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Egon Balas’ algorithm for optimally solving
zero—-one LP problems is often referred to as...

Balas’ o .
Additive Implicit Enumeration

Aloorithm and, because it requires only addition &
g subtraction (no multiplication or divisions),

Implicit Enumeration
for
0-1 Integer LP

author

Additive Algorithm

Let's assume that the

Standard Form of Problem problem is of the form:

Explicit & Implicit Enumeration

Standard Form

Partial Solutions & Completions Minimize Z=J§N CiX
Fathoming Tests subjectto X ax < by, Vie M
Examples JeN
One X € {0,1}, ¥ jeN
Two where M={1,2,3,...,m} and N={1,2,3,....n}
-IL? Three .
and C;20VJeN e | nomegative costs! B

Maximize -2X; + Xo- 3 X3+ X4 Replace Tiax =z~ with ™ /lin -z~
subject to and 27 with <’
X1+ 2Xo-X3 =1
22X+ X -X4= 3 -Minimize 2X;-Xo+ 3 X3-X4
X € (0,1}, j=1,2,3,4 SUbJECtto  y aX,eXs < -1

22X +Xo -X4= 3

NOT i standard Form. ..
’ X e {0,1},j=1,23 4

QBJeCtive IS maEkimize, ol ninimize
COSLS GitTer in Sign
one Consiraint is greasicr-than-or-egual”

For each variable X, having a negalive cost, 7hat is, the original problem is equivalent Lo
substitute 1-Y; where Yje (0,1} /s the the rellowing problem, which is in the “standard
complement of X,. rform” for Balas’ algorithm.
— 2 - Minimize 2X;+Y> +3X3+Yy
- Minimize 2X;-(1-Y2) + 3 X3- (1-Yy) subject to
subjectto _x. .2 (1-v,) + X3 < -1 X +Ys  #Xs =1
22X + (1-Yy) -(1¥4)< 3 -2 Xy Yo +Yq4 22
X e {0,1},j=1,3 Xje {0,1},j=1,3

Yje {0,1},j=24 Yje {0,1},j=2,4
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Minimize 3X; + 8Xo+ X3+ 16 X4 + X5
subjectto X;-2X; -6X3+2X4+3 X520
X1 -3X3 -2X4+2X52-2
X1-5Xo+4X3 -X4-2X52<-5
Xje {0,1},j=1,2,3,4,5

Minimize 3 X1 +8Xo+ X3+ 16 X4 + X5
subjectto X;-2X; -6X3+2X4+3 X520
X4 -3X3 -2Xy+ 2 X5 -2
Xi-5Xo+4X3 -X4-2X52-5
Xje {0,1},j=1,2,3,4,5

For each of the 32 binary vectors, let's evaluate
Z = 3)(1 +8XQ+X3+ 16 X4 +XS
g1(X)= X1-2Xp-6X3+2X4+3X%X520

There are 2° =32 binary vectors of length 5, go(X)= X1-3X3-2X4+2Xs < -2
which we could explicitly enumerate. gs3(X)= X;-5Xo+4X3-X4-2X5 =-5
<3

# X z # X z
- X = 919295 X c %1929 1fooo000[ 0 17]10000] 3]
1/00000| 0|0 O O 17/10000| 3| 1 1 1 2100001/ 1F 18/10001]| 4
2|00001| 1|3 2-2 18|]10001| 4| 4 3-1 3l00010/16F 19l10010/1
3/100010/|16| 2-2-1 19(10010(19| 3-1 O 4l00011|17F 201001 1|20}
4(00011(17| 5 0-3 201001 1(20| 6 1-2 sloo100/| 1 21l10100]| 4}
5(00100| 1|-6-3 4 21{10100| 4|/-5-2 5 6l00101] 2 22110101]| 5§
6|/00101| 2(-3-1 2 22(10101| 5/-2 0 3 7lo00110/17 231011020}
7/00110(17|-4-5 3 23101 10(20|-3-4 4 sloo111/18 241011 1|21}
8001 11([18]|-1-3 1 24101 11|21 0-2 2 9lo01000/| 8 25(11000/(11}
9/01000| 8(-2 0 -5 251100011 -1 1-4 10lo1001 | 9F 261100112
10(01001| 9|1 2 -7 2611001 (12| 2 3-6 1110101 0|24 27111010278
11{01010|24| 0-2 -6 27(11010(27 1-1-5 120101 1|25 28l1101 1|28
12|01 01 1|25 3 0 -8 28(11011(28| 4 1-7 13/01100/| 9 29({11100]|12[-7
13|01 100| 9(-8-3 -1 29(11100(12|-7-2 0 14/l01101]10 30011101/[13[-4
14/01101|10|-5-1 -3 30(11101(13(-4 0-2 1slo1110/25 31l11110|25(-5
15(01110|25|-6 -5 -2 31{11110[|25]| -5-4 -1 16lo11111(260-3 3201111 1]26l-2-2
16(01111]|26|-3-3-4 32(11111(26(-2-2-3

Solution #11 is the only one feasible in

all 3 constraints

The arder af branching is nol important, e.g.,
ane can branch on Xs

before branching
on X,

In ract, the choice of branching
variable may difter on the same
level of the tree!

