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Algorithms for
Min-Cost Network Flow
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Some fasic ama?pz‘&'

We will apply the primal simplex method

to the minimum-cost network flow problem, z
but (as was the case with the transportation ‘
problem) without pivoting in the full tableau. 3 I CHAIN

Questions to consider:
e How is basis matrix represented?
.. .. | CIRCUITE CYCLE E
* How is simplex multiplier vector computed?

* How is change of basis accomplished? ) 2
[ 5 J TREE | @ [ : J BRANCHINGE
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The columns of the node-arc incidence matrix Example 1 0 0 0 0 -1
corresponding to the arcs of a cyc/e are ? : ; 'I‘ f g
linearly dependent. 000 -1 0 -1 1
_ (a0

Example 1 1 0 0 0 0 - - 0
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direction!
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Theorem The Node-Arc incidence matrix of a tree is,
A tree containing m nodes contains m-1 arcs after rearianging Fows &/or columns,
Laower Triangular

Remavimg & Lerming! node W™ eBE 3 RD
G 1Es mcident are leaves eI Ye e
O C% 7 iree.

'~ O/ 1 [1 000 0 00
177-7 nodes o be so 3 [o-1t 0o 0 0 0 0
\O removed (slong with m-7 4 |00 1 0 0 00
aresd leaving tinall 2 2 |-11 01 0 00
single node but ro are s (00011 00
6 |00 0 0-1 10
AN non-zero valies e on ; Lg g (; g g ; _II J

orbelow the diagonsl!
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Kank of the
matrix is 3
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Recall: rank of node-arc incidence matrix of
a network is < m (¥ nodes)
rank of node-arc incidence matrix of a
spanning tree is m-1

1 1 0 [} 1} 0o -1

-1 0 1 1 -1 o 0

o -1 -1 1} 1 1 i}

0 0 o -1 o -1 1
rOWS G108
fineat )
depenaent, so
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Any basis matrix of the node-arc incidence matrix
is the node-arc incidence matrix of a spanning tree,
plus the column for the artificial variable.

N
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X13 =7 and X32= 6

Update "supply” at
node 3 and "trim”
arcs (1,3) and (3,2)
from the tree.

Node 3 is now an end.
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1 1 o -1
21 -1 1]
3 0 1 0
4 0 0 1
B O
301 0 o Rearrange rows &
B columns. ..
4 [T maltrix Is lower
Rank is 3 Lriangular!
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coliTIT
| tortpe
1 1 0 0 0 -1 0 ariiricial
-t o0 1 1 -1 0 00 lgTEa e
"ol o -1 -1 [ | 1 0 O
e o 0o 0 -1 0 -1 1 1
Inserting an artificial variable in some row makes

the rank =m
The ariiticial wariahie corresponds Lo an @c
WhICH feaves g node bul enters no olher node!
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Computing the Basic Solution
(flow in the "rooted” spanning tree)
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Beginning at the ends of the tree, assign flows
until you reach the root.
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Trim (3,4), leaving

o node 4 as an end.
S
///’?k \‘ -‘\x 0

O o

"~ ? £ f 4 4-;_3\{

| ; :_“I/jm‘“& | Flow in root node is
f 3) H

i TN i zero.,
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Expressing a nonbasic arc as a
combination of basic arcs

To write arc (2,4) as
a combination of basic
arcs:

Inserting arc (2,4)
into the spanning tree
creates a cycle

|
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Pricing Nonbasic Arcs

Reduced cost of (i,j)is Cjj - Zjj, where

Zij = cost of combination of basic arcs which is
equivalent to nonbasic arc (i,j)

Wwhat is the reduced
cost of nonbasic arc
(2,4)7
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Pricing Nonbasic Arcs
{A4n easier aoproschl)

Reduced cost of arc (i,j) = Cjj - w Al
= C]] - (Wi _W])
where w is vector of Simplex Multipliers

and Al is the column of the node-arc incidence
matrix for arc (i,j)

