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I#| Linear Programming Algorithm
without Ciscounting

M{rk@v D@ﬂgﬂ@n Pﬁ‘@bﬂm Optimizes the "average”, i.e., expected, cost

Linesar Pﬁ‘@@ﬁ‘mmﬂlﬁ@ Method or return per period in steady state.
IF| Linear Programming Algorithm

with Discounting
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Optimizes the present walue of all future
expected costs
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LP model of MDP LP Model
Assumg thgt, using the optimal policy, a steady Maximize > C}( X}‘
state distribution exists. ies kek;
Define "randomized” or "mixed" strategies: > Xk=3y ¥ pk Xk vjeS
keK; 1 jes ke, TU
k.o - , ,
X . joint pr‘obablllty, in Steacliy state, of being s s xho g (e constrant
in state i and selecting action ke K S oMo /s redundant
1
K Fd A fe
Xi=0 aliningied,
@Dennis Bricker, U. of lowa, 1998 @Dennis Bricker, U. of lowa, 1998
Transition Probabilities [ Taxi
Problem
ey 2 s
23leE oo
. . k
"3lol2s 0.25 0.5 nane ! 2 3
1| Cruise -8 “1a -7
o 2| Cabstand -2.75 -15 -4
i £ 1 2 3 3| Wait for call | -4.25 999 -4.5
Action: Cabstand r
o% 882%; 8;?5 géggg tRows ~ actions, Columns ~ states:
©2lo. . .
3[0.125 0.75 0.125 4 walue of 999 above signals
to an infeasible action in a state.
1 2 3
- - f e - -
Action: Wait for call f g% 0.25 9,125 9.625 i}w&z‘ef;zﬁw e
W 2 S
30,75 0.0625 0.1875 o eqeii g
@Dennis Bricker, L. of lowa, 1938 @Dennis Bricker, L. of lowa, 1998
LP Tableaul
ki 1 2 3 1 2 1 z 3 E * *
1: 1 1 1z 2 3 3 3 |s ke ] 12 3 t 2 1 2 3 R
Min| -8 -2.75  -4.25 -16 -1%§ -7 -4 4.5 i-]1 1 1 2 2 3 3 3 B
0.5 0.9375 0.75 0.5 "0.0625 "0.25 "0.125 "0.75 |0 Min| 0 2.1 5.01667 © ~4.95 0 -0.566667  3.23333 0.2
~0.25 "0.75  "0.135 1 0.125 70.25 "0.75 "0.0625|0 1 1.45 1.36667 0O 0.35 0 0.0333333 ~0.616667 | 0.4
1 1 1 1 1 1 1 1 1 0 "0.4 0.1 1 0.3 0 "0.4 0.15 0.2
0 "0.05 T0.466667 O 0.35 1 1.36667 1.46667 | 0.4

Initial peolrcy: 19 each cfiy, sefect ‘crifse”
{greedy " policy)
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LP Tableau

