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‘Aﬁ@?mmt pmb/emg THE ASSIGNMENT PROBLEM §
Jjabs Each of n resources must be assigned to one of
4 B CDE What is the n aciivities, and each activity is assigned
w 1[5 3234 exactly one resource.
§ 2(6 2 1 43 least-cost way of
s 3|4 3 3 2 2 . . . .. i F 7
§ ez assighing machine Acogt. C]].resultsﬁresource/ is assigned to
8 5|3 3 2 4 3 activity 7.

to each of 5 jobs

cost of completing The objective is to minimize the total cost of

otr j ' 7 o L
7 (one Job/machme), assigning every resource to an activity.
Example:  855igning jobs L0 mschines it & job-shop
D.L. Bricker D.L. Bricker

| 1 formulation

X . . .o . non 1
Let . = 1 if resource i is assigned to activity j Minimize >, > C; X Note that. this
! 0 otherwise i is a special case
subjectto =n of the
n on o= i= :
Minimize > > Cy Xy FZ; Xy=1fori=1,2, ..n transportation
&4 .
subject to ' Jn BECH FESTUITE 75 Z“: X =1foricl. 2. . probli?m (with
S X;=1fori=l, 2, ..n sRsigned ta exsctly 5 i =2 e supplies &
= Y ane setiviy ) . o : | demands each
. Xze{0,1foralli &j
S Xy=1forj=1,2, ..n « escl SCUIVILY is equal to 1)!
ij Pt B ; y
bari o, ”Wfd exoctly i the restriction that Xis Oor [
Xye{0,1  foralli &j ——— 15 replaced with & nomnegatnvity
K resiriction, the LF solution
wit! stifl be integer!
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Properties of the Assignment Problem

Although AP

i could be solved
Minimize >, > C; Xy by the simplex IFor each i, exactly one assignment Xjj=1 is made
bi i=1 j=1 thod for TP [For each j, exactly one assignment Xjj=1is made

subject to n methno or s
> Xy=1fori=1,2, .0 .({ the basic Therefore,
J? solutions are If anumber & isadded to (orsubtracted from) every cost
> Xy=1forj=1,2, ...n . in a certain row (or column) of the matrix C,
577 T h1g_hly degenerate, then every feasible set of assignments will have its cost

Xy € {0,1) forall i & j which lessens the increased (or decreased) by §,
1 ’ J efficiency of the and the optimal set of assignments remains optimall
riher of basic warishies is -] algorithm Forexample, ¥ we add § torow [, the totsl cost is incressed b

n n
ATHRSr OF POSIEIe ariahies 15 i >8X =98 > Xyj = & (incependent of Xi
i=1 i=1
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Properties of the Assignment Problem

[If all costs Cij are nonnegative, and if there is a set of
assignments with total cost equal to zero,

then

that set of assignments must be optimal.

The "Hungarian Method " solves the assignment
problem by adding &/or subtracting quantities
in rows &/or columns until an assignment with
zero cost is found.
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Row reduction E

INECHINE

o O D I

Jjob

AN~ N
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NOvOl AW
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Forexaimple, ¥15 subirsctied trom
280l cost i the Tirst row.

Job
1T 2 3 4
2 Alo 2 1 1
= B|3 0 1 2
S
= § Clo 3 2 0
= Dl2 0 1 4

From each row, subtract the smallest cost.

This introduces at least one zero
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NACHINE

OO W I
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into each row!

Examining the cost matrix,
we can find an assignment
with total cost equal to

zero:
machine  job

A 1
B 2
C 4
D 3

Therefore, this must be
an optimal assignment!

| Hungarian Algorithm

Convert to standard form, with

# rows = ¥ columns

Kow reduction: find the smallest cost

in each row, and reduce all costs in that row
by this amount.

