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’ General QC/LD problem

Example APL Output

+ DiXi + EiYi + Fl}

2
i

Yi + ClY

{+BX;

X

%{Ai

inimize

1

¥

(7] Certainty Equivalence

+ AN+1X%I+1+ DN+1 XN+1 +FN+1

subject to

=2,3...N

i

Xiny = GiX; + HiY; + Ky,

@Dennis Bricker, L. of lowa, 1998
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Quadratic Criterion & Linear Dynamics

V(X) =mjin {ANXZ+CNY? + Aps GAX2
+ 2P+ OnHNXY + AR HAYZ)

Sl the pariial derivaiive of the minimand egual fo
ZEre.

20NY + 2Ana1 GyHN X + 280 HRY = 0

~ly=- AN+|GNHN>2<
Cr+An+Hi
@Dennis Bricker, U. of lowa, 1998
Substituting V= - A1 GHp X
Crut Ane Hi
inta AnX2+ONY? + Ay GF X2

+ 2An+1OnHNXY + Ay HRY 2

ields

@Dennis Bricker, U. of lows, 1998

2 212
Vi (X) Z{AN+ ANHGﬁ B ANHG—NHI\B}X2
Cn+An+1HN

\ J

V(X)) = P X2

Note that NN 75 @ guadratic function o X, 25 was
VN+I(><) = AN+1X2

@Dennis Bricker, U. of lowa, 1998

Clearly, we can repeat this procedure to get
WM-o(X ], Myoz (X, L VoK), V(X))
where in general,
Vi(X)= PX?
2 A242
Ci+ Py H?
y = - _PisiGiHi y
Ci+ P H

@Dennis Bricker, U. of lowa, 1998
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v~ _ PusiOuHnX
2
Cr+ A1 H

75 @ minimizer i the second derivalive 15 posiiive,
e, i 5
Cn +An+1HN >0

WRICH we will assume.
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V(XD =
2
An X2 + Cpl- w + AneiGEX2
Cr+An+1Hi
+ 2Aggey Oyt X - DO
Cr+An+1Hi
2
+ AnaiHA = AN+IGNHN>2<
Cr+An+Hi
@Dennis Bricker, L. of lowa, 1998
e can now wuse N(X)  do find Vn-1(X)..
7he same formiuize will resull, except ihat
Pn repiaces An+r, An-y replaces Ay, efc
Yo (X)= ProX?
wiere 2 0 2
Pnot = Anet + PNGRo - —PNGN"HN;
Cn-1+PnHR-1
apiimal decision. Vo= - PnGn-1Hn-1 ¥
2
Ch-1+PnHi-1
@Dennis Bricker, U. of lowa, 1998
Example l Given initial state X,
select ¥, ¥», and ¥z to
Minimize Y + 12X3 + 2Y3 + 2X5 + Y3 + %x%
where ><2:1—><1 +1—Y1
2 6
X3 = 3Xp + %Yz
Xq = 4%z + 2Y3

@Dennis Bricker, U. of lowa, 1998



Quadratic Criterion & Linear Dynamics 7/23/98
=)
Minimize ¥ + 12x§+2v§+2x§+v%+;_x§ -,g Vi(X)= Pix?
where Xz=-‘2-><1 +-]6-Y1 g where Pi= A+ Pi+lGi2 _ P12+1G|'2H12
Xs= e+ LYz g Ci+ P HY
Ha = 4Kz + 2Y3 % P. 1G'H‘
p=] Y = — +ith X
- A= 0, C/=1, G=lnH=x E Ci+Pis H?
A2:12’ 02:2’ 62:3’ H2= V2 § (]/]2 262 where
A3=]2, Cz=1, G3=4, Hz=2 P3=2+('/4]42-14[7]4/]222= 4, Pi=fy=7
A = + 1lfg
. _MAAR) Ty
. 22
< . g -
g Vi(X)= PiX 'g \Ij()(): PiX
2 2 ~2,2 = 2 ~2,02
é_ where Pi= A+ PipiG? - Pi+1Gi H12 é’ where Pi= A+ P 0G? - M
3 Ci+PiniHi 3 Ci+PisiHi
(5] (]
g Y= - pi+lGiHi2 X g Y= — Pi+IGi|'|i2 %
% Ci+ P+ H; % Ci+PisqHi
s 2 8 2 EIFACITAT
= P2 =12+ 4 (42) - —4232(][/7}]2 = 36, @A P] =0+ 36[]/2] - _?6-'-(3/2] [(];6]]2 = 9/2;
2+ 415 6
__ @GN g - 2%, - GOURURLy - gy
2+ 4(LFP 1 +36 (1)

@Dennis Bricker, U. of lows, 1998

Optimal value: ¥, (X)= 9/2 X2 :V1(2)=9/2 22 =18
Now perform a "forward computation™

