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Processing time (hrs)
JOB Machine #1 | Machine #2
1 2 5]
2 7 3
3 d 7
4 11 o)
o) 7 10
5] 5

seguence {1,2,3,4,5,6}
Job Machine 1 Machine 2
i s 1 s 1
1 0 2 2 a
2 2 Q o 12
3 9 118 18 25
4 18 29 29 34
5 29 36 36 46
6 36 40 46 54

= = start tine, £ = finish tine
Hakespan = 54

Initialize S=S,=2 and I={1,2,3,..n}

Find minimum [pi} = pss
el jeil 2} 1R = Py

If T =1, then S = So.i (i.e., append job T to
the beginning of the sequence)

Otherwise (ie., ] =2),5=1,5(.e., append
jobT to the end of the sequence)

L Remove | fromI. IfI=@ then go to step 1.

Else the optimal sequence is S=35,5,
o =

Example|
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We wish to sequence /7 jobs,
each requiring processing on
machine #*1, followed by
machine #2.

2=-Machine
Flew Shep

Pij = processing time for job 7 on machine *r

makespan = total amount of time required to
complete processing of all /2 jobs

Objective; Sequence the jobs so as to minimize
the makespan

Suppose we schedule the jobs for
the seguence {1,2,3,4,5,6}

e

makespan

.

18 25 29 34 46 54
36

Can we reduce the makespan 8y changing
the segquence of the jobhs?

-an optimizing algorithm for
scheduling the 2-machine flow
shop, assuming that #e passing
is allowed (i.e., jobs are processed in the same
sequence on both machines)

—-construsts a sequence by "growing” it from both
ends (front and back)

Processing time
Machine 1 Machine 2

EXAMPLE JOB

S;75,=@ and
I={1,2,3,4,5,61

Minirmum p;;
i5 Py
Therefore,
S={11L.5, =@
1={2,3,4,5,61
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Processing time

Minimum  p;
JOB Machine 1 Machine 2

i5 P22

Therefore,
S={11L5,={21
1={3,4,5,61

Minimum  p; Processing time

i5 Py, JOB Machine 1 Machine 2
7
Therefore,
kit ©
5, =1{4.21}
and
I1=1{3,5}
el | J4]2]
Oplimal Seguence = {1,6,5,3,4,2}
Job Hachine 1 Hachine 2
1 = £ = £
1 0 2 2 8
i) 2 3] 8 16
5 6 13 16 26
3 13 22 26 33
4 22 33 33 38
2 33 40 40 43

= = start tine, £ = finish tine
Hakespan = 43

Special conditions under which
Johnson's Algorithm can be used
to minimize the makespan:

3-Machine
Flow Shop

& All jobs are to processed on Machines #1,2, &3
in that order
& The processing time on Machine #*2 is dominated

either by the time on Machine *1 or Machine * 3.

either min {pi1} = max {piz}
ar min {piz} = max {pis}

A
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Minimum  p; Processing time
I JOB | Machine 1 Machine 2
Therefore,
S,=11,61
S,=12]
and
1={3,4,5}

lel [ [ ]2]

Processing time

Minimum py; JOB | Machine 1 Machine 2

IS Pg; = Pxy e @
Therefore,
Se=(1.6,51
5,=1{3.4.21
andl=g The optimal sequence is
S=58pu 8
= [1]els[3]4]2]
e
Oplimal Seguence = {1,6,5,3,4,2}

Processing Times (hrs)