How can we compute the Simplex Muftinfiers ?
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e,

1000 : ST
0-100 :Iv_>
[y wo wy wal | 4 4 o 4 !
0 0-11 i
=[2 2 4 0]
| solve by "back-substitution" |
Wy —W3 =2
= W, tWsz =2 Wy = 0
ws —wy = 4 = W3=4+W4=4
W4=O W2=_2+W3=2

Wy = 2 +wz=06
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-~ The columns corresponding to the

2 .
g arcs of a cycle are linearly dependent
- 24 (34 (32 i

/‘v’ 0 0 0 0
1 0 -1 0
a; Tool7] | 0
-1 -1 0 0
ForTn Lo Combingtion B Goimg (2,4) (3,4)  (3,2)
Lhrouglt e clcle i same 0 0 [0
et ion 85 & sdded, . 11— 1| o -1
FALG S oriented apposite That is, ol =1
& subirscling ancs ortented i -1 - 0
SaTe direction -
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Arc (2,4) = Arc (3,4) - Arc (3,2)
S0
L34= C34-C3p=4-2=2

and reduced cost is C,oy-2,,=3-2=1>0

HAre (2 41 shoulan t
enter the basis!
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Computing Simplex Multipliers

w = CB(AB)_]
ie., whAP=Cg

or w; —w; =Cy for each basic arc (i,j)
i j j

Because of the fact that the basis matrix is
(possibly after rearranging rows &/or columns)
lower triangular, these equations are simple to
solve for w.
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W =6
Wy =2
Wy =4
wy =0

Reduced Costs:

arc (1,2): 1 -(6-2)=-3 «— gijfi;;;g‘if;i
arc (2,3); 3-(2-4)=+5 Lo enter the hasis
arc (2,4). 3-(2-0)=+1
arc (4,1); 1 -(0-6)=+7
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Choosing the Arc to Leave the [Easis y@) Send an amount of low A
- A @ 6-A Fround s cwcle in direction
Suppose that gro (1,20 L1 2) :
s Lo enter the £357s, 1.e., 7-A “rhes . . .
2 {Sending How against direction
ihe tree. N - s N
0 o @n are will decrease riow
y an the arc./
) 6-6
@ o -6 i fncrease N until the fTow in
/ / ‘7‘5"? ry z/? & ‘--""‘H/ e If;'?‘} ed some are in the clcle drops to
) o Lurimnserting arc (/.2 o zero. Remove this arc irom the
? G G iree.
\@ N, 4@
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Rock-RBottom A initial basis (rooted spanning irees

-3

Discount Stores

— 8
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Basic sofilion. Compuling the Simplex Multinliers Wy =0
W7 = 1 + Wa
W4 = 4+ W 7
W5 =3 + W7
sunplex W5=5+ e
AT it ipliers etc.

For each basic arc (i,j), W; — W, = Cj;

Start with "root”, assign arbitrary value 0,
and work your way to the ends of the branches.

Wi = Cij+ W
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Computing Reduced Costs — Tij= Cjj= (Wi = Wj) Adiding arc (54) to the tree

siTpRlex will cresle & ccle.
mmuiftiplier
- fncrease tTow in (5,47 6 an

ncrement I
Adgiust other Hows around ihe
clele.

HMaximum waive tor N 7S &,

the minimum of lows being

decreased. Arc (6, 7) leaves
ihe hasis,

1 -(5-5)=1 |
T =3-(5-9)=7 >0 Negative! Arc (5,4
2 —(9-5) = -2 <0 =~ Should enter basis
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7he new basis (rooted
S0ENNING e

Thus, one simplex iteration is completed.
The algorithm continues until no negative
reduced cost remains.
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By using a variant of the simplex method
known as the "upper bounding technique”,
it is possible to handle easily the more
common network problem in which there
are upper &/or lower bounds on the flows
in the arcs.
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