Column reductfon: find the smallest

cost in each column, and reduce all costs in
the column by this amount.
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Four machines are available to process four jobs.
The processing time for each machine/job

assignment is as follows:

Job
23

4
5
6
4
7

1
4
7
4
5

1TECHIS
oCO®»

What is the assignment (one job per machine)
which will minimize total processing time?
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Column reductfon B

Jjab
1 2 3 4
% AlO 2 1 1
& B3 0 1 2
g Clo 3 2 0
= Dl2 0 1 4

=

Gl ool F facks & 2ema, S0
o\ colinrin 3 is rediiced

Jjob
T 2 3 4
2 AlO 2 0 1
'§ BI3 0 0 2
g Clo 3 1 0
= D2 0 0 4

From each column, subtract the smallest cost.
If a column already has a zero, it is unchanged.
Otherwise, a zero is introduced into the column.
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Sometimes, however, one cannot find a
zero-cost assignment after row- & column-

reduction.

For example:
machine € cannot
be assigned fo bolh
jobs I & 4 s0 one
Jjob must be
assigned a machine
with positive cost
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Job
12 3 4
w Ald 2 0 1
X B|[3 0 0 2
S cld s 1
S Dl2 0 0 4

| Hungarian Algorithm

find the minimum number of lines

through rows &/or columns necessary to
cover all of the zeroes in the cost matrix.
If this equals n, STOP.

Step 48 locate the smallest unlined cost, 7.

Subtract this cost from all unlined costs,
and add to costs at intersections of lines.

Return to step 3.
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Justitication for step 4. B

Sublract smaiiest uniined cost T rom g unfined
COSts, add fo cosis gl inlersections of fines.”
is equivalent to
Sublract %C rrom each uniined row &
2AChH nfined calimn.

Add BT o each lined row and each lined
calumn.”

Therefore, step 4 redistributes the zeroes
without changing the optimal assignment.

cast witl onf one fine
75 changed bl 15T = 15T
e, rero

cost with no lines is
changed Bl = 15T - 15T
ie, -C

I
(SR
o ol ol Al

2%

cost with iwo fines is

X = ponzero cost changed Bl +15C +15,T

ie, +¢C
D L. Bricker
Column reductfon E
Jjob Jjob

1T 2 3 4 12 3 4
w Al2 0 1 1 w A2 0 0 1
S8l 01 2] 58B|3 0 02
§ Clo 3 2 0 g‘f Clo 3 1 0
= D2 0 1 4 = D|l2 0 0 4
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We theratore pertonn the rediction in step ¥

Step 48 locate the smallest unlined cost, 7.

Subtract this cost from all unlined costs,
and add to costs at intersections of lines.

) jcu% Job

INECHINne

1 4
2 1
3 2
2 4

OO W >
OO W I

IECHINne
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Subiract 5T rrom each uniined row &
each unlined colimin.
Add BT loeach lined row and each lined

calimn. "

cost with only ane fine
5 changed by 11,T = 14,T
re, rero

cost with no lines is
changed lr = 15C - 15T
e, -T

k= nonzero cost
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Kow reduction I

Jjob
1 2 3 4
w A|lB 4 5 5
=
= B|7 4 5 6
g Cl4 7 6 4
= D5 3 4 7

U

INECHINE

cost with Ewe lines is
changed bl +14,T + 15T
ie, +¢C

Jjob

NON—=|I

3
1
1
2
1

o0 W >
N O N —
OWOo OIN

Let'’s modity the original example somewhal, and
repeat the row and column reductions.

D.L. Bricker

As we saw earlier, there
iS no zero-cost assignment
possible with this matrix.

mACHINE
OO W I
N O W N —
O Lo O|N
DNON — |
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The new cost matrix
has a zero not covered

by a line:

OO W >

IFCHINE

7115 can be detennined
B B Fact that the
Feroes can be coversd
witfr ol 3 fines:

INECHine

INECHING

OO W I

The zeroes now
require 4 lines
in order to cover

all of them!
Jjab
1T 2 3 4
Al 0 0 0
Bl2 0 0 1
Clo 4 2 0
D11 0 0 3
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In fact, there are two different zero-cost
assignments, both of them optimal for this
problem:

INECHINnG
OO W >
INECHIRE

LN e R w e iy




