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Based upon this Lagrangian function, we define
two functions:

Lx,A) = fx) + 3 Ai gi(x)

i=1

Primal Objective A Dual Objective

L() = Minimum L(x,1)
xe X

L(x) = Magimum L{x A
(x) a.})\(grﬁum (x,L)
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Consider the inequality—-constrained problem:

Minimize f(x)
subject to
gi(x)=0,i=1,2,.--m

x € X

Define the Lagrangian function:

L(x,) = f(x) + 3> Ai gi(x)

i=1

L(x,A) = fx) + 3 A gi(x)

i=1

L(x)= Maxi L{x,A
(x) aximum (x,A)

L(%) = Minimum L(x,1)
xe X

Weak Duality Relationship: for all xeX and 4> O,

Maximum L{x,A) EI._,(x) = Lix,A)= f(l) =Minimum L(x,A)
Azl xeX

FIx " s imaximize with Fix the Lagrange multiplier
regpect Lo the Lagrange multiplier &G miTIze Wit X

L) = £(x) + 3 A gilx)

i=1

Primal Objective

E(x)z Maximum L(x,A)
Wz

/7 gi(x)= 0V i then
fix) ifg(x)=0Vi pptimal L5 are zero,
altherwise, i1 gi(x)=0
ror some 7, L(x,L)
is unbounded
above 45 Ni—>+o

+oo if gj(x)>0 for some i

Primal Problem | Minimize L(x)
XeE

nhere L (x)=

f(x) ifgi(x)< 0 Vi
+oo if gi(x)>0 for some i
If there exists an x feasible in {gij(x)< 0 ¥ i}, then

we can restrict our search for the minimizing x
to such x's, and therefore

Minimum E(X) = Minimum { f(x) |gi(x)= 0 Vi]
xeX xeX

primal ebjective dual ebjective

L(x,A) = fx) + 3 Ai gi(x)

i=1

"

Dual Problem

Primal Problem

Minimize L T
inimize (x) Ma?icénnnze L)

nirere
L(A)= Minimum L(x,A)
xe X

nfrere
L{x)= Maximum L{x,A)
Azl

And so we see that

Primal Problem | Minimize L(x)
xe X

s equivalent to our original probiem:

Minimize f(x)
subject to
gl(X)s 0! i:1!2: s m

x € X
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Lagrangian Duality

Weak Duality | For all xeXand 2> 0,

Relationship

L{x)z L(x,A)= LQ)

i

primal } N { dual
ohjective | ~ \abjective
In particular, if x* and A* are the primal and
dual optima, respectively, then

L(x*)> Tax)

Luality
Gap

ie. Lix¥)-Lax)2 0

Definition

(x, i) is a saddlepoint of L(x,A)

if L(EA) < LixX)vxe X
(which implies that L(Z)=L(&) )

L(ZTA) 2 L(A) YL =0

and

(which implies that L{L)=L{E,L))

L. . 2 2
Minimize 4x +2xx, + xJ

subjectto 3x;+ X,z 6
x;20,x,20

Define: g(x)=6-3x, - x,

X={(x;x)|x,20,x220}
The Lagrangian is
L(x,A) = 4x] +2x;%, + xZ + A (6 - 3x, - x,)

Dual objective:
- . 2
L(A) = min [4x] + 2xx, + x7 + L (6-3%,-%,) )

And so the dual objective is
L&) =L{Ms, M, 1)

_ 7 42
=64- 'EY AT s coNCAVE function oF A

and the dual problem is

Maximize 6 A - - 17
12

subjectto A = 0

7/15/98
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Weak Duality
Relationship

li

For all xeX and 1> O,
L(x)z Lix,A)= L)

primal } N { dual
objective | ~ \objective

That is, any feasible dual solution gives a
lower bound on all primal solutions, including

of course the optimal....

this property is

often used to advantage in branch-and-bound
algorithms for combinatorial problems.

If (%,1) is asaddlepoint of L(x,A)
then L) = L(%, )=L(1)
primal dual
objective objective

so that the duality gap is zero!

