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The Greek Streamside Tavern Minimize f(X)=d(F.X)+d(X.¥)
witiage Fiodd witlage Held

Yillagers returning home after working in the communal field
will walk to the stream to fill a bucket with water, and then
walk to the village.

Where would be the best location for a tavern along the stream?
{Assume X is the location which minimizes the total distance

walked!) &)
©Dennis Bricker, U. of lowa, 1997 ©Dennis Bricker, U. of lowa, 1997
Geometric solution:
vitiage Frodd witlage / treld
-7
| | -
| I P
b Reflect V in the stream to get point V' L~ To minimize f(X)=d(F X)+d(X,v"),
d(X. V) = dX. VD) = f(X)= d(F,X)+d(X, V" construct a straight line from F to V",
PR Shortest distance from F to V'is The intersection with the stream is
along a straight line! the location ¥ which minimizes f(X).
®Dennis Bricker, U. of lowa, 1997 ©Dennis Bricker, U. of lowa, 1997
Locating a marketplace for 3 villages Geometric solution
A c A Let X be an arbitrary point.

Q

Q: ‘J
\ X c P
Marketplace (X) 50 as to Y
Find point C' 50 that

B minimize the sum of the distances B nt .
from X to each of three villages AABC' is equilateral.
(A, B, & C).

i.e., select X to minimize d(X,A)+d(X,B)+d(X,C)
|

B

©Dennis Bricker, U. of lowa, 1997 ©Dennis Bricker, U. of lowa, 1997
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Find point X' so that
AABXX is equilateral.,

, A
c L
Qo xQ‘?
e ) C
NN ) S
B

©Dennis Bricker, U. of lowa, 1997

X is therefore found by constructing
C' sothat AABC is equilateral.

©Dennis Bricker, U. of lowa, 1997

Locating Marketptace for
n>3 Villages:

o) Pa
A ©
The geometric construction
AsO o for the case n=3 does not

As generalize for n>3
{ “Webers FProfilem )
<J

®Dennis Bricker, U. of lowa, 1997

An “analogue computer”:
ki

Cut holes in a table top on
which a map is drawn.

Yarignon
Frame

©Dennis Bricker, U. of lowa, 1997
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ABXA == ABXC
since /_CBX'= /_ABX
CB= AB
& BX' = BX

e f(X) = d(A,X) + d(B,X) + d(C,X)
B = d(C"X) + d(X"X) + d(X,C)
=length of the path C'X'XC
= f(X) is minimized if CX'XC are colinear,
i.e.,if Xis on the line segment C'C

©Dennis Bricker, U. of lowa, 1997

Next, point A" is constructed
so that /AABC is equilateral.

By symmetry of
argument, X must be
on the line segment
ATAL

Therefore, X must lie

at the intersection of
C'C and A’A

©Dennis Bricker, U. of lowa, 1997

Suppose that the "weight” at village i is W,

We wish to minimize f(X) = Zwid(Ai,X)
i=1

A2® Az @
@
A
[ ] 5
AI A4@

©Dennis Bricker, U. of lowa, 1997

Tie together in a knot ("X") n strings of equal length L

Attach a bucket with
weight W at the end of
string i.

©Dennis Bricker, U. of lowa, 1997
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The system of strings & weights is released and
comes to equilibrium,

Potential energy will be
minimized in the
equilibrium state!

©Dennis Bricker, U. of lowa, 1997

n

> (H-L) W + Wid(A;,X)

i=1

P.E= D Wih; =
=1

Z(H—L)wi + 2 Wid(Aj,X)
i= i=1

constant M

THE K WK 202 EES FhE pOTENTIES
EXIESGN WIS I2PIIRIEE D OO JECTIVE
-

ST

<

©Dennis Bricker, U. of lowa, 1997

Consider the beach to be aline, with points representing
groups of people: A = location of group #i

Wi = # of persons in group #i

A Ay As  Ag Ag  ees Al Auy ees Ag

Wy W, Wy W, Wg Wi Wi W

His objective: Minimize f(x)= X w, |><-A,-|
i

What is the nature of this objective function, f(x)?