Representation of a partial
solution may be done by a
vector of * indices of the
assigned variables:

Partial Solutions

A “"partial solution” corresponds
to a node of the enumeration
tree in which binary values
have been assigned to a Ke
subset of the variables

| partial solution

| partial solution]

J={+1,-3,-2,+5}

{4, 1= %=1
{...-j...}=Xj=0

@
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Completions

=0/
partial solution ®

The completions of a partial solution
consist of ALL of the nodes at the
bottom-most level of the tree,
where all variables have been
assigned.

zero completion

The completion with all free
variables assigned value of zero

is the "zero completion”

completions of
pariial solution

[

Fathoming Test #q4

A free variable X; (j& J) which has nonnegative
coefficients in ever) constraint which is
violated by the zero completion should be
zero, since assigning it the value 1 will improve
neither the objective function nor feasibility.

| Fathoming Test =P |

Let Z be the objective function value of the
zero completion of the partial solution J.

If Z+Cg>Z (the incumbent) for some kg J,
then no completion of J which has X = 1
can be optimal!

Fathoming Test #] |

If constraint #i is violated by the zero
completion of the partial solution, so that
the slack S5 < 0,

and if the sum of all negative coefficients of
the free variables (in N? ) exceeds S;,

Then no feasible completion of the partial
solution exists.
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Fathoming of a
Partial Solution

A partial solution (node) of an enumeration tree
may be considered fathomed if one of the
following may be demonstrated:

# all completions violate one or more constraints
# all completions are inferior (with respect to
the objective) to the incumbent

® the zero completion is feasible & superior to
the incumbent (& therefore becomes the new
incumbent) &

Compute

A={jlie N=J,2j= 0 vieM suchthat § < 0}

and indices of free variables
which are eligible fo be
assigned value 7

If N'=g@, then the partial solution J may be
fathomed!

FATHOMING

TEST ONE

Compute

B={jljeN',Z+Cj=Z}

indices of aif frree
variables which are
eligible fo be assigned
value 7

and N°=N'-B

If N?=@ , then the partial solution may be

fathomed!
FATHOMING
TEST TWO
Compute
C= {I ‘Si< Z ag}
jeN?
If c¢=@ then the partial solution

is fathomed.

FATHOMING
TEST THREE
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St_electiun of a Free Let Sij = slack in constraint #i in the zero

Yariable for Forward Step completion of J

_ . Then S; - a;; = slack in constraint #*i if free
When the rathoming tests rail Lo fathom the variable Xj=1 while other free
current partial solution, branching will be variables are assigned value zero
performed, by fixing a free variable X;

Define (Si-aj)” =min {0, Si-a;}  [acGarive ParT)

The positive index 7" is appended
to the end of the current J vector

J < J,{+]}

Any 1ree variable might be chosen....
is there a “hest” choice ?

Balas' strategy was to choose the free variable
which would result in the /ezs{ infeasibility,
i.e., the maximum ("least negative”) value of v;

J*=argmay {v; }= argmax X (s-a)"

Other rules might result in partial selutions
which are maore easily rathomed.

4 X+ 8Xo+ 9X3+3Xy+ 4Xs+ 10 X

4% -5X;-3X;-2Xy—- Xs+8Xg=-8
S +2X,+9X;3+8X4-3Xs+8Xgz 7
X +5X;-4X; +Xs+6 X2 6

X,€{0,1)Vi=t,...,6

Minimize
s.t.

