Median Problem

7/15/98

Facility Location

Froblem

in aNetwork

Dennis L. Bricker,

University of lowa,
Y] jowa City, lowa 52242

SANRANN

author

This Hypercard stack was prepared by:

Dept. of Industrial Engineering,

| e-mail: dbricker@icaen.uiowa.edu

| The p-Asedian Problem

Given a network with nodes j=1,2,...n
where wj = "weight” of node j
(e.g., volume of shipments)

Let d(X,j) = distance from node j to
the nearest point in the set X

Find X = {x,,%,, ... xp} which

n
minimizes T(X) = _Z] wid(X,j)
j=

The poinis in X are

&

calfed p-medians,
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Chjective.
HMinimize the

Where should @ single
racifity be located to
serve the erght cities?

s af”

ihe distances fo the
cities weighied b1
iheir demands
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Bi4 0 2 3 4 4 75 Bil2 04 9 4 0 285| 62
Fclzzo13z2s53| £¢Ccl9 203302 3|40
Aplz3104364| ADI6 32 040 244]|43
OFEls 4 340586| EJI84612007326]| 78
MFis 4 23s5031| “FJ1544 950 121]50
Gje 75 6 8 30 3 Gi24 710188 0 0 3| 70
Hié 5 3 4 6 1 3 0 Hij18 56 126 0 12 0| 59
Wi 31231041 welnghied shortest paths
shortest paths 2 Wid;;
j
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Median Problem

minimizing the sum of weighted
shortest path lengths

7| Center Problem

minimizing the maximum of (possibly)
weighted shortest path lengths
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At least one set of p-medians
exist solely on the nodes of
the network.

That is, we need sezrch onlls
ror the p-medians!

FNong Lhe nodes
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7o

A BCDETFGH
Alo 43265286
Bi4023447S5
Fclz 2013253
Aplz310436 4
OFE|ls 4 3405386
MFis 4 2 350 31
Gla 7568 30 3
Hi6 5 346130

Find the matrix of shortest
path lengths between nodes
of the network (e.g., by

Floyd's algorithm)
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7o
A BCDEF GH
A0 46 6 6 032660
FB1204940285 62
Cl9 20 3 30 20340 |<5] Minimum
"5;0632040244 43
OEJ18 461200326 78 R S 3 RO
rElis a4 050121 | s | [7€apLImallocation
Gi24 710188 0 0 3| 70 /‘C?J'HJ?S."’/?Q/C? /‘c?ff/ff.,l--"
Hi{18 5 6 126 0 12 0| 59 | foserve the & cities
weighted shoriest paths isat cily ©
. 2. Widiy
What 11 two J
racilities were
to be used?
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Consider all pairs of potential facility sites: How might one find the 3-median set?
Examples: f5&/&711))1)}1’1})(!1}).\‘/?!j!%lm,_é,"c.‘ostfz} eacl coltimr Requires considering [§J= 56 combinations!
Af0) 4 6(6)6 0 32 6 -
B [12Q0D 0 @2 17 - ]Zmlmmum{wjd”} A{0)46 660 326
B112(0)4 9 4 0 285 | 29 - X minimum<{Wd;;}
D (BG4 0 @D 39 - Zminimum{w-d-} cilo 2oz 3001203 7 i=ABC
E[id 4 6 120¥X0)32 6 a1 =
! Ad0)4 6 6 6 0 32 6
B[12(0)4 9 4 0 28 5|34= 3 minimum{W;d;}
25 = 2 minimum<{Wwd;;} pie 3(2f0g40o 404 ] 1=ABD
= M idij
There are [g} 28 such combinations to evaluate! etc.
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Math Programming Model

APL evaluation of 2 minimum {w/d;} :
jo eSS of the p-Median Problem

+/L#(Dx(pD>pW)>LS; 1]

Varsables

Xjj = fraction of demand of customer j supplied
by facility at location i

1if a facility is located at site i

Yi =
0O otherwise
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Heuristic Algorithm
for the p-Median Problem

Math Programming Model
of the p-Median Problem

subject to 4. Initialization:

E: Xij=1vj=1..n Let k=1. Find the 1-median (the set S=¥X;)
!
] Xii= Yy ¥i=l,..mij=1,..n 2. Facility Addition:
m ! Evaluate the (n-k) combinations of S with a node
Yi=p notinS,ie.,
= 2 minimum<{Wwdijp v reS
Xijz 0 ¥i=1,...m;j=1,...n Ioieswin
Y. e {0.1) wi=1...m Add to S the node yielding the lowest objective
‘ ’ ’ function and set k=k+1.
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3. IFacility Substitution: poKomedian
Evaluate each of the kx(n-k) sets obtained by Problen

substituting a node not in S for anode in S, i.e.