The K-K-T necessary conditions for optimality

of xy,x2 = 0 are:

(for A fixed)

with solution:

20

£=8X1+2X2-3120
aXl

aL

—=2%+2x,-A =0
8x2

aL aL
— (=0 —|=0
H [3X1] r R [3?(2}

(1) =h5, =Ha) =Ns
X, x220%vV A =0

Maximize 6 A - 2 1.°
12

subjectto A = 0

L@)

I

N
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The corresponding values of x* which optimize

0”""2/ Maximize 6 A - %12 the Lagrangian subproblem, i.e., the problem
problem.

subjectto A = 0 of evaluating the dual objective L, are:

% 36
The necessary (& sufficient) conditions for () =K = T/7 =12

)

7
optimality are 36
- - ®eaky _ KL _ /7 _6
dL(L) dL(R) w(A)=" = —— =
—:6-2(l)lso, p I Bt a2 )
da 12 di at which the primal objective, 4x? + 2xx, + x7,
-~ -~ also has the value 108
= =3 L) = L [36]-108 5
7 7 7
N 4)(12 +2x1X2 + X22 if 3x1+x226, x=0 Geometric i E Min-imize f(x)
<| Lix)= Interpretation .= | subjectto  g(x)=< 0
= + ©o otherwise & x € X
% .
a o = 17_2, o = % | L= 108 Define G = {(z1,22) | z1 = g(x), zz = f(x) forx € X }
7 Primal can be restated as: Minimize z
_ " subject to
2l T=6a-222 =0 L(x*)= L{a) 2150,
g 12 No Duality Gap! ze G
o Duality Gap!
o -
=36 T(af) - 108
-
For fixed 4, ) The optimal A is that for

which the z —intercept of
he supporting hyperplane
(in this case, line) is

L) = minimum{zg + lzl}
ze G

L) is the z,~intercept

f the supporting
hyperplane
of G with
slope -2

“ " LA)=z2 + Az;

\ Dual problem is

N z1 to find support z1
with maximum

z,~intercept

maximized.
(21:22) I

“U_slope is - A"

nteger Minimize 3x; + 7x2 + 10x3
linear subjectto x; + 3x2 + 5x32 7
program .

xj€ {0,1},j=1,2,3

duality gap

Define:
X={x=(x1,x2x3) |xj€ {0,1} }
= {0,1}X{0,1}X{0,1} Cartesian product

primal optimum............

dual Optimum ..........................

g(x)= 7-x1-3x2-5x3
Lagrangian function:
L(xA)=3x; + 7x2 + 10x3 + A(7 - x1 - 3x2 - 5x3)
=3 -A)x;+(10-M)xo+(5- A )x3+7h

When G is nonconvex,
a duality gap is
possibief
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-

Dual objective: LQ) =

Minimum L(x,A)
g€ {0,1}j=1,2,3

7/15/98

L{X) = Minimum (3 - L)x; + (10 - 30)x2 + (5 - 54 )x3+ 74

% e {0,1}

Given a value of 4, the optimal x{d) is O if its
coefficient is positive, and 1 otherwise.
For example, if L=2.5,
L(x,2.5) = 0.5x;- 0.5%5 - 2.5x3 + 17.5

x1(2.5) =x,(2.5)= 0, x5(2.5)=1

L(2.5) = 14.5

When the coefiicient of Xy is zera, then bolh
Q& 7 are oplimal valves for that varizbl/e.

By inspection of the graph of ﬁ(}L) , we see that
the optimal dual solution is

L'y = 45

=T,

At 2%, both x'=(0,0,1) and x”
minimize L(x, ).

But x'is infeasible in x;+3x2+5x32 7

and x" violates the complementary slackness

K [7-x7-3x5-5x3] =0

%“—J

condition:

Neither x° nor 2" are 7/3

optimal in the primal
problem!

Primal solution
Lx") =17 =51}

Dual solution
Laxy =45

Duality Gap > 0!
L(x") -LA*) =73

~
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Thus,
<1 = {1 if 3-1‘3 0, e, Az3
0 otherwise
. 1 if 7-3% <0, i.e.,2.27/3
xp(A) = j
0 otherwise
. 1 if 1054 <0, ie., Az2
x3() = { .
0 otherwise
will minimize L(x,) for a given A
- A+17 - B
16 - .. L~
ST -
144 =
A -
N P - 28+20
Z ot
A 5
o 7 Dual problem:
4 Maximize f,(l)
5] s.t. =0
0 T . | T
0 1 2 X 3 2 4
Sofving the prinal
Z, Z, = )
preblem by complete
x; x2 x3 || glx) [ 1(x) emmeration:
0 00 7 0
0 0 1 2 10 infeasible
01 0 4 7
01 1 -1 17 == aplimal in primal
1 00 6 3
1 0 1 1 13 infeasible
1 10 3 10
1 11 -2 20 rfeasible
| ] 20
kS .‘"‘,.18- . .
5 6 el primal optimum \ guajit Vo
kS lmdval aptimum | 90
L Y
R A 121 G consists of
i ‘o o e the eight
S 8- discrete
& R .
S 5 . -, @ points!
AN
F‘:‘ U 44
R ]
W 2]
T T T T T T T T R s T Zl
2 -1 0 1 2 3 4 5 6~7 8
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Consider the problem:

Saddlepoint ——
Sufficiency Minimize f(x)
iti subject to
Condition e i <1.2,
x € X

where f(x) & gi(x) are convex functions, and
X is a convex set.

