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|Machine Replacement Problem |I

At the beginning of each month, a machine is
Merkov Decision Model inspected and classified as:

1) Good as new

2) Operable, with minor deterioration

3) Operable, with major deterioration

4) Inoperable

Machine Replacement Problem
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|Machine Replacement Problem |I |Machir1e Replacement Problem |I

A replacement machine costs $3000,
minus trade-in value:
$1000 if in state 2
500 if in state 3
0 if in state 4

Monthly operating costs are $100, $200, and
$500 for a machine in states 1, 2, & 3,

After determining the state of the machine,
a decision must be made:
1) Keep the machine another month
2) Replace the machine with a new machine

respectively.
@0 Bricker, ). of lowa, 1993 @D Bricker, L. of lowa, 1995
| Machine Replacement Problem |I
Survival probabilities states | ]
1 name
; to: State % Egod asnew o
rom: ! 2 3 4 3| Major aeterioration
o 1 0.75 0.1875 0.0623 0 4| Falled
e
s 2 — 0.75 0.1875 0.0625 [actions |
» 3 — — 075 025 k| name
1| Keep
- . . . 2| Replace
FAhat is the ppiimal replacemeni polrcy?
@0 Bricker, . of lowa, 1993 @0, Bricker, L. of lowa, 1995

[ Transition Probabilities F

to
5 1 2 3 4
k| name 1 2 3 4 r
ol[0.75 0.1875 0.0625 0
1| Keep 100 200 500 9999 nel|9 0.75 0.1875 0.0625
2| Replace| 9999 2100 2600 3100 3o 4] 0.75 0.25
4(0 4] Q 1
(Rows ~ actions, Columns ~ states:
to
4 walue of 9999 aghove signals £ 1 2 3 4
an infeasible action in a state. Aotion: Eeplace =
Ol 0.75 0.1875% 0.0625 O
. . . ) ) ) ~2|0.75 0.1875 0.0625 O
fincludes cost of gperaring the new machine, Rows sre idemtics! sirce esch 3[0.75 0.1875 0.0625 0
i decision fs to f.?ﬂ/é.?{‘.?j SIS BEGing Wil & Rew ImSching, 4[0.75 0.1875 0.0625 O

FEGEHRSS OF CLrreil conariion
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Linear Programming Model

{

Linear Programming Approach What s the poficy wiich minimizes the
average cosi-montr (7 steady states
Policy Iteration Method N
Minimize > Ck Xk
i=1

where

Xf‘ = probability that machine is in state #i
and decision *k is selected

P

@0 Bricker, . of lowa, 1993 @D Bricker, L. of lowa, 1995

LP Tableau fnrtral pofrey keep unisd
- the machine fars
ks 1 1 2 1 2 2 R DASIC %% * *
i 1 2 2 3 3 4 5 ke) 11 2 1 2 2
R8s 2% .75 P8 s MW | = : : : : : -
T0.1875 0.25 0.8125 O T0.1875 T0.1875| 0 in | 0 0 541.463 0 "304.878 0| "548.78
010625 011875 00625 0.25 0.3375 0.0625) 0 10 7z.09878 9 1.17673 0 0.252083
00 O.7B04BE 1 2.73171 0O 0317073
00 0.317073 0 0.609786 1 0.087561
Xf‘ = probability that machine is in state #i _ _ /”?*”5*”“”?/?"*?5*’5 5 05’4"?*”’?5‘7.5’.-""'
and decision #k is selected i~state, keaction SE/ECLING ane LASIC viariahle
For egch stale.
@0 Bricker, ). of lowa, 1993 @D Bricker, L. of lowa, 1995

Choose a column Raving negalive reduced cost,

Steqdlsiale aistribulion amnd enter [t info the basss:

FESHLING 1T LE polic)

basic k% * *
ke 11 2 1 2 2
Policy: (Cost= 548.78 ) 1112 2 3 3 4 rhs
: ; Min | © 0 541.463  © —304.878 0 | ~548.78
State dctlion piiz 10 “2.04878 0 -1.17073 0 0.292683
o R ) tha
1 Good as new 1 Keep 0202683 ) )
2 Minor deterioration | 1 Eeep 0292683 00 0.317073 0 1 0.097561
3 Hajor deterioration 1 Keep 0.317073
4 Failed 2 Replace 00075861
chaose pivol row, " 0.31707 0.09756
ySing minimuam TSR 12,7317 7 0.60075
ratro rest ) ’
= 031707 - ¢ 116071
@0 Bricker, . of lowa, 1993 @0, Bricker, L. of lowa, 1995 2.7317