wiial ¥l=04

basie
: . }{‘2: 02 * *
SOfiien w1204 ke [1 2 3 1z 1 2 3 E
Policy: (Cost= ~9.2 3 ' i 1 1 1 2 2 3 3 3 g
- - Hin| 0 2.1 1 0 0 3.23333 | 9.2
State Action Pii 1 1.45 i} 0 “0.616667 | 0.4
0 0.4 0.15 0.2
] 0 0,05 B 1 1.46667 |0.4
1 Town 4 1 Crulse 0.4
2 Town B 1 Crulse 0.2
3 Town © 1 Crulse 0.4
nitial policy: fn each city, select cruise , minimum {0 35030 35} T 03
{“greedyv " policy/ X35 enters the
basis, replacing X}
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LP Tableau
*k
1 2 3 ITteration 1
3 3 3 rhs
0 -7.1666 5.70833 |12.5 Poliey: (Cost= ~12.5 O
0 0.5 079166 | 0.1666
0 -1.3333 0.8 D.BGER State Aetion Pii
1 1.8333 1.29167 | 0.1666
1 Town A 1 Crulse 0.166667
2 Town B 2 Cabstand 0.6bBBEET
3 Town C 1 Crulse 0.166667
=%
LTSI 2_ 2
. 2= V3
salion | 7
%
@Dennis Bricker, U. of lowa, 1998
. LP Tableau LP Tableau
ke |1 2 3 1 21 2 3 * * *
k:| 1 2 3 12 12 3
s |1 1 1 2 23 3 3 rhs
i 1 1 1 2 2 33 3 rhs
Min| 0 4.5 f.6666 16.5 00 -7.1666 5.70833 |12.5
1 1.9166 1.25 -1.16667 0 0 0.5 0 01666 Min| © -2.8712 4.3863 11.9394 O 3.9090 0 10.7576|13.1515
0 -1.2333 0.3333 3.33333 1 © o. 0. GGRR 1 1.8030 1.4090 —0.8484 O “0.2727 0 -1.1439| 0.1212
0 0.416A-0.5833 “1.16667 O 1 1. 01666 © -1.0303 "0.0900 2.4848 1 ©.7272 0 1.4393| 0.7873
0 0.2272 "0.3181 0.6363 O 0.5454 1 0.7045| 0.00909
minimum {0.166 , 0.1666}: 0.1666 Note that for every state,
0.5 1.833 1.8333 there /s g \ariahie in the
2 TSNS For onfle ane soliont
%2 enters the BFGIE FO OV 0ne FCLIN.
: : 1
hasis. replacing Xz
@Dennis Bricker, L. of lowa, 1998
LP Tableau

Policy: (Cost= 713.1515

State Action Pil:

1 Town 4 1 Cruise o.121212
2 Town B 2 Cakbstand 0.787879
3 Town © 2 Cakbstand Q.0900001
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LP Tableau Optinal Policy E
* * * i
E: 1 2 3 1 2 1 2 3 -13.3445 3
i: 1 1 1 2 2 3 3 3 rhs
i State Action Piiz
Min| 1.59244 0 6.63025 10,5882 0 3.4747 0 8.9359 13,3445
0,66462 1 0.78151 ~0.4705 (0 ~0.1512 0O ~(0.p34d4d 0.06722
0.57142 0 0.71428 2 1 0.5714 0 0O.7857 0.86714 1 Town 4 2 Cabstand 0.0672269
T0.12608 © T0.49579 T0.5294 O 0.5798 1 0.8487 0.07863 2 Town B 2 Cabstand 0.857143
3 Town © 2 Cakstand 0.0786303
Reduced costs are all noanegative... The aptimal policl found bl the simplex £ P
rhe apiimality condition is satisfied? FlTOrIEm IS GelerminisiIc, not rangonires,
re., fhr each stale, onlle one SoLion 15 speciiied,

@Dennis Bricker, L. of lowa, 1998

ILIP A\Igorithm for
MIDIP with discuunting

The present value of future costs (i.e., the
discounted future costs) will depend upon
the initial state of the system.

Determining a policy which minimizes the Define
present value of all future costs over an
infinitely long planning horizon.

o = probability that system in initially
in state j

Note: existence of a steady state distribution Note: If the initial state is known. then
is not assumed! a=10,0..,01,0,..0]

&

@Dennis Bricker, U. of lowa, 1998 @Dennis Bricker, U. of lowa, 1998

Decision wvariables Define

¢ ] o B = discount factor = ﬁ
Ai(n) = Joint probability that

system is in state j in period n where r =rate of return per stage
and

action k<K is selected

Then the present value of a cost Y which is
incurred | period henceis pY

Hote thar tirs definition of the decfsfon variables . . 3
2 periods hence is f°Y

does not assime thal (e same policy is optimal
for every staged

n periods hence is pP"Y

@Dennis Bricker, L. of lowa, 1938 @Dennis Bricker, L. of lowa, 1998

k_ i i i . L L
If G- costof action k in state j Our objective is therefore to minimize the

discounted future expected costs:

then

> 2 Crakm) - expected cost during o0

. [RaZi ko k

I kek; stage (period) n 2 2|2 B m)
'dnd _] kEKj n=0

> B Z Ck25(m) - present value of
I ek all costs in periods
n=0,1, 2, ...