JOB Machine A|{Machine B|Machine C
1 10 6 7
2 8 2 6
3 ) 2 10
4 6 6 7
S S 8

Frocessing Limes on machine 2 are
Fonngled Hle thase on machine F
5 =min{pi} < max {piz} = 6
6 =min {pizf = max {pi2} =6
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Applllcatlon O_f Defm§ two ’fjummy, Original Pata: Dummy " Machine Data:
Johnson's Algorithm machines, 1" and 2,
to 3-Machine Problem | with processing times MACHINE MACHINE
JOB A B | C JOB 1T >
P =Py T P2 1 10 6 7 1 16 13
2 8 2 6 2 10 8
Py =Pz T Pi3 3 5 2 |10 3 7 12
] 4 5] 6 7 4 12 13
Apple Jonnson's Algorithm fo the s 8 5| 8 s 13 13
Iwa-machineg probiem with these two
Jumms machines. 7hHe resuliing segience
s optimal for the 3—machine profiem.
Johnson's Algorithn § Cotimal Schediule:
Three-Hachine Probled Job Machine 1 Machine 2 Machine 3
Two "dunmny machines" are defined: E 5 _{ 5 _£ = _{
Processing Tines 3 0 5 5 7 717
- 4 5 11 11 17 17 24
i 1 2 5 11 19 19 24 24 32
- = - 1 19 29 29 35 35 42
1 16 13 2 28 37 a7 39 42 48
2 10 g
3 71z
4 12 13 = = start tine, £ = finish tine
13 13 Hakespan = 48
The sequence found by this algorithm is: 3 4 5 1 2
The sequence is guaranteed to he optimal!
OQptimal Seguence: Compare with an arbitrary seguence:
Hakespan 48, Sequence: 3 4 5 1 2 . Hakespan = 54, Sequence: 1 2 3 4 5
1 2 3 4 s
ﬁﬁﬁﬁﬁﬁﬁﬁﬁ% &t;t;t;t;t;t;t;t;t;t;: LERRRTARLER AR AR ERT LN /]

k] 5 40 45 50

:::::: zzﬁi

O] :::::::::IV///i///AI

Johnson's Algorithn E

Random Job Sequencing Problem ¢M=5, H=3, seed = 662020)§ Three-Hachine Problemn

Two "dunmny machines" are defined:

5 Jobs, 3 Machines . Processing Times
fimes on
Processing Times maEchine 2 are i 1 2
il 1 2 3 NOT dominaled 1|7 7
e 2|23 23
1 6 1 & O either 3|20 19
21 16 7 16 e p T/ 4|25 32
il13 7 o1z machine 7o F 5|28 29
4 6 19 13
5116 12 17
The sequence found by this algorithm is: 1 2 4 5 3

Not guaranieed Lo be
apdimals
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Sohedule Found 81 Johnson’s Algoritim.

Random Job Sequencing Problem ¢M=5, H=3, seed = 6620200

Hakespan = 90, Sequence: 1 2 4 5 3
1

4 1=

Branch-and-Bound | —suggested oy ignall & Schrage

Algorithm for Suppose that the first r jobs

in the sequence have been
tentatively fixed:

J={it. 02 0r }

3-Machine
Flowshop Problem

Denote by J. the set of (n—r) jobs not yet
sequenced,

Let TIMETCJ,), TIME2( J.), and TIME3( J. ) be the

times at which machines 1, 2, & 3 (respectively)

complete processing the jobs in J..

J08| Machine Processing Time
1 14 12 13
Suppose 2 g 5 3
Jy=1{11 3 1 20 2
4 6 1 1

TIME1(J;) = 14
TIME2(J;) = 26
TIME3(y) = 39

7/15/98

Jr =111 J08| Machine Processing Time

TIME2(Jp) = 26 i ! 2 3

1 14 12 13

TIME2(J, 2 S 5
) _ 3 1 20 2 +6

+ 2 pi2 + min{piz} | 4 6 1 1

el iel;

Yy Lower Bound #2;

26+ 26+ 1=53
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Sohedule Found 81 Johnson’s Algoritim.

