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GComory’s Fractional Cut

Suppose that the optimal LP tableau includes
the row

™M

I
—

aijxj =B
i

Suppose that x, is basic in this row, so that
Xg+ > Oijxj =P
B
where B = index set of basic variables.
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Xg+ > Oijxj =P
B

may be written

Xg + Z ([O(ij] +fij)Xj = [Bl] + f;
B

xp- [Bi]+ 2 [oi] xj= fi- 2 fi;

B B
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However, fi<1 & fixj=0

fi-> fixj<1
B

imply that

fi - Z finj
B

than the largest integer < 1, i.e.,

and, indeed, must be no greater

fi-> fixj <0 :

B
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Cutting-Plane Techniques: From a non-integer
optimal solution of the LP relaxation, a
constraint is derived and added to the LP, such
that the LP solution is eliminated, but NO
integer feasible solution is eliminated.

Gomory's Fractional Cut

Dual All-Integer Cut
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= integer part of oy

fj = fractional part of
o - o]

= integer part of f5;

f; = fractional part of

= Bi- [Bi

4

0Note that [al < a
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A NECESSARY condition for x, & x; (jeB)
to be integer is that the right-hand-side of

xp-[Bl+ 3 o) xj= £i- 3 fix;
&B i&B

is integer, i.e.,

fi-> fix; € { -2,-1,0,1, 2,3,...}
B
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Gomory's Fractional 'Cut|

= 2 fixj= f
B
-> fixj< - f;
B
-> fixi+ 8 = -f
B
Slack
(el
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Cutting plane algorithms

Gomory's Fractional Cut

- fixj+ 8 = -f;
B

This constraint MUST be satisfied by all INTEGER
feasible solutions of the source row!

However, it is NOT satisfied by the current
LP solution if f; # 0!

(Since x;=0 for j ¢ B)
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1 2 3
=X3+ =X+ =X7=
3 4

4

/I x3,x¢ , @nd xy are nonbasic in the
current [P optimal tableau, then these
variables are ZFRQA in the basic solulion,
and the above consirainl is violated by
the current [P optimal solution!
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Pivot

Re-optimize the LP, using the dual
simplex algorithm.

Return to step 1.
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Cuts may be generated using as source row:

s any row in optimal LP tableau which has a
non-integer right-hand-side

* a multiple of any row in the LP tableau

* a linear combination of rows from the LP
tableau
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Gomory’s Fractional Cut 2 fijxjz
jeB

P souree
basic g o
v iahie

row ol

apiinal

LE tabiesy
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Initialization
Solve the LP relaxation of the problem
Optimality test
Is the LP solution integer? If so, stop.
Cut
Choose a source row (with non-integer
right-hand-side) and generate a cut.
Add cut to bottom of tableau
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All variables (including slack/surplus variables)
must be integer.

If original inequality constraint has non-integer
coefficients or right-hand-side, multiply both
sides by an appropriate positive constant, e.g.

;X1+ ixzs S

5 3 2
= 12x1+40 xp= 75

LR N bolh
Sides by J0
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Choice of Source Ro

While the strength of the cut varies, depending
upon one's choice, no rule is known which will
guarantee choosing the row yvielding the
strongest cut.
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Max z= 2x; + X2
s.t. Xy +x2=95

Heuristic rule

Choose, as source row, that which has
-X] +x220

1) max {f;) 6x1+2 x5 21
1
2 ﬁ/ X1, X2 = 0 & integer
) miax{ > fij
B

3) min {%-ﬂ}
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Introduce slack variables to convert to

equations: -Z X| X2 X3 X4 X5 rhs

Max z=2x| + X2

subject to x; + X2 + X3 =5
-X1 + X2 + X4 =0
6x1+2 x2 + x5=21

optimal
LP tableau

xj € {0,1,2,3,
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x5 =21 - 6x1 - 2x2

ANY of these rows could serve as the = - bsti
SOURCE row for a cut: Graphm.al Representation substitute
of Cuts in X;X,-plane {xg: 5 -x1 -%2

source row

X1
1—X3+LX521 = ’ 2% +x227
3 1.._0 1.3, .1 L
X2 + =—X3 -=X5g=—= = X3+ =X5z = 1 3 1
2 4 4 2 4 4 X3+ x5z = = ’ 5X1+2X2£18§
2 4 4
_ 1.._1 1 1
2 x3 +X4+2X5—2 = 2X522 ;_sté_ = I 6x1+3X2520§
o click mouse on
cut to see ertect
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2x; +x22 7 Sx;1+2 x22 18
31 3
2 2
14 14
0 T 0 T
0 1 4 0 1 4
el el
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6x1 +3xp = 20

3

2_

14

0 hd L d T
0 1 2 3 4
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Dropping Cuts
from Tableau

When a cut is added to the tableau, & the dual
simplex pivot removes its slack variable from
the basis, the cut is a "tight” constraint, i.e.,
its slack variable is zero.