=]
=]
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2 A0 =a;

kek;

For each state j at stage n=0:

For each state j at stage n, n=1,2,...
2 am= X X Piria-D
kekK; i kek

\\—Y—J p EEEEN—
Frofhabi i (hat sistens Frobahrfil e 2458 s1sten mraies
15 ji7 siFle f 5t siage Fraimsiiioe o seate T i

stage n-i fo siale j i stage n
Hote thar there is an mfinite numbder of

consirames, as weff as infinitely many

@Dennis gnc{r lgtg/e i, 1993

For each pair of state j and action k,
consider the sequence of probabilities

{11
F(z)=2 z2)5n)

n=0

Its z-transform is

Define a new set of decision variables

=)

Z B A Xn)

X

i.e., the z-transform of { ?»}‘(n)};iﬂ
evaluated at p

@Dennis Bricker, U. of lowa, 1998

In order to reduce the set of
constraints to a finite number
(with finitely many variables), perform the
following operations:

* For each pair j & n, multiply the corresponding
constraint by g

BDkZK ?\.]1((0) = pa; for each state j
ek

for each state j
&n=1

nq k — kand 3 B
ki,.ﬁ @) sZi kgiipus A1)

@Dennis Bricker, L. of lowa, 1938

» Rearrange the order of summation in this new
constraint;

> > gl = a; +5ZZ Z pllﬁnl)\.k(n 1)

n=0 kek;
= 2 Zﬁnxk(n)—a B2 2 Zplsnlxk(n 1)
ke n=0 i kek;n=l
> xk =aj+p2 2 xk ,
= W, ith - kEKiXI for all j

since

Zl pkpnt Afn-1)= > pafn)

n=0

@Dennis Bricker, U. of lowa, 1998

1/28/98

In order to reduce the size of the LP to finite
proportions, we will utilize the =7 - zrans/forim.

The z-transform of the sequence {ap };in
is the function

F(z)= > zn ap
n=0

[See Gueyeing Svslems Yol 7 Appendix 701 £ Kieinrocks

Node Lhal onven £, we can
FECORSICE e Sequsice:
_ 1 &F0)

] i
@Dennis Bricker, L. of lowa, 1998 n! dz

We are then able to rewrite our objective function

> 2> {Z B CF2f(m)
i ke Ln=0
with a finite number of terms:
k
> > Cfxf
i k=K
where Xﬁ'( — Z an\_ﬁi(n)

=

=
@Dennis Bricker, U. of lowa, 1998

* For each state j, sum the equations over n:

BDkZK 7\.}((0) = po; for each state j
ek

Z Bn k(n) BZ Z leBnl ?\.k(n 1) for each state j

&n=1

= Z 2 gk = o +BZZ Z pllﬁnl?\.k(n 1)

n=0 kek;

@Dennis Bricker, L. of lowa, 1998

LP Model

Minimize > 3 Cﬁ‘x}(

i kek
subject to
Y xf=aj+B3 ¥ pijx  forall]
kGK]' i kEKi
x}(zo

« sum of x is not specified to be 1
» no redundant constraint was
eliminated from state equations

Note that

@Dennis Bricker, U. of lowa, 1998
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Using the "Kronecker delta”, i.e.,
5 1 ifi=j If x*is the optimal basic solution, then
5710 ifis

x?‘k > 0 (i.e., basic)
this LP model may be rewritten:

implies that
Minimize > > C?X}(
subiect to i keK the optimal policy is to select action k when in
] . ) state j Jor every stagen-0,1,2,....
> 3 [3y-Bpljxt]=a; forall]
i kek . fe., the optimal policy s statronary, same for
Xj= 0 every time period!
ka
@Dennis Bricker, L. of lowa, 1938
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