Inserting slack variables:

4%, -5%,-3X;-2Xs— Xe+8Xe+8 =-8
5K 42X, +9X+8Xy-3Xs+8Xs+ 8,2 7
8X1+5X2-4X3+ X5+6X6+S3= 6

@

J vl A N1 B N2

Vj = i [si'aij]_

measures the infeasibility which
results from fixing Xj=1

Form Zero
Completion

——{ Backtrack | | FoRwARD MOVE ||

elements
of J under—
lined?,

Random ILP (seed = 148458) [

# variables = 6
# constraints = 3

1 2 3 45 6 b

4 8 9 3 410 nin

4 75 73 "2 71 §=-8

5 2 9 8 73 g§g= 7

g 574 0 1 6= 6

Constraints are of the form Axsh

J Vi A N1 B N2 Z

[1T16]2345] [2345]

D
Di=2

Constraints violated by zero completion:
S;=-8 &= violation!
S;= 7 ok
S;= 6 ok
A ={1,6): variables which cannot improve
feasibility in violated constraints if equal to |

4%, -5X,-3Xs-2X4—

C

X5+8X5+Slz—8

C v j Zx
[-3-7-7 -7l2lemsl [1]

Constraint #1 |

C v j £
[1T16[23a5] [2345] [-3-7-7 7]z

D I=2

Nl=N-J-A={1,23456}-0-{16}=(234,5]

Indices of free variables
which might be assigned
value of 1

N!'# @ , so this test fails to fathom
the partial solutionl

TH

TEST #1
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J V1L A N1 B N2 ¢ v j oz J V1 A N1 B N2 ¢ v iz
[1 [1]16]234s5] [23458] [-3-7-7-7]2[=xf [1 [1]16]23as] [234s8] [-3-7-7-7]2][xf
@ J=0 Fathoming Test #2 isn't applicable, since @ =0 Since the fathoming tests have all failed,
we do not yet have a finite incumbent. we must next choose a variable for
branching.
| 4%, -5%,-3X;-2X,~ Xs+8Xe+8=-8] ———
It is possible to satisfy constraint #1 by assigning Yariabl infeasibility if =1 |Total Least amount
values to the free variables having negative anable 1 2 3 . s
. 2 -3 0 0 -3 =57 of infeasibility
coefficients, e.g., . R
feasiblel 3 -5 -2 0 -7 if assigned 1
X2:X3:X4=X5:1 = Sl =-8+5+3+2+1=3=>0 easible!
=C=0 4 -6 -1 0 -7
. . : ! 5 -7 0 0 -7
[Nt itita This test fails to fathom the partial sol'n
TEST #3
J VL A N1 B N2 ¢ v i z*
|1| ‘1 16|2345 2345 |-3-7-7-72mr§
2| 2 1116|345 345 -4 -4 -2 5 |xxx
sy J V1 A N1 B N2 ¢ v iz
I=0 1 1116|2345 2345 "3 77 <7 7| 2 |k
2| 2 1116|345 345 -4 -4 -2 5 |#xx
Wo=1 3l 25 1116|334 34 -1 4 [ax
2 4| 2 5 4 -
5| 25-4|1]|16]3 3 15
J={+2} 6| 275 1116|334 3|4 1 15
7|2 1116|345 345 1 15
I
1
2| 2
3l 25 Random ILP (seed = 148458) §
4| 2 5 4
52 5-4
6| 275
7|72 Solution is:
i 123456
i1 010110
Objective function value is 15
-i} = I = (42, 45, +4)
Example Problem
# variables = §
# constraints = 3
itera-
tion J Vi | A | N1 B N2 C v i|z*
12345 b | Il Il I e 17|
5 710 3 1 nin 1 1 3|2 5134 %= 134 "4 "3 5| 3 | kxx
"1 3571 4 =72 2|3 2 |1 4fz5 %% | 2 5 -2 2 | A
276 3 2 722 0 3 3 2 dedkede ke
00172 1 1 =71 4 |3 -2 |2 |14]|s **% | § 2 17
5 |-3 13/25[14 w*x | 14 |3 17