If a cut's slack variable re-enters the basis at
a later iteration, then the cut has become
inactive and may then be dropped from the
tableau.
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Initial Optimal
| Current LP Tableau E

LP tableau
z12 3 4 5§ B
100 "0.5 0 "0.25 | "7.75
001 1.5 0 "0.25 2.25
000 - 1 0.5 0.5
010 "0.50 0.25 2.75
Variables:

(Negative of) objective function value: z
Original structural variables: 2
Original slack/surplus variables: 3 4 §
Slack variables for cuts:

©Dennis Bricker, U. of lowa, 1997

Current LP Tableau §

z 12 3 4 5 6 B

1 00 70.5 0 70.25 0 ~7.75

0 01 1.5 0 70.25 0 2.25

0 00 72 1 0.5 0 0.5

0 10 70.50 0.250 2.75

0 00 70.5 0 70.75 1 ~0.25 ~—cut

Yariables:
(Negative of) objective function value: z
Original structural variables: 12
Original slack/surplus variables: 3 4 §
Slack variables for cuts: 6

Tableau is now
primal infeasible
(but dual feasible!)
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Each cut adds a new row & a
new column (slack variable)
to the tableau...

Dropping Cuts

from Tableau

If ALL cuts are kept until the algorithm
terminates, the tableau becomes so large as to
be "unwieldy”!

When a cut is no longer "useful”, it would be
advantageous to be able to delete that cut.

A
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EXAMPLE

Max z= 2x| + X2
s.t. Xy +x255
-X] +x220

6x1+2x22 21

X1, x2 = 0 & integer

97

The rows having non-integer right-hand-side are 2 3 4

Source row is # 2

i 2 3 5 6 rhs
Source row 1 1.5 70.25 0 2.25
Cut 0 0.5 T0.75 1 ~0.25

(X[61 (= slack variable for new cut) is bhasic but < O

The cut which is added is (in terms of original variables):

®©Dennis Bricker, U. of lowa, 1997

Solving current LP E

Performing dual simplex pivot in row §

Potential pivot columns: X[3 51

i 3 5
Rel. Profit | ~0.5 ~0.25
Subs. rate ~0.5 0.75
Ratio 1 0.333

Hinimum ratio is in column 5,
wvhich is selected as pivot column

®©Dennis Bricker, U. of lowa, 1997
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Current LP Tableau §

z 12 3 4 5 6 B
1 00 70.5 0 70.258 0 | ~7.75
0 01 1.5 0 70.25 0 2.25
0 00 72 1 0.5 0 0.5
0 10 70.50 0 2.75
0 00 70.50 75J)1 | T0.25

1
—e;E A B3
o

pivot
column

7/15/98
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The rows having non-integer right-hand-side are 2 3 4 5

Source

row is # 2

i 2 3 6 7 rhs
Source row 1 1.67 ~0.333 0 2.33
Cut: 0 “0.667 "0.667 1 ~0.333

(X071 (= slack variable for new cut) is basic but < O

The cut which is added is ¢(in terms of original wvariables):

12

b

4 2 =

15

Solving current LP [

Performing dual simplex pivot in row 6

Potential pivot columns: X[3 61
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i 3 6
Rel. Profit ~0.333 "0.333
Subs. rate “0.667 T0.667
Ratio 0.5 0.5

Hinimum ratio is in column 3,
which is selected as pivot column
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Current LP Tableau§

ocoooOor |N
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Variables:

(Negative of) objective function value: z
Original structural variables:
Original slack/surplus variables:
Slack variables for cuts:

12
345
6 7
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Variables:
(Negative of)

page 5

[ Current LP Tableau k
z 12 3 4 5 6 B
1 00 70.333 00 70.333 | ~7.67
0 01 1.67 00 ~0.333 2.33
0 00 72.33 10 0.667 0.333
0 10 0.667 0 0 0.333 2.67
0 00 0.667 01 71.33 0.333

objective function value: z

Original structural variables:
Original slack/surplus variables: 3 45
Slack variables for cuts:

Variables:
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Current LP Tableau k

z 12 3 45 6 7 B

1 00 70.333 00 "0.333 0 |~7.67

0 01 1.67 00 70.333 0 2.33

0 00 "2.33 10 0.667 0 0.333

0 10 "0.667 0 0 0.333 0 2.67

0 00 0.667 01 "1.33 0 0.333

0 00 "0.667 0 0 "0.667 1 [70.333
(Negative of) objective function value: z
Original structural variables: 12
Original slack/surplus variables: 3 4 5
Slack variables for cuts: 6 7

+— cut
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Current LP Tableau t
zZ 12 3 45 6 7 B
1 00 70.333 0 0 70.333 0 (77.67
0 01 1.67 00 70.333 0 2.33
0 00 72.33 10 0.667 0 0.333
0 10 70.667 0 0 0.333 0 2.67
0 00 0 01 71.33 0 0.333
0 0 0f70.667 0 "0.667 1 |~0.333
j
pivot
column
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The rows having non-integer right-hand-side are 2 3 6