Iteration 1

ek ek _
K: | 11 2 1 FE] Policy: (Cost= 513.393 )
i: 2 2 3 3 4 rhs State hction Piid
Hin 00 625.571 111.607 00 “H13.393 1 Good as new 1 Keep 0. 428571
10 1.71429 0.428571 0 0 (.428571 - . .
2 Minor detericoration 1 Eeep 0.,428571
01 2.28571 0.428571 0 0 0.428571 T . .
3 Major detericration 2 Replace 0.116071
00 0.285714 0.366071 1 0 0.116071 4 Failed S Repl o 0Z6TRET
00  0.142857 T0.223214 0 1 0.0267857 alle eplace :

i~gtate, k~action

><§ has replaced X in the basis
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MDP Replacement

ok % %k
k: 11 2 1 2 2
i: 12 2 3 34 rhs
Hin 00 628,571 111.607 00 ~513.393
1 0 ~1.71429 0.428571 0 0 0.428571
01 2.28571 0.428571 0 0 0.428571
00 0.285714 0.366071 1 0 0.116071
[} 0.142857  ~0.223214 0 1 0.0267857
i~state, k~action

Feduced cosis are nonpegative. .,
LA ppLlrmalily comndilion 18 salisfred’

@0 Bricker, . of lowa, 1993

Policy [t

Aver‘age cost per month

Present value of all future costs

@0 Bricker, ). of lowa, 1993

Hachine Replacemsnt Examnple §

Policy Inprovement Step: Evaluaticon of alternate actlons

State #2, Hinor deteriocoration §

Current Pollicy: action #1, Keep
g(RY+Vi¢RY = 7002683

ST TR VESITRSITE ST

k| name ' AC i
e Fofreved o
Keep TO92.,683 0 - y - y
2| Replace|~451.22 541.463 u"h.?f?gff?g FoLion i
s stale
C'[k]l = cost if actlion k 1s selected for one stage
ACLK] = inprovemnsnt (1f <

@0 Bricker, . of lowa, 1993

Hachine Replacement Examnple §

State heticon
1 Good as new 1 Keep
% ﬁiqov ge%eriora%@on % ﬁee?
ajor deterioration eplace :
4 Failed 3 Replace | all new policy

i“zive Peferminalion

[

Vi

T3000
“1628.57
1l

g¢Ry = 513.303

AR

@0, Bricker, . of lowa, 1335

1/28/98

State Acticn
1 Good as new 1 Eeep
2 Hinor detericration 1 Eeep
3 Hajor detericration 2 Replace
4 Falled 2 Replace

@D Bricker, L. of lowa, 1995

Hachine Replacement Example E

State Action
1 Good as ney 1 Keep
2 Hinor detericoration 1 Keep
3 Hajor detericration 1 Keep
4 Falled 2 Replace
g(Ry = 548.78 i Vi
1] ~3000
2] 71541.44
3| "195.122
4 o]

@D Bricker, L. of lowa, 1995

Hachine Replacement Example E

Policy Improvement Step: Evaluation of alternate acticons

State #3, Hajor deteriorationE

Current Folicy: action #1, Keep
g(RI+Vi¢RY = 363.659

k| name o AC

1| Keep 353.659 o :

2| Replace| 45.7805 ~304.878 | =z mareve—
ment

C'[k]l = cost if action k 15 selected for one stage
ACLK] = 1nprovemnsnt (1f <
@0, Brickon ! of o 100

Hachine Replacement Example §

Policy Improvement Step: Evaluatlion of alternate actions

State #2, HMinor deterioration §

Current Folicy: action #1, Keep

geRy+Vic¢RY = ~1115.18
FI0 IO ST O
k| name ! AC .
e Foseved a1
1| EKeep “1115.18 0 - p ~Frie 7
2| Replace| -486.607 628.571 GO SO0 I
this stste
C'rk]

cost if action k is selected for one stage
3

ACLK] inprovensnt ¢if =<0

@D Bricker,U. of lowa, 1935
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MDP Replacement

Hachine Replacemsnt Examnple E

Policy Improvement Step: Evaluation of alternate actlons

State #3, Major deteriocration E

current Folley: action #2, Replace
g(RY+Vi¢RY = 13.3929

ST TR VSTRSITE ST

k| name ! AC i
Ao sofraved bl
1| Keep 125 111.607 - ; ~E 7 ;
2| Replace| 13.2929 CIRINTg SN i
his stgia
C'[k]1 = gost if actlion k 1s selected for one stage
ACLKY = improvemsnt (if =02

The current policy
Ka s aplimal’

@0 Bricker, . of lowa, 1993

Ll 5 pegin Wilh gn ksl police
Kean machine il it FEis
ne, R=0500 5

State Action
1| Good as new 1 Keep
2 | Hinor detericration 1 Keep
3| Hajor detericration 1 Keep
4| Falled 2 Replace
Discount factor = (.985222
(rate of return = 1.5%>

@0 Bricker, ). of lowa, 1993

0.75 0.1875 0.0625 0

0 0.75 0.1875 0.0625
0 0 0.75 0.25
0.75 0.1875 0.0625 0

PR =

vilR)=C v B phivi(R) ¥ ieS
jE8

@0 Bricker, . of lowa, 1993

i Vi

1(35567.
236960,
3(3g299.
4(38567.