Constraints are of the form Ax=b

@



Balas' Additive Algorithm 11/8/99 page 6

Balas'
iodisive Random ILP (seed = 825025) f
Algorithm
# variables = 8
# constraints = 5§
Example Problemn 1 23 4 5 67 8 b
CPU time= 1.75 sec. 345 9 5 94 6 nin
- . 3754 72 6 746 75 =72
Solution is: 0 81 8 "2 20 4= 7
. 9 24 773 26 1 =216
i 12345 5 2572 640 4= 0
irizo1100 9711 173 67 0=<16
Objective function value is 17 Constraints are of the form Axzb
1 23 4 5 67 8 b
3 45 9 5 94 6 nin
— RIRENIREY
- <
AT O SRS EIE,
- - - <
3176 1 1357 9 °11 1 -3 67 0=16
4 6 2 2 4137 8
5 76 "2 1 13587 J| v1 A N1 B N2 C v | Z*
6762 8|4 35 7
7| 6"2"8|1 |1357 1 111357 34438 24 68| |"3°1 046 |xxx
W1 E Nz c v 3] z* Thelflrst constraint is vmlatleld by the ;ero completllon (S :-2}
Variables 1,3,5, &7 have positive coefficients in this constraint, and thus
246 8 2468 “3 -1 0 4|6 |Hkx _cannpt»help_in achieving f_easibilitg. They form the set A, which are
ok implicitly fixed = 0, leaving N = {2, 4, 6, 8}.
f :11 g :11 . i 8 ) T34 2 g Test 2 isn't applicable because no incumbent has been identified.
48 4 g -4 8 9 Test 3 considers the violated constraints in ¥ 1 to determine whether it is
14 1 4 9 possible to satisfy them. In this case, we see that increasing any one of
4 4 9 variables 2,4,6, or 8 will result in feasibility, so C is empty.
The fathoming tests have failed, and therefore we must perform a forward
branch.
1 23 4 5 67 8 b 1 23 4 5 67 8 b
3 45 9 5 94 6 nin 3 45 9 5 94 6 nin
375472 6 746 75 =72 3754 72 6 746 75 =72
0 81 8 2 20 4= 7 0 81 8 "2 20 4= 7
9 24 773 26 1 =16 9 24 773 26 1 =216
5 25 72 6740 4= 0 5 25 72 6740 4= 0
9 711 173 67 0=16 9 711 173 67 0=16
J| ¥1 A N1 B N2 C v | Zx J| Vi A N1 B N2 C v | Z*
: 1113572463 24 68| [-371 0 4|6 | : 111357 2468 2468| ["371 046 |*x
Choosing the branching variable: The (rather arbitrary) rule is to select that variable causing the least
Setting variable 2 equal to 1 results in constraint violations {0, 1, 0, 2, 0} and infeasibility, and so variable 6 is selected for the branching.
s0 ¥2=-3. Therefore, J, which was previously empty, is now {+6}.
Setting variable 4 equal to 1 results in constraint violations {0, 1, 0, 0, 0} and
soVWd=-1
Setting variable 6 equal to 1 results in constraint violations {0, 0, 0, 0, 0} and
s0 ¥6=0.
Setting variable 8 equal to 1 results in constraint violations {0, 0, 0, 4, 0} and
so V8 = 0.

VMoo W WK
!
LN NN I N
[l NN N | T
PO S000 O [
1
CVB N O [ o
NOCOOo B~

1A 1A 1A A 1A
-
o

V1 A

=
fury
=21

Nz |c¢ v il zx

o | =

e

At node 2, J={+6} and no constraints are violated by the zero
completion (ie, X = 1 and all other variables zero).

Since no other completion of this partial solution can cost less than
the zero completion, the node is fathomed, and we may backtrack.

Backtracking: J becomes {6}
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1 23 4 5 67 8 b
3 45 9 5 94 6 mnin
375472 646 5 =2
0 81 82 20 4z 7
9 24 7°3 26 1x16
5 2572 6740 42 0
911 1-3 67 0=16
J|v1 i N1 (B Nz |c v il zx
361|135 7 248 4128 “3 74 2 9

1 23 4 5 67 8 b
3 45 9 5 94 6 min
375472 6 746 75 =72
0 81 8 "2 20 4= 7
9 24 773 26 1=16
5 26572 6740 4= 0
9711 173 67 0=16
Jlvi A N1 B N2 C v 4
361111357 248 4128 T3 74 2 9

Therefore we cannot fathom this node, and must make a forward
move, i.e., branch.

Selection of branching variable: Fixing variable 2 at 1 gives
constraint violations 0,0, 1,0, 2, 0, while fixing variable 8 at 1
gives violations 0,0, 0, 4, 0. Yariable 2 results in less infeasibility,

and is selected for branching.

At node 3, again only the first constraint is violated by the zero
completion, and variables 1, 3,5, & 7 cannot contribute toward
making this constraint feasible, so that they are implicitly fixed

at value zero, leaving only free variables 2, 4, & 8.

If X2 or X8 were fixed at value 1, the objective function is less than
the incumbent, but if X4 were fixed at 1, the objective function woulc
exceed the incumbent (B = {4}) and therefore is implicitly fixed at
value 0, leaving only N = {2, 8} as free variables. Fixing either of
these at value 1 would satisfy the violated constraint (#1), so C is
empty.