Random Job Sequencing Problem ¢M=5, H=3, seed = 6620200

Job Machine 1 Machine 2 Machine 3
i s £ s £ s £
1 0 6 6 7 713
2 6 22 22 29 29 45
4 22 28 29 48 48 6l
5 28 44 48 60 61 78
3 44 57 60 67 78 90

= = start tine, £ = finish tine
Hakespan = 90

Lower Bounds on makespan of all completions of the

partial sequence J;:
Makespan if the
. . . . job with shortest
TIMEL{J,) + _Z_ Pi1 + mljﬂ{P12+P13} processing times
iel 1€, on machines 2&3
need not wait

Makespan if the job
with least time on
machine #3 need not
walt

TIME2(J;) + 2 pi> + min{piz}
ield; iel;

Makespan if no job needs to
walt for machine #3

TIME3(J) + 2 pi3

ield;

Jr =111 J08| Machine Processing Time

TIME3(J;) = 39 ! 2 5
12 13

4
8 ) 3
1 20 2 b
6

1 1

i

1

2

TIME3(J) + Z_ pis | 3
iel; 4

Lower Bound #3:

39+6=45
Jr =111 J08| Machine Processing Time
TIMET(J;) = 14 i 1 2 3
1 14 12 13
TIMEL(J,) + 2 pit 2 g =) 3
ek 3 1 20 26
+ I?ﬂljﬂ{PinrPis} 4 6 1 1
iel;

Lower Bound #1;
T4+ 15+(1+1)= 31
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Branch-and-Bound || Branching will be done by Branch-and- Bound
Algorithm for choosing the next job to be Seqionting Peobren
3-Machine added to the end of sequence J;:
Flowshop Problem Jr+1 = JrU {ir+1 } Random Job Sequencing Problem (M=5, N=3, seed = 6620200
for each possible Using Johnson's algorithm, job sequence is: 1 2 4 5 3

value Of ir+1 = J} Hakespan 1s 90, our original Incumbent.
We now begin the branch-&-bound algorithn

*kk New incumbent: 89 e

%gﬁig@l S?qg?nge iz 14238 Eﬁﬁ?ﬂé’f"c‘?d fo
# Subéﬂgbiems'engﬁgﬁated = 53 &5 = 720
tolal seguences
(HL 257
Gplimal Schedule Qptimal Schedule:

Random Job Sequencing Problem ¢M=5, H=3, seed = 6620200

Hakespan = 89, Sequence: 1 4 2 3 6§
1 Z 3

4 1=

Job Machine 1 Machine 2 Machine 3

1 R s £ R

1 o] [} [} 7 713

4 6 12 12 31 a1 44 L

2 12 28 31 38 44 60

3 28 41 41 48 B0 72

5 41 57 57 A9 72 89 s

= = start timne, £ = finish tine

Hakespan = 89

Eranch-and-EBound
h-job, 3-machine
Sequencing Problen

Ji={1}
LB's 76 64 71

Randon Job Sequencing Problem (M=5, N=3, seed = BGZ0Z00 Ji= {5}

Using Johnson's algorithm, Job sequence is: 1 2 4 5 3
Hakespan 1s 90, our original Incumbent.

Ji=3E =4t

We now begin the branch-&-bound algorithn JQ:{] 2
Subproblen nunber 0: J= LB's =
76 79 87 {1,51
Subproblem number 1: J= 1 Jo= Jo=
Completion times: 6 7 13 {13} {141

Lower bounds: 76 64 71

Subproblen number 2: J= 1 2
Completion times: 22 29 45
Lower bounds: 76 79 87

Subproblen number 3: J= 1 2 3
Completion times: 35 42 57
Lower bounds: 86 86 87

Subproblen number 4: J= 1 2 3 4 J]:{5}
Completion times: 41 61 74
Lower bounds: 86 90 91
--- Fathomed by bound ---

Ji={31 Ji={4
Subproblemn number 5: J= 1 2 3 6§

Completion times: 51 63 80 Jo={1,2}
Lower bounds: 89 95 03 LEBa7
--- Fathomed by bound ---

--- Bubproblem 3: Fathomed by enumeration -- JQ: J2=
Subproblem number 6: J= 1 2 4 Jz= 1,30 {14}
Completion times: 28 48 61 1,23

Lower bounds: 76 79 90 Lé é?

