rates)
ou=Ai+ 2 0py Vi
i
¢y = ll
=0+ oy py2
o3 =0+ oy pi3tol;

i.e.,
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Solution of Traffic equations: Net Arrival Rates:

node 1 2 3

rate 4 1.
min ¢ | 2 1 1

l.e., o= 4/hr
oy =45 /hr
oz;=4/hr
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Expected number of wisits

to nodes of a Jackson network,
beginning at any node,

before unit exits the network

SO0 H
(RIS
OO -
e w

©Dennis Bricker, U. of lowa, 1997

EXPON(15)
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**% STATISTICS FOR VARIABLES BASED ON OBSERVATION **

MEAN STANDARD  COEFF OF  MINIMUM
¥YALUE DEVIATION VARIATION YALUE
0.112E+03 0.105E+03 0.935E+00 0.526E+01

MAXTMUM NO. OF
VALUE OB3
0.483E+03 313

Average time in system
112 minutes = 1.86667 hours
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Steady-State Distribution § For example,

_ el 2 3
RD‘D‘D—RUXRUXRU
: 2 3 L1 L L
0.200000 0.333333 0.333333 ] 3 3 45
el i SHuR| o202
0.118519 0.098765 0.098765
0:053678 ©0.043896 0043896 23
0.035117 0.029264 0.020264 11,1 =) XTT XA
0.023411 0.019509 0.019509 4 16
0.015607 0.013006 0.013006 _/X2/Xzf=/
157 97 97 1215
=0.0131687
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Lg W L W

1

1 |1.066667 0.266667 2.400000 0.600000
2 11.333333 1.000000 2.000000 1.500000
3 11.333333 0.333333 2.000000 0.500000

Lg=length of queue

Wg=waiting tine

L=# at node

W=time at node

(times are time/visit to node) (hOLl.T_"S )

Totals: Sum of Lg=
Average total tine

3.7333, Sum of L (L_totaly = 6.4
in system (by Little's Law):

Wtotal = L_total + sum of exogenous arrival rates (4)
Wtotal = 1.6
©Dennis Bricker, U. of lowa, 1997
#%% FILE STATISTICS ***
FILE AVERAGE STD MAX  CURRENT AVERAGE
NUMBER LENGTH DEYV. LENGTH LENGTH WAIT TIME
1 QUEUE 1.079 2.254 10 3 15.892
2 QUEUE 2.529 2.577 9 0 112.391
3 QUEUE 1.182 1.918 9 7 17.672
*%% SERVICE ACTIVITY STATISTICS *#*
ACT ACT LABEL OR SER AVG STD CUR MAX IDL MAX BSY ENT
NUM START NODE CAP UTIL DEV UTIL TME/SER TME/SER CNT
1 QUEUE 2 1.298 079 2 z2.00 Z2.00 321
2 0Z  QUEUE 1 0775 042 0 214.25 1000.71 108
3 03  QUEUE 1 0659 0.47 1 164.87 372.59 313

the network is c/osed .
seryver

o If {i=0& pix=0 Vi

Closed
Jackson

Networks server

-

No exogenous arrivals or departures from
the system... the total number of customers
in the syvstem remains constant!

&
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Let o = departure rate in steady
state at service center i

Fwersge rate _ { average rate
of depariures (T ) ofanivals
Then
for i=1,2,...N

Because the system of equations is homogeneous,
the solution is not unique! Any multiple of a
solution is also a solution.
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Then the steadystate probabilities are given by

N
%:KHT@Q forseS
i=

where
n pradiict Fomme
©P" i <o of jaint dist i
n! B
¥i(n) = N
(cipi)

— o ifn = ¢y
¢! ¢

and K is a "normalizing constant”
such that > ns;=1

selS
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The steady-state distribution for this cyclic
network of 2 queues & 4 customers is also of
the product form:
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Traffic equations E

roo (T

(Solution is not unique; last row normalizes o)
Solution of Traffic equations: Arrival Rates:

node 1 2
rate 0.5 0.5
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Let M=# of customers
in the system

Jackson's Theorem

Let o = (0q, o2, ---,00N) be any nonnegative, nonzero
solution of the traffic equations, and let p;= ﬁ

The possible states of the system are elements of

S={s

N
2 si=M}
i=1
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Recall 2 cyclic queues with 4
customers:

12! I 22! 12!

K2 K2 K2 K2

server
“/

seryver

Transition diagram is equivalent
[s this of the to that of M/M/1/4 queue, with

product forar? 1-
O e | = o

1-p
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4 = M = # units in systen
2 = N = # nodes in systen
i n L
1 1 1
2 1 2
Let
Hi- 1/hr.
IL.= 2/hr.
©Dennis Bricker, U. of lowa, 1997
g“I'l gJ‘I‘z
[psTk | 1 1 2
0(1.000000 1.000000
1] 0.500000 0.250000
2 0.250000 0.062500
3 0.125000 0.015625
4 0.062500 0.003906

Normlizing constant K: 8.2581
# of states = 5 (cipﬂn
n!
(cipi)”

- ifn = ¢
N-C
cile

if n<c;

¥i(n) =
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¢ N Calculating the
1 1 2 Normalizing For large yalues of M (*# customers) and N
0 | 1000000 1.000000 Constant K (# of service centers.), the number of elements
2| 0.250000 0.062500 of the state set S will be extremely large,
1| 0:663960 000350 making the computation of K by enumerating

the possible states very burdensome.
Z‘I’n(m ) x®a(s2) = (1.0)(0.003906)+(05)(0.015625)

+(0.25)(0.0625)+(0.125)(0.25)+(0.0625)(1.0) There are, however, recursive methods of
=0.1210935 computing K which avoid much of the
So, in order that the probabilities will sum to 1.0, computational burden.

1
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Once K is found, then the
probability of each state may be

. Average Numbers
Steady-State computed. at Nodes
Distribution
Lt = K ¥,(0) x ¥,(4 , 5
Togq= X .
1| 94| o.032258 0.4 10> ¥2(4) 3 | 5:83870565
AR ERR R = 8.2580816 x 1.0 x 0.003906
4 31 0.25806
5 4 0 0.51613
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Seryer
Unlike the case of the open Jackson Network, Let's try forming
we do not know the average arrival rates at a SLAM model of
the service centers, and so we cannot use the 2 cyclic
Little's Formula to compute the average queues:
waiting time at each service center!
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*%% FILE STATISTICS ***

NUMBER LENGTH DEV. LENGTH LENGTH WAIT TIME

3 1 EXPON(1) /-I\EXPON(O >) 1 01 QUEUE 2.178 1.005 3 3 2.204
Z Q2 QUEUE 0.363 0.749 3 0 0.368
q ;G) R

‘ FILE AVERAGE STD MAX  CURRENT AVERAGE

**%* SERVICE ACTIVITY STATISTICS ***

T customers initially in gueue *7 ACT ACT LABEL OR SER AVG STD CUR MAX IDL MAX BSY ENT
/}77/57/_1'5)5 thal serer #Fie [7(/5]_.-') NUM START NODE CAP UTIL DEV UTIL THME/SER TME/SER CNT
SLAM re., that there are initialll < 1 01 QUEUE 1 0.968 0.10 1 3.00 191.49 4740
S . N T 2 02 QUEUE 1 0.491 0.50 0 10.74 12.10 4740
network CUSLOMErs in the neiwork.
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