1 23 4 5 67 8 b 1 23 4 5 67 8 b
3 45 9 5 94 6 nin 3 45 9 5 94 6 nin
375472 6746 75 =72 375472 6 746 75 =72
0 81 872 20 4= 7 0 81 8 72 20 4= 7
9 24 773 26 1 =16 9 24 773 26 1 =216
5 2572 6740 4= 0 5 26572 6740 4= 0
9711 173 67 0=16 9711 173 67 0=16
J Vi A N1 B [N2|C v J| Z* J Vi A N1 B |N2|C v J| Zx
4| 76 2 24137 8|1 45[45(1]2 9 4| 76 2 2 4137 8|145[4656(1]2 9

At node 4, constraints 2 & 4 are violated by the zero completion,
but variables 3, 7, & & cannot assist in making these constraints
feasible, and are therefore implicitly set equal to zero, leaving
variables 1, 4, &5 as free variables.

Consider X4: together with X2 this gives a cost of 13, exceeding the
incumbent {9); likewise, variable X5 together with X2 gives a cost

of 9 which is no better than the incumbent. Hence variables 4&5 may
be implicitly fixed at value zero, leaving only variable | as a free
variable.

With variable 2 equal to 1 and only variable | free, we can determine
that the violated constraint #2 cannot be made feasible. (Constraint
4 could be made feasible by setting X1 = 1.) Hence C={2} and the
subproblem is fathomed.

We must now backtrack:

Currently J ={-6, +2} and so the next node will have J={+6, -2}.

1 23 4 5 67 8 b
3 45 9 5 94 6 min
375472 646 75 =2
0 81 8 -2 20 4= 7
9 24 7°3 26 1216
5 2572 640 4= 0
9-11 1-3 67 0=16
7 v i Wi | B | w2 |c|v |3 2z*

567211135 7| 48[4 8 "4 |8 9
At node S, variables 2 & 6 are zero, and again constraint 1 is
violated by the zero completion.

Yariables 1, 3,5, & 7 cannot help to achieve feasibility of this
constraint (since they have positive coefficients) and therefore
they can be made implicitly zero, leaving only variables 4 & 8 as
free variables.

Yariable 4, if set = 1, would cause the cost to exceed the incumbent,

and therefore is implicitly fixed at zero, leaving only variable 8 free
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1 23 4 5 67 8 b
3 45 9 5 94 6 min
375472 6 746 75 =72
0 81 8 "2 20 4= 7
9 24 773 26 1=16
5 26572 6740 4= 0
9711 173 67 0=16
J V1 A N1 B N2 |C|wv |J| 2Z*
5|76°2|1]|13 57| 48 |4 8 "4 |8 9

We see that with only variable 8, it is possible to satisfy constraint

1 (by setting X8 = 1), so Cis empty.

Fixing ¥8=1 results in infeasibilities 0, 0, 0, 4, 0. Obviously variable

8 is chosen for the branching.

J, which was {-6, -2}, is extended on the right by +8, i.e,

11/8/99

J=1{-6,-2,+8}
1 23 4 5 67 8 b
3 45 9 5 94 6 nin
375472 646 75 =72
0 81 8 "2 20 4= 7
9 24 773 26 1 =16
5 2572 6740 4= 0
9 711 173 67 0=16
J Vi A N1 B N2 [C| ¥ Zx
6] 7672 84 365 7 1 411 4 9

At node 6, the zero completion violates constraint 4, and the free

variables 3, 5, & 7 cannot help to remove the feasibility, and

hence are implicity fixed at value zero, leaving only variables

1 & 4 as free variables.

Howewver, increasing variable 1 would result in a cost of 6+3, which

is no better than the incumbent, while increasing variable 4

would result in a cost of 15, worse than the incumbent. These
two variables are implicitly fixed at value zero, therefore,
The node is fathomed.

leaving no free variables.

1 23 45 67 8 b
3 45 9 5 94 6 min
375472 6746 5 =72
0 81 82 20 4z 7
9 24 773 26 1x16
"5 2572 640 43 0
911 1-3 67 0=16
J V1 i Wi B | W2 v 3] 2z
7] 62781 |13657]| 4 |a o

At node 7, variables 2, 6, &8 are all fixed at zero, and the first

constraint is violated by the zero completion. Yariables 1, 3,5,

and 7 all have positive coefficients in this constraint and are

therefore unable to assist in gaining feasibility. Hence they are

implicitly fixed at value zero, leaving only variable 4 as a free

variable. However, setting variable 4 equal to 1 gives a cost (Q)
which is no better than the incumbent, and therefore this node can

be fathomed.
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To backtrack from J={-6, -2, +8},

we look for the last element without
underline, reverse its sign, and
underline it, giving us

To backtrack, we look for the right-
most element without underline.
there are none, and therefore the
tree is fathomed.

J=1{6,-2-8
The current incumbent is therefore
optimal.

That is, Xj = 0 except for j=6 (found
at node 2.)