Source row is # 2

i 2 6 7 3 rhs
Source row 1 T2 .5 0 1.5
Cut: 0 0 0.5 1 ~0.5

(Xr81

(= slack variable for new cut) is basic but < O

The cut which is added is ¢(in terms of original wvariables)

12 b

21=7
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7/15/98
Current LP Tableau E

z 12345 6 7 8 B

1 00000 0 "0.50|°7.5

0O 01000 -2 2.50 1.5

0O 00010 3 "3.50 1.5

0O 10000 1 71 0 3

0O 00001 "2 1 0 0

0O 00100 1 71.50 0.5

0 00000 0 -0.51 |-0.5 [~“—cut

Yariables:

(Negative of) objective function value: z
Original structural variables: 2
Original slack/surplus variables: 3 4 §
Slack variables for cuts: 6 7 8
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Current LP Tableau §

z 12345 6 7 8 B

1 00000 0 "0.50|°7.5

0 01000 -2 2.50 1.5

0O 00010 3 "3.50 1.5

0O 10000 1 71 0 3

0O 00001 "2 1 0 0

0O 00100 14 0 0.5

0O 00000 O0gO.5N [70.5
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zZ 12345 67 8| B _
1 00000 00 1|7 | Nextpivel
8500880 5|1 | pomatend
010000 10-2| 4| 2€cither
coeses i\t rowzr
000000 01 2|1 | >
Performing dual simplex pivot in row 2

Potential pivot columns: X[61]

i 6
Rel. Profit| 0
Subs. rate |72
Ratio 0

Minimun ratio is in column 6,
which is selected as pivot column
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Current LP Tableau k

(%]

ocococooor (N
oOOoOOoOrOO0o |-
!
oOOoOrOrOOo
[ IS TS 1))
oOrOoOOoOOC0 |Ww
OO Or OO |
oOoOrOOOOo |,
OO OoOOoOrO (o
POOOOOO |
[ IS TS 1))
PROWWo~
[ IS TS 1))

Variables:

(Negative of) objective function value: z
Original structural variables: 2
Original slack/surplus variables: 3 4 5
Slack variables for cuts: 6 7 8
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Solving current LP E

Performing dual simplex pivot in row 7

Potential pivot columns: X[71]
i: 7
Rel. Profit ~0.5
Subs. rate 0.5
Ratio 1

Hinimum ratio is in column 7,
which is selected as pivot column

Resulting solution is again infeasible (variable < 0)

®©Dennis Bricker, U. of lowa, 1997

zZ 12345 67 8| B
1 00000 00 71|77
001000720 5|71
0 00010 3077|565
010000 10 72| 4
000001 20 2|71
000100 10 73| 2
000000 01 72| 1

As a result of the previous dual simplex pivot,
the right-hand-side of the new row becomes
positive, but further dual simplex pivots are
necessary, because negative numbers have
appeared in other rows!
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5 67 8

o

1
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The rows having non-integer right-hand-side are 2 3 4 6
Srom which row do you wish to generate the cut?
T2

The cut which is added is (in terms of original wvariables):

12 b
10=3
Source row is # 2
i: .26 _8 9 rhs
Source row: ~0.5 1 2.5 0 0.5
Cut: 0.5 0 0.5 1 “0.5

(X¥r91 (= slack variable for new cut) is basic but < O
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ICurPent LP Tableau k

zZ 1 2 34567 8 9 B
10 0 0000071 0|77
00 0.500010 72.5 0| 0.5
00 1.501000 0.5 0| 3.5
01 0500000 0.5 0| 3.5
0071 00100 73 [ ]
00 0510000 70.50]| 1.5
00 0 00001 72 0] 1
00 0.500000 70.51]|70.5

Variables:
(Negative of) objective function value: z
Original structural variables: 2
Original slack/surplus variables: 3 4 §
Slack variables for cuts: 6789
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z1 2 34567 8§ 9 E
10 0 000001 0f-7
00 0.500010 ~2.50| 0.5
00 1.501000 0.5 0| 3.5
01 0.500000 0.50| 3.5
00-1 001003 0f 0
G0 feggee e i
0000000-0.51 6.5
©Dennis Bricker, U. of lowa, 1997
Optimal Selution.
Current List of Cuts E - X;1=3
Xo=1
# 12 b
152 =18 27
2) 42 =15
21 o= 7
410 = 3 1
0 L w T
0 1 2 3 4
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Solving current LP §

Performing dual simplex pivot in row 8

Potential pivot columns: X[2 81
i: 2 g
Rel. Profit 0 -1

subs. rate T0.5 70.5
Ratio 0 2

Hinimum ratio is in column 2,
which is selected as pivot column
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Current LP Tableau k

Variables:

z1234567 8 9 B
100000001 07 All variables
00000010 "2 71 1 . /
000010001 3| 2 are integer:
01000000 0 1 3
00000100 "2 72 1
00010000 1 1 1
00000001 "2 0 1
00100000 1 72 1

(Negative of) objective function value: z

Original structural variables: 12

Original slack/surplus variables: 3465

Slack variables for cuts: 6789
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