2 minimum {Widi} vre S&se S
j iESuirtsis

Replace S by the best set evaluated.

4. If S contains p nodes, i.e., k=p, STOP.
Otherwise, return to step 2.

the one-median
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Median Problem

.. beginning with [—median sef {C}
(3)

Trial additions:

Add 1 2 4 5 6 7 8
cost 31 38 34 37 30 20 29
Addition result: Locations 3 7
Cost: 20
A rEcilit)e st
fode G Lo the

sef
_\\“§$

Trial additions:
Add 1 2 3 5 6 8
cost 12 15 14 14 16 15

Addition result: Locations 4 7 1
Cost: 12

(1)
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. begin with A, O & G inset

add {o
the set

Trial additions:

Add 2 456 8
cost 988 9 8

Addition result: Locations 3 7 1 4
Cost: 8
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Allocation of Customers
to Warehouses (3.

A BCDEFGH
FAf0)46 6 60 326

) 6@0 24 4

¢ El18 76 120)0 32 6
624 710188 0(0)3)

()
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Substitution Step (3)

Cost Locations
25 1 7

J

substitvte [ g
tor O i the set

o

w
(Y- TAY YRS, PN Y N YR
OO NOAB NN -

Cost: 18

Substitution Step (3),,

Cost Locations
1

J

substiivte O
For i the sef

00O ] ] O] ] W S IR ]

w
w

[ == SR S N AN LA N SN PR A S

WP RORRPOR R WRE RN

Substitution result: Locations 3 7 1 't
Cost: 11

begirwith A, C 0 & G (1547
Substitution Step (3), (1)

Cost L tions

Q
O

PORPROR R ROIR R RN |

Eor

g

substiiite £
Ftor O the sef

==}
WWWHRWWWOHWWWAWWWN|Q
AR -RRERERT R ERERTE ERERER NN}
R NN RN FNF NN SFS

Substitution result: Locations 5 7 1 4 (1)
Cost: 8
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A-Median of a Tree

For any set C of vertices, define W({C)=3 w;

ieC
Let [a,b] be any edge of a tree, and

let A = set of vertices reachable from a without
passing through b

B = set of vertices reachable from b without
passing through a.

Then W(A) > W(B) implies T(a) < T(b)
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©Dennis Bricker, U. of lowa, 1997

Example § Find the 1-median of the tree:
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15. Select neighbor (vertex #6), and
Delete vertex #7.

wy < Bl =
replace wg with wg + wy =3,

15. Select neighbor (vertex #6),

Ws < “‘72 =
update wg, and delete vertex #8:

‘-
@ 1

X

©} @

4
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To find the 1-median of a tree:
0. Let = > w;. Select any vertex j.
1. If w z%if’, 16Nthen stop; i is a I-median.
2. If j has degree 1, let k be its neighbor, i.e.,
[k.jl will be an edge.
Replace wy with wy+wj, and delete
vertex j from the tree.

Else find an elementary chain from vertex j
to a vertex k with degree 1 (preferably
using previously unused edges.)

Let j=k and return to step 1.
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Let's choose to begin with vertex #7.
Total "demand” # =2 w; is 30.
ieN 1
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we < "7/, =15. Find a path 6->8 to a vertex (#8)
with degree 1:

i’\,_’)

wg < ¥/, =15, Select neighbor (vertex #5),
update ws, and delete vertex #6:

‘.":,.)

N

!
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we < M7, =15, Select chain 5=9—10—12 wy, < P, =15, Select neighbor (vertex #10),
to vertex #12, which has degree 1. update w,o , and delete vertex #12

. after several more iterations, the tree is as shown,  Wa < '/> =15, s0 we select its neighbor (vertex #5),
where vertex #9 is being considered. update wg, and delete vertex #9,

we > 5572 =15 , 50 we stop; Vertex *5 is the |W(A) > W(B) implies T(a) < T(b) I
T-median. Edge (5,9):  W(9) =14<16 =W(3) implies T(9)> T(5)

'r’-.j
13 » v
~ = AT

[W(A) > WB) implies T(a) < T(0) ]
Edge [5,4]: W(5) =22 > 8 =W(4) implies T(4)> T(5)