®Dennis Bricker, U. of lowa, 1997

We have seen that on the interval

f(x) = x(2wj- 2 w;)+ (constant)
jgi i
This is a linear function, with slope Z_Wj - Z Wy
jgi i

Therefore, the functionis increasing if Z»wj > 2 W

jgi 3>
and decreasingif > w; < 2> w,
ja )

©Dennis Bricker, U. of lowa, 1997
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Potential Energy of Systemis pp - iwihi
- i=1

U

Wihi = Wi L H = [L=d(A},X)])
= Wil H-L+ d(A;,X) }
= (H-L)W; + Wid(A; %)

©Dennis Bricker, U. of lowa, 1997

@The Ice-Cream Vendor Problem

(imini-sum facilidy location on & fined - — —— = — —

Anice cream vendor wants to locate his cart along a beach,
minimizing the total distance from the persons on the beach
to his cart.

©Dennis Bricker, U. of lowa, 1997

Ay Ay Az Ag Ag  ees Al A eee A

Wy W, Ws W,  Wg Wi Wis W

If x liesinthe interval [A;, Al

f(x) = 2 wy (x-A;) + ij(Aj—x)
j<i i
= Zwpx - X WA+ wiAj - 3 owyx
jgi jgi j>i i>i

% ( ij - Z Wj )+ (jz.WjAj_Z.WjAj )
> jgi

jgi i
a constant!
©Dennis Bricker, U. of lowa, 1997

That is, the functionis increasingif 2 Wy > > W
jgi 3>

(e, there are more people Lo the leltl

+ T

and decreasingif X w;< X w;
ja B
(12, there are more people o the rightl

So the ice cream vendor should walk along the beach until
half of the bathers are behind him, and half in front of him.

©Dennis Bricker, U. of lowa, 1997
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Note that this means that the optimal solution is at the
median of the population (not the mesn, as one might have
suspected!)

{For this reason, mini-sum location problems are referred
to as medranr problems.)

& Question: what happens to the optimal location if, during
the afternoon, a group of bathers to the right of the cart
decide to move 100 meters further to the right?

©Dennis Bricker, U. of lowa, 1997

The problem then is equivalent to finding the smallest
circle which circumscribes the three points A, B, and C.

The optimal location is then at the cemfer of the circle.

7115 easi generalizes fo

77 \itltages, where n s X

For this resson, such
prnax " Iocsiion probiems
X are relemed fo a5 center
B piroblens!

©Dennis Bricker, U. of lowa, 1997

Again we represent the beach by a line, with points indicating
the position of the swimmers:

A, Ay Az Ag Ag  ees Ay Ay eee Ag

If his objective is to minimize f(x), where
fix) = maximum | x- Aj|
1<¢i<n

then the optimal location is the cemfer of the smallest
circle covering the n points.

IS tesiion: whatl hanpens Lo fis oplimal focation
i group #i decides fo mave Lo the right 7 What
=
®Dennis Bricker, U. of lowa, 1997
By definition of absolute value:
|x = Aj] = maximum { (x-A;), (Aj=x) }

So our problem is

minimize [ maximum { (x-A;), (A;-x) } ]
X 1<i<n

©Dennis Bricker, U. of lowa, 1997
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The Firehouse Location Problem

Suppose that a firehouse is to be located so as to serve
three villages. The "best" location is considered to be
that which would minimize the longest possible delay
in reaching the scene of a fire:

Minimize g(x) where g(x) = maximum {d(x,A), d(xB), d(x,C)}

A glx)<z < A, B,&C are

C contained within
a circle of radius
z with center x

=]

<J

©Dennis Bricker, U. of lowa, 1997

The Life-Guard Problem

%,

~

The lifeguard wants to locate his chair in a location which
will minimize, not the sum of distances to the swimmers, but
the distance to the farthest swimmer.

