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Consider the following situation:

The Poisson Process

as a limiting case of

the Bernoulli Process

L3

I

Consider the Bernoulli process {X; k-1,2,...}
where X, - 1 if avehicle arrives during the kth
second, and the associated counting process

{N, } which counts the number of arrivals during
the interval [0,t].

Then N, has the binomial distribution:

P(N, = x) - (;) (1)

with expected value w=tp.
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012345 - t

A time interval of length t seconds is divided into
one-second intervals, with the probability of

a vehicle arriving at an intersection during a
one-second interval being a small number p.
(Assume that the probability that more than one
vehicle arrives is negligible.)

Consider what happens as we divide [0,t] into n
smaller time intervals, but in such as way that
the expected number of arrivals in [0,t] remains
constant, v.
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That is, the probability of an arrival in each
of these small intervals must be Y, , and

PN, - x} - (g) - ¥y
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Consider the limit of this distribution as n— +co

b4 1 1
v v nl - -
P{Nt= X} = ;(1—3) (—(n_x)l) nX
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If the arrival rate is A /second, then v = At
and
H
RS R Poisson
PN = x) - < C Distribution
for x=0,1, 2, 3, ....
e
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A left-turn lane at an intersection
has a capacity of 3 autos.  30% of autos arriving
at the intersection wish to turn left.

The expected number of autos arriving during
ared signal is 6.

What is the probability
that the capacity of the
left—turn lane is exceeded
during a red signal?
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N PINE [ PIXINE | PO NIPING The probability
o | v.oozarers | o.oooooooo | o.oo000000 j
1| 0.04487251 | 0.00000000 | 0.00000000 that the capac1ty
2 | 0.04461754 | 0.00000000 | 0.00000000
3 | o.03923808 | 0. 0. of the left-turn
4 | 0.133EE262 | 0.008L0000 | 0.00108421 ;
5 | 0.16062314 | 0.03075000 | 0.00404305
6 | 0.16062314 | 0.07047000 | 0.01131011 lane is exceeded
7| o.137ETEOE | 0.12H03B00 | 0.01T3IEZZE ;
g | 0.1032E7T3 | 0.19410435 | 0.02004275 dumng each red
9 | 0.05883840 | 0.27034000 | 0.01860056 ; ;
10 | 0.04130300 | 0.35038928 | 0.01447216 signal is about
11 | 0.02EE2806 | 0.43043766 | 0.0005073L
12 | 0.01126448 | 0.50748423 | 0.005T1655 1%
13 | 0.00510800 | 0.57939435 | 0.00301227
14 | 0.00222E14 | 0.54483257 | 0.00143675
15 | 0.00090126 | 0.703L3Z07 | 0.000B2EET
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H H H H
: : : :
0.1083

&

7/28/98

EDennis Bricker, U. of lowa, 1997

Poisson (M)X at
Distribution PN = x) - < C
for x=0,1, 2, 3, ...
E(Ny) = At
Var(N,) = At
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Given that N autos arrive, the number X of left-
turning autos has the Airamiz/ distribution.

The number N of autos arriving during the red
signal has the Perssson distribution.

Pix>3]= Of P{x>3|M arrivalsl PN arrivals}
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Time between arrivals

Suppose that the number of arrivals in an
interval has the Poisson distribution with
arrival rate 2 /second.

Let Ty= time of the first arrival.
What is the distribution of T; ?

&
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P{T, >t} = P{ NO arrivals occur in interval [0,t]}

o]
At) -m At
Ve - e
0!
" Poisson distribution P{M,=0}

CDF: P(Ty<t} =F(t)=1-¢™"

-At
Density function: f(t) - %F(t) =Le
Exponential
Distribution
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Suppose that the arrival rate for
northbound autos is & per 30 second
0.2/second

red signal, i.e.,

what is the distribution
of the arrival time of the
first auto?

(This will also be the
distribution of the time
between arrivals!]
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=0.2/3ec. ;
s Few At Exponential
s vam Tl Distribution
Z  0.32068
3 0.45119 1
4 0.55067 0.0
5 0.53212 e
6 0.59381 EE
7 0.75340 0.7 PIT <t}
3 0.79310
9 0.83470 0.8+
10 0.36466 0.5 |
11 0.88920 e
12 0.90928 .
13 0.92573 0.3
14 0.93919 oz
15 0.95021
16 0.95924 0.1 |
17 0.96663 o
18 0.97268 T T
19 0.97763 0 10 20
20 0.98168 seconds
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Memoryless Exponential
Property Distribution

p{T]$t|T]>tD}:p{T]$tﬁT]>t°} :p{tDST]St}
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Exponential at
Distribution Flt)-1-e
Yariance 1
2
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St Exponential
fit)=2e Distribution
0.z L=072/sec,
0.1
0 T T T T T T T
1] i0 20 30 40 50 &0
seconds
EDennis Bricker, U. of lowa, 1997
Suppose that it is known that, at time tg, the
first arrival has not yvet occurred, ie., T » tg.
What 15 the conditional distribution of T, 7
That is, what is  P{T, < t|T] ste b for bty 7
<J
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PITy <t Tidtol= 1 —eMt-td = P{T, <t -t
If the time T is reckoned from time f,,
ie., T=t-t,, then
PITy <t Tiotp b= P{Ty <t -tod =P{Ty<T)
In other words, the failure of an arrival to occur

before time t, does not alter one's prediction of the
length of time (from t, ) before the next arrival.
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kth

Time of Arrival

Let T, = time of kK arrival,

Ty = T~ Ty = time between arrivals k-1 and k.

Suppose that Ty (k=1,2,3,....) have identical and

independent exponential distributions with rate

Then T, isthe sem of k random variables
with exponential distributions.

It is said to have a &#-fr/ang distribution.

&
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‘Erlang Distribution E

Tk, At)

F =
{t) —

where Tik,x) is the Frcomplele Gamma function”
defined by %

ik, % ):J eyt dy
o]
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‘ Erlang Distribution E
(THese eXnrossions
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Mare generally, when k is not an integer, the
probability distribution is called the Gamma
distribution.
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[Bernouilli process [Poisson process

Binomial distn. #of events | Poisson distn.

Geometric distn. |timeuntil | Ewxponential distn.
15t event

Pascal distn. time until | Erjang distn.
KT event

Ka
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time o B gredesd in

‘Erlang Distribution E .
g Poisson process

k-1 -
| Density function E fpy = L AUT et
-1
(k>0, 250, £20) (k=101
k)

where the Gamma
function is defined by

(o ker ol necessarii
nrtegerdd

(k) =J eMuk-tdu
a

= (k1) if kinteger
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Alternate computation,
when k 15 integer

Fity= P{Ty =t} =P{N; =k}
=1 -P{Ny <k}
=1 -P{Ny=k-1}
where Ny = # arrivals at time t
has the Peissan distribution:

X
k1 (AT 4
L =At
F)= 1- > ~,—©
x=0 X!
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Erlang Distribution L=02

As k increases, the
distribution becomes
less skewed, and more
“normal”
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