--- Fathomed by bound ---
J4=
1,234
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Subproblen number 7: J= 1 2 &
Completion times: 38 50 67
Lower bounds: 76 88 92
--- Fathomed by bound ---
--- Bubproblem 2: Fathomed by enumeration ---

Subproblen number 8: J= 1 3
Completion times: 19 26 38
Lower bounds: 80 77 84

Subproblen number 9: J= 1 3 2
Completion times: 35 42 58
Lower bounds: 86 86 88

Subproblen number 10: J= 1 3 2 4
Completion times: 41 61 74

Lower bounds: 86 90 91

--- Fathomed by bound ---

Subproblem number 11: J= 1 3 2 8
Completion times: 51 63 8O
Lower bounds: 89 95 03
--- Fathomed by bound ---
--- Bubproblem 9: Fathomed by enumeration ---

Subproblen number 12: J= 1 3 4
Completion times: 25 45 58
Lower bounds: 80 80 91

--- Fathomed by bound ---

Subproblen number 13: J= 1 3 5
Completion times: 35 47 64
Lower bounds: 80 86 923
--- Fathomed by bound ---
--- Bubproblem 8: Fathomed by enumeration ---

Subproblen number 14: J= 1 4
Completion times: 12 31 44
Lower bounds: 76 69 89

Subproblen number 15: J= 1 4 2
Completion times: 28 38 60
Lower bounds: 76 69 89

Subproblen number 16: J= 1 4 2 3
Completion times: 41 48 72
Lower bounds: 86 77 89

Subproblen number 21: J= 1 8
Completion times: 22 34 51
Lower bounds: 76 79 92

--- Fathomed by bound ---

--- Bubproblem 1: Fathomed by enumeration ---

Subproblen number 22: J= 2
Completion times: 16 23 39
Lower bounds: 64 68 87

Subproblen number 23: J= 2 1
Completion times: 22 24 45
Lower bounds: 76 74 87

Subproblen number 24: J= 2 1 3
Completion times: 35 42 57
Lower bounds: 86 86 87

Subproblen number 25: J= 2 1 3 4
Completion times: 41 61 74

Lower bounds: 86 90 91

--- Fathomed by bound ---

Subproblen number 30: J= 2 3 1
Completion times: 35 37 B7
Lower bounds: 86 81 87

Subproblen number 31: J= 2 3 1 4
Completion times: 41 60 73

Lower bounds: 86 89 90

--- Fathomed by bound ---

Subproblen number 32: J= 2 3 1 8
Completion times: 51 63 8O
Lower bounds: 89 95 03
--- Fathomed by bound ---
--- Bubproblem 30: Fathomed by enumeration -_._

Subproblen number 33: J= 2 3 4
Completion times: 35 55 A8
Lower bounds: 64 74 91

--- Fathomed by bound ---

Subproblen number 34: J= 2 3 5§
Completion times: 45 57 74
Lower bounds: 64 83 93
--- Fathomed by bound ---
--- Bubproblem 29: Fathomed by enumeration ---
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\J!l/
{1,324} {1,325}

Subproblen number 17: J= 1 4 2 3 5§
Completion times: 57 69 89
*kk New incumbent: 89 Hwx

NEW =
INCLIPTBENT T --- Bubproblem 16: Fathomed by enumeration

Subproblem number 18: J= 1 4 2 8
Completion times: 44 56 77
Lower bounds: 76 75 89
--- Fathomed by bound ---
--- Bubproblem 15: Fathomed by enumeration ---