Given X, =2,
:\(]:_ S/X}: Xa= 1o X+ e Yi=1h
' 2N = Y,=-2%, = -1
=-3 2= 72h2 =

= Xs=3X+loVo=1 = X4=4X3 + 2Ys
= Y3=—X3=—1 :2

@Dennis Bricker, U. of lowa, 1998

Cntimal Walue Function E Vi(X)=PXZ+ QX +R;

[Bi+2Pi+lGiHi] 2
4 [C1 + Pi+1 le]
Qi = Di + 2Pi+lKiGi + QiHGi
~ (Bi+2P;, GiHy) (Ei+2Pi  HK i+ Qi Hi'l
2[C1+Pi+1 HIZ]
R; = F; + P, K? +Qi, Ki+Ryy
_ [E2Pi HK#+ Qi Hy)?
Bi = Apy 41Ci+ P HY]
QN = DN+1

R.,=
®©Dennis Bridker, U. diihs, 1998

where Pi = Ai + Pi+1 GlZ -

@Dennis Bricker, L. of lowa, 1998

‘ General QC/LD problem

N
Minimize > {AX? + BX,Y; + C,Y?+ DX, + EY; + F; }
i=1
+ ApaXf + DX +Fia
subject to
Xiq = GiXi + HiYi + Ki 3 i:2,3,- ..N

Using the same method as before, we can derive
closed-form expressions for the optimal value
and decisions.

@

@Dennis Bricker, U. of lowa, 1998

Ciptimal Decisions

(Bi+2P;, GiH) X + Ei+2P;,  HK+Qy. H;
2[Ci+ Pi+1 le]

Y= -

@Dennis Bricker, U. of lowa, 1998
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Quadratic Criterion & Linear Dynamics 7/23/98
APL output
i
0 i G H K
% 0 0.5 0.1666666667 0
113 0.5 0
2|4 2 0
where
AL11 = coefficient of Xrii*2 Dril = coefficient of Xri1l where

Bril = coefficient of Xriix¥ril Eril = coefficient of ¥r11
Cril = coefficient of Yriix2 Fril = constant

Cost of final stage: 0.25xX[N1*2 + OxX[N]1 + O

@

@Dennis Bricker, U. of lowa, 1998
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Optimal decision ¥ril = (SC11xXril) + Tril

Optimal value Y1l = (PriixXrii*2y + (Qriixxril» + Rria

@Dennis Bricker, U. of lows, 1998

| Certainty Equivalence |l

Consider the following stochastic version of the
QC/LD problem, with a random additive term Z;
in the linear dynamics (transition equation)

N
Minimize > {AX? + BXY; + CiY?2+ DX, + EiY; + F }
i=1
+ AneXfe + DyaXwe +Fya
subjectto X, = GX; + H;Y; + Z;,

@

i=2,3,-..N

@Dennis Bricker, U. of lowa, 1998

Define an optimal value function:
Wi(X) = minimum expected cost of the remaining

process, if we start stage i in state X, and
have not yet learned the value of Z;

@Dennis Bricker, U. of lowa, 1998

Xri+11 = (Griixxrily + (HOiixyrily + Kriil

@Dennis Bricker, U. of lowa, 1998

i ¥ v
0] 2 -3
11 0.5 71
211 "1
3] 2

Xri1 = state wvariable,
and
¥ril = decision variable,

at stage 1

Optimal Cost: 18

&

@Dennis Bricker, L. of lowa, 1998

Transition Equations

Xi+l = GiXi + HiYi + Zi
where Z; ,i=1,2, ... N are independent random
variables, with
E(Zi) = py
Var(Z) = of

We assume that Y; must be selected defore the
random variable Z; is observed.

@Dennis Bricker, U. of lowa, 1998

WiX) =PX? + QX+ R
where
Pi= A+ Py Gf -

[Bi+2P;. GiH;)?
4[C;i + Py HE|
Qi = Dy + 2Py uGi + Qi Gy
[B; +2 Py, G Hj] [Ei +2 Piuy Hi i + Qi Hi]

page 4

2 [Cy+Pi HE]
E; +2Py. Hip+Qy. Hi)?
R; = F; +Py [pé+0?] +Q, «+R«+-[1 il aclinsis bl
i i i 1[“‘1 1] Ql 1HitRi4 4 [Ci+ PthiZ]
Optimal Y= - 2P GiHiX + 2Py, Hipi+Qyu Hy
Decision ! 2{Cy+P;, HZ)

@Dennis Bricker, U. of lowa, 1998
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The closed-form solution to this stochastic
problem is identical to the deterministic
version of the problem with K, =E[Zi] =
except that the equation for R; differs by

aterm Pi+10'12

The value of R; does not enter into the
computation of the optimal decision Y;,
however.

page 5

| Certainty Equivalence |l

The optimal policy for the stochastic
problem is the same as that of the
deterministic problem, with the random
variable replaced by its expected value.

(The cost of the optimal policy is increased,
due to the different formula for R;, reflecting
the cost due to randomness.)

@Dennis Bricker, U. of lowa, 1998 @Dennis Bricker, U. of lowa, 1998