@

©Dennis Bricker, U. of lowa, 1997

Suppose that he wants to weight the distances, according
to the number of persons in the group:

A, Ay Az Ag Ag  ses A Auy ees Ag

Wy Wy W W, Wg Wi Wik W

Let his objective function (to be minimized) be defined by

f(x) = maximum w;|Xx- Aj|
1¢ig<n

mart T /x| ®-A

©Dennis Bricker, U. of lowa, 1997

minimize { maxirmum  w;|x - A }
X 1¢ign

We can transform this optimization problem to an LP by
introducing a new variable, z:

minimize z subject to  z 2wyl x = Ayl fori=1,..n
®,2
= minimize z subjectto (zxw;( x- A;) fori=1,.n
X,2
zew;(Aj-x) fori=l.n
S . z .
= minimize z subject to {x <A+ /Wi fori=1,.n
®,2
Z .
X 2 Aj- /Wi fori=1,.n

©Dennis Bricker, U. of lowa, 1997
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The condition for a feasible solution to the constraints
z

{ X <A+ /Wi
z

X 2 Aj- /Wi

is, of course, that every upper bound of x be greater than
{or equal to) every lower bound, that is,

fori=1,.n

fori=1,.n

Aj- z/w,- < At z/wj for every pairi&j
or, solving these inequalities for z,

Ai- A,

Am Ay ¢ Y v S DDA
VT

W W;

z for all i&j

©Dennis Bricker, U. of lowa, 1997

Suppose that the greatest lower bound for z occurs for
the pair of points i* and j*. Then

Ai' AJ‘
1
/wj+]/w,-

= Aj-z/wj < x <A H
is the "tight" constraint,
thatis, Aj= 24, = x = Aj+
and, substituting the optimal value for z, we get
1 A Aj
i w1 1
iowy /Wj + /Wi

Ay AWy
Wit Wy

X = A
©Dennis Bricker, U. of lowa, 1997

Wt 15 g AFL expression For the oplims! value i the
werghted case, ie,

Ai_ Aj

Z = maximum

i L@j+b@i

el

®Dennis Bricker, U. of lowa, 1997

7he veolor consisiing of % and j* oan be Fouwnd b 1irst
oo g 1he mEXITHET VEe i e raveled” mEirix, e,

ijeurl/ue,(A-A)s(+uwe+uw)

and then using the "hase” tunction {o convert fo
PO FRETHREE, CORLITHT LTIRSr

ije1l + (2ppA) L 71 + i
WHICH could be combined it & single expression:

i je1+(2ppRA) L™ 1+un T /ue, (Ae . -A)=(<we . +w)

©Dennis Bricker, U. of lowa, 1997
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Therefore, we wish to choose the smallest z for which the
MTA

constraints are feasible

Clearly, then, the optimal z will be the greatest of its lower
bounds, i.e,

Ai_ Aj

Z = maximum

i 1/Wj + I/Wi

Wwhat is then the optimal value for the location, x?

©Dennis Bricker, U. of lowa, 1997

Notice that if the weights are equal,e.g, w =1 forall ],
then the optimal value is
z = maximum ]—Ai_ '?J' = maxjmum[Ai' Aj } A A
ij /Wj + /wi i 2 2

{ie, i¥=n and j¥=1)
and the optimal location is

AW AW Ant Ay
Wi+ W, W + W >

_ Apwat Ay,

{i.e, at the midpoint of the interval [Aj, Anl, the center)
which is what we would expect.

©Dennis Bricker, U. of lowa, 1997

: A-i_ A]
Z = maximum

ij /Wj + ]/Wi
world be writien in ALPL 25
zel/,(ARe-A)=(+we+w)

How could we wirite the exprassion for the oplims! pair
oF indices, i¥ and i % used Lo maximize shove?

©Dennis Bricker, U. of lowa, 1997

Then the oplnmsal location, ie,
AW AW

X
Wi+ W

would be written in AFPL 85

x « CALij] +.xwlij]) = +/ wlij]

©Dennis Bricker, U. of lowa, 1997
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