Subproblen number 19: J= 1 4 3
Completion times: 25 38 56
Lower bounds: 80 73 89

--- Fathomed by bound ---

Subproblen number 20: J= 1 4 5§
Completion times: 28 43 A1
Lower bounds: 76 69 89
--- Fathomed by bound ---
--- Bubproblem 14: Fathomed by enumeration ---

Subproblen number 26: J= 2 1 3 8
Completion times: 51 63 8O
Lower bounds: 89 95 03
--- Fathomed by bound ---
--- Bubproblem 24: Fathomed by enumeration --

Subproblen number 27: J= 2 1 4
Completion times: 28 47 60
Lower bounds: 76 78 89

--- Fathomed by bound ---

Subproblen number 28: J= 2 1 5§
Completion times: 38 50 67
Lower bounds: 76 88 92

--- Fathomed by bound ---

--- Bubproblem 23: Fathomed by enumeration ---

Subproblen number 29: J= 2 3
Completion times: 29 36 51
Lower bounds: 64 74 87

Subproblen number 35: J= 2 4
Completion times: 22 42 h/5
Lower bounds: 64 68 90

--- Fathomed by bound ---

Subproblem number 36: J= 2§
Completion times: 32 44 A1
Lower bounds: 64 77 92
--- Fathomed by bound ---

--- Bubproblem 22: Fathomed by enumeration ---

Subproblen number 37: J= 3
Completion times: 13 20 32
Lower bounds: 64 65 54

Subproblen number 38: J=
Completion times: 19 21
Lower bounds: 80 72 84

Subproblen number 39: J= 31 2
Completion times: 35 42 58
Lower bounds: 86 86 88

31
38
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Subproblen number 40: J= 3 1 2 4
Completion times: 41 61 74

Lower bounds: 86 90 91

--- Fathomed by bound ---
Subproblem number 41: J= 31 2 8
Completion times: 51 63 8O

Lower bounds: 89 95 03

--- Fathomed by bound ---

--- Bubproblem 39: Fathomed by enumeration -

Subproblen number 42: J= 3 1 4
Completion times: 25 44 57
Lower bounds: 80 79 90

--- Fathomed by bound ---

Subproblen number 43: J= 31 5
Completion times: 35 47 64
Lower bounds: 80 86 923

--- Fathomed by bound ---

--- Bubproblem 38: Fathomed by enumeration ---

Subproblen number 49: J= 3 2 5
Completion times: 45 57 74
Lower bounds: 64 83 93
--- Fathomed by bound ---
--- Bubproblem 44: Fathomed by enumeration

Subproblen number 50: J= 3 4
Completion times: 19 39 52
Lower bounds: 64 65 91

--- Fathomed by bound ---

Subproblen number 51: J= 3 8
Completion times: 29 41 58
Lower bounds: 64 74 93
--- Fathomed by bound ---

--- Bubproblem 37: Fathomed by enumeration ---

Subproblen number 52: J= 4
Completion times: 6 25 38
Lower bounds: 64 58 89

--- Fathomed by bound ---
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Subproblen number 44: J= 3 2
Completion times: 29 36 52
Lower bounds: 64 74 88

Subproblen number 45: J= 3 21
Completion times: 35 37 58
Lower bounds: 86 81 88

Subproblen number 46: J= 3 2 1 4
Completion times: 41 60 73

Lower bounds: 86 89 90

--- Fathomed by bound ---

Subproblen number 47: J= 3 2 1 8
Completion times: 51 63 8O

Lower bounds: 89 95 03

--- Fathomed by bound ---
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--- Bubproblem 45: Fathomed by enumeration -

Subproblen number 48: J= 3 2 4
Completion times: 35 55 A8
Lower bounds: 64 74 91

--- Fathomed by bound ---

Subproblen number 53: J= §
Completion times: 16 28 45
Lower bounds: 64 68 92
--- Fathomed by bound ---
--- Bubproblem (O: Fathomed by enumeration ---

Optimal sequence is 1 4 2 3 6

# subproblemns enumerated = 53