Let 220 and X e X....

If (i,i) is a saddlepoint for L(x,)

then X solves the
primal problem:

Minimize f(x)
subject to
gi(x)= 0,i=1,2,..-m
x € X

and 1 solves the

Maximize f( A)
dual problem:

subjectto A = 0

where L{4)= min L(x, 1)
xeX

continued....

STRONG

DUALITY Define the Dual Problem:

Find

THEOREM

¥ = supremum LA, )
A=0

where
L&, p) = infimum { f(x) + A "g(x) + ph(x) }
xeX

continued....

STRONG
DUALITY Then O=V¥

THEOREM

f.e., there is no dualfity gap!

Furthermore, if ®>—co then
e ¥ L) for some A*x0
e if x* solves the primal, it satisfies
complementary slackness, i.e.,
Li*gi(x*)=0V i

7/15/98
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Saddlepoint
Sufficiency

Then (%,A) is a saddlepoint

Condition of the Lagrangian function L(x,)

if & only if

® X minimizes Li{x,1)=f(x)+A g(x) over X
e gi(X)=0 foreach i=1,2,..m

& Ligi(R)=0 —~——which impiies £(x)= L(%,L)

(/a2 saddiepoint exists, then the dualily gap
s zerof)

Consider the primal problem: Find

STRONG
DUALITY @ = infimum f(x)
THEOREM subject to gi(x)= 0,i=1,2,...my
hiy(x)=0,1=1,2,.---mp
x € X
where X c R" is nonempty & convex

f(x)& gi(x) are convex
hij(x) are linear

Cinfimum " may be replaced by “minimum " it
the minimum is achieved at some x./

continued....

STRONG

DUALITY Assume also that the following

THEOREM

"Constraint Qualification” holds:

There exists X such that
gl(’i) < 0! i =1)2: sy

hl(ﬁ) = 0! i :1$2:" ‘mz
& 0 € int h(X)

Minimize f(x)=-x?-x°

subject to x2=1

& Write the Lagrangian function
& State the KKT optimality conditions
& Solve graphically, and verify that the
KKT conditions are satisfied at the optimum
& State the Lagrangian dual objective
# Solve the dual problem
® |s there a duality gap?
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Graphically, we can see thal x* =1, f(x*)=-2

1
—
s
—
G
0

C—
“N\\ X
.
4
0 0.5

reasible interval

Maximize ﬁ( A)
subjectto A = 0

Dual Problem

where L(A)= min Lix, &)
xeX

H 2 3 2
— - - + A -1
= min X X (X )}

= —oo for all 420

Maximum LR ) = -
— aximum ) ©o

The set G consists of the curve below:
30

20

22 10 o

e

5 ; zl
0 1 2 3 4 8 9

1 S 6 7
Fhere is no nonvertical support of G which
has negative (= -\ J slopel

Minimize f(x,y)=x
subject to

gxy)=x%+y?= 1

& Write the Lagrangian function
e State the KKT optimality conditions
# Solve graphically, and verify that the
KKT conditions are satisfied at the optimum
e State the Lagrangian dual objective
® Solve the dual problem
# |s there a duality gap?

KKT points are
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Lagrangian function
L(x,A)=x-x°+ 4 (x*- 1)

21 dL_ 2% 3x24+20x=0
ié:‘:’ x?<1

=)

< Lx%-1)=0

o Az=0

xA)= (-25,0) (0,0) (1,5)
LixA)= -457 0o -2

G ={ (z1,22) | z1 = g(x), 22 = f(x) for some x }

2= fi(x) = -x% -x3
z1=g(x)=x°-1 = x=4% (1+21)l/2

= G = { (z1,z2) | 2= - (1+21) = (1+Z1)3’[2}

Minimize - (x - 4)°

subjectto 1 = x < 6

# Write the Lagrangian function
& State the KKT optimality conditions
# Solve graphically, and verify that the
KKT conditions are satisfied at the optimum
& State the Lagrangian dual objective
® Solve the dual problem
#® |s there a duality gap?

Minimize (x - 4)°
subject to
1=x=3

& Write the Lagrangian function
& State the KKT optimality conditions
® Solve graphically, and verify that the
KKT conditions are satisfied at the optimum
& State the Lagrangian dual objective
# Solve the dual problem
® |s there a duality gap?