W 0

That is, $35,567 .40 invested at. 1.5% per month
interest would sufficient to pay all future
operation and replacement cost for the machine,
if it is initially in state 1, 1.e., "good as new”

@0, Bricker, . of lowa, 1335

1/28/98

page 4

Minimizing:
Present value of all future costs
i.e., MDP with discounting is used.

Assume a rate of return of 1.5% per month
(18% per year)

p=—1 =_—1_=0.1985222
1+r 1.015
That is, the present value of a $1 cost next month
is $0.9585222

|

@D Bricker, L. of lowa, 1995

| Yalue Determination |

Solve the system of equations;

ki kj
vilR)=Ci' + B2 pij vi(R)
jel

Y ieS

@D Bricker, L. of lowa, 1995

viR)=Cl v BT plviR) ¥ ieS
j=8

vi = 100 + 0.98522 (0.75v, + 0.1875v; + 0.0625v5)
v, = 200 + 0.98522 [0.75v, + 0.1875v; + 0.0625v,)
v; = 500 + 0.98522 [0.75v; + 0.25v, )

v4 = 3100 + 0.98522 (0.75v, + 0.1875v5 + 0.0625vs)

Solution: 1, ¥

J5567.
J6060,
38200,
J8E6T.

RARYAT
s s 00 s

@0, Bricker, L. of lowa, 1995

| Policy Improvement |

Policey Improvement Step: Evaluation of alternate actions

|State #2, Minor deterioration §

Current Policy: action 21, Kesp

Evaluate alternative action: #2, Replace

' k' Yy P '
vi= Ci'+ B p%(j v =2, k=2
]

@D Bricker,U. of lowa, 1935



MDP Replacement

[y

Vi

35567,
I6960,
18299,
38567,

v, = 2100 + 0.98522 (0.75v, + 0.1875v, + 0.675v3)
= 2100 + 0.98522 (0.75x35567.4 + 0.1875x36960.8
+0.0625%38299.4)

' k' Yy P '
vi= G+ B pltvy 172,k =2
1

ARY AT
IS = Y

=37567.40
That is, if we are initially in state 2 and replace the
machine, but thereafter follow the original policy R,
the present value of all future costs is $27,567.40

@0, Bncker, L. or 1owa, 199

|State- #3, Hajor deterioration §

Current Policey: action #1, Keep

Evaluate the alternate action: Replace

1/28/98

mprovement

Kk  nanme ! AY
1| Keep 36960.8 o]
2| Replace| 37567.4 BOR .62

¥'ik) = total discounted cost if action k is selected for
one stage, & current policy is followed thereafter

AVCEKY = improvemsnt (if =0

Since v » vz, the current policy for this state
should not be changed.

@D Bricker, L. of lowa, 1995

| Yalue Determina n |

Discount factor 0.985222
(rate of return = 1.5%)

k  namne V! A
1| Keep 38299.4 0
2| Replace| 38067.4 T232.035

Since wz< v, 1.8, Ave= vz — vz < O, the policy in this

state should be changed to "replace”

@0 Bricker, ). of lowa, 1993

| Policy Improvement |

| State #2, Minor deterioration §

Current Policy: action #1, Eeep

k _ names V! AV
1| Keep 35128.6 O
2| Replace| 35790.4 670.718

¥V'ikr = total discounted cost 1f action k 1s selected for
one stage, & current policy is followed thereafter
AVCRY = Inprovemsnt (1f <02

Fhe poficy For this stale should not be changed.

@0 Bricker, . of lowa, 1993

¥ Improvement

No improvement is possible, so the
current policy:

State Action
1| Good as new 1| Keep
2| Hinor deterioration 1| Keep
3| Hajor deterioration 2| Replace
4| Falled 2| Replace
is optimall

@0, Bricker, . of lowa, 1335

New State hetion
- . 1| Good as new 1 Keep
PlICy. | 3| Hinor deterioration 1 Keep
3| Hajor deterioraticon 2 Replace
4| Falled 2 Replace
i vy
New present
i 1133799 .4
vaFlves. 235128 4
336290 .4
436799 .4
@D Bricker, L. of lowa, 1995
| Policy Improvement |
|State #3, Hajor detericration §
Current Policy: action #2, Replace
k  name L AY
1| Keep 36386.1 86,709
2| Replace| 36290.4 0

¥'iky = total discounted cost if acticn k is selected for
one stage, & current policy is followed thereafter

AVWCKY = ilmprovement (if =02

The policy for this stale should not be changed.

@0, Bricker, L. of lowa, 1995



