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author

A certain material (e.g., lumber)is kept
in stock in standard lengths:

length (ft)| 9 14 16 |
cost ($) 5 9

An order 1s received: length (ft) | 4 5 7
#* pieces S0 20 40

Howy should these reguired pieces be cut from the
standard lengths, so as to minimize the cost?
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There are many valid "cutting patterns” which will
provide the required lengths, e.qg.:

14 feet

o feet

scrap:
1 foot

L,,Lz,.. Ly standardlengths
Cy, Cz,... Cg costs

b, b, ... by required lengths
L, Ay, A #pieces required

A cutting pattern #j
k(j) index of standard length used by pattern #;

A{ # pieces of length _, produced by pattern #]
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In stock: Required:
k|12 3] i |12 3]

Example |

L. |9 14 16 IAPEE

302040 |

5 910

scrap;
1 foot

[nteger LP || X; = # of times pattern J is used
odel

J
Minimize > Crry) Xj
=1

J .
st 3 Al Xz bi,i=1,2,-.- 1

]=
X;z0 andinteger, j=1,2,.--J
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- we rgnore the infeger restriction on X7
and sofve the [P refaxalion, we can often
gel a good inleger sofuiion By rounding, efc.

In the LP relaxation, at most [ patterns
will be used (1in abasic optimal solution)

In a typical problem, there may be
an “astronomical” number of possible
patterns, even though a relatively small
number are used 1n the optimal solution.

At each iteration of the

revised simplex method,
a sEnpfex mulftipfier 11
15 computed.

A pattern [a;, az, ... a; ] may be entered into the

basis if iLs reduced cosé 15 negative, 1.e., 1f

. I
Cg-ma<0 le., > ma > Cg

Column Generation |

Scheme for LP

i=1

I
and feasible,i.e., > lia; < Ly
i=1

where Lg 15 the length used by the cutting pattern
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Scheme for LP

Column Generation |

Given T1, solve
the knapsack
problem, which
(if Ta>Cy ) vields
a pattern which
may be entered
into the solution.

Solution of
Knapsack
Subpmblems
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mubproblem:

[
Maximize Z i a;
i=1
[
s.t. > i ay= Lg
1=1
a] ,az ,---a; =0 and integer

T dynamic programming s
used, then we will obtain a
solution of the subproblem for
each standard length.

WE can then add each pattern to the LP if the
pattern's reduced cost 15 negative.

A Aewrisiic method Cwhich is faster than DP but
doesn't guarantee the optimal solution to the
knapsack problem) may also produce patterns with
negative reduced cost to be added to the LP.
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Knapsack [
Filling

|
T 5.t. Z /Q‘j_ a = L'k
1=1

I
Maximize > mnjaj
i=1

aj,az,---a; =0 and integer |

otep 1)
Order the requested lengths according to the ratios
of "payoff” per unit length, =y, LTI E}L

— T e
Ry A, i

Heuristic ||
K??ﬁ?ECk Fill the knapsack with the maximum
5 possible number of pieces of length i
Ajy = 1, P RONT

Fill what remains empty (Lg-fia;,) with

as many pieces as possible of the next most
“valuable" length { i, J, etc., until the knapsack is
filled or the last length 0; has been tried.
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DP Solution |
of Knapsack

I
Maximize > mnjaj
i=1

[
s.t1. Zzﬂ.l a; = Ly
i=1

Problem

aj,az,---a; =0 and integer |

fiiL) = maximum wvalue which can be attained using
lengths {0, through i when L units of
capacity remain in the knapsack

= max {®;a + fi(L -liap ] fori=1.2....1
fiLy= 0

Compute fg, f;, T2, ...

of Knapsack recursively for all permissable
Problem values of L.

Thus, all subproblems have been solved by computing
f1 (Lg) for k=1, 2, ... K.
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In =tock: Required:

Solution of k|1 23 i1 23]
Example ;s;

Ly |9 14 16 |

Li|457]

302040 |

5 910 |

To begin our column generation algorithm, we shall
(arbitrarily) propose the following three patterns
cut from the 9-feet stock length:

2> 0 O | F-77 formgds
{ o, { 1 |, &| g |« 57 fermgls
0 0

{ i =P fengl s

Our initial LP is

Minimize 5X; + 5X; + 5X;
s.t. 2X - By =30

X,.=0, k=1,2,3; 820, i=1,2,3

with the optimal solution:

}{1:15, }{2:2[}, }{3:4{}, 51252253:[}
= 25, N = 5, s = 5, cOst= $3?5

page 8
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Subprobiem

Max 2.5 a; + 5 a; + 3a;
Filling s.t. 4a; + Saz + Yaz = 10
. a; = 0 & integer, i=1,2,3

Heuristic (|

Let's try generating a cutting pattern from the
longest (16-ft) stock using the heuristic method:

® sort the rgmts: Mo T T e L2

L 1 57774

¢ 1]l the knapsack with as many as possible of the

o—ft lengths, 1.e., agﬂ:%_ﬁ -3

e after including 3 pieces of length o feet,
16 - 3xo =1 fool of capacity remains.
This is insufficient for any of the other required
pleces, l.e., as=a =0,

fhe fheurisiic method has produced the paitern

K 0] with reduced cost 10 - 1A= 10-15 = -5
=3
0

The reduced cost 15 negative, so it 15 worthwhile
to add this pattern to the LP.
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The new LP is

Minimize 5X;+5X,+5X;+10X,

X20, §20 k=1,2,3,4;5=1,23 |

which has the optimal solution:
Klzlﬁ, K3:4ﬂ, qu ﬁ", KEZSIZSEZSSZG

20

T, =2.5, M= 3, Mg = 5, cost= $341.67

Let's try generating another useful pattern by the

page 10

use of the heuristic method on the 16-ft stock Tength:

Sort the required

Max 2.5 a, + 1—% az + Say

st 4y + 52, + a3 < 16, |
2 = 0 & integer, i=1,2,3 |

pleces:
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we f1ll the T6-ft knapsack with as many of the o-ft
required pieces as possible:

3,3:\‘]:?—6:2

This leaves 16-2x/7 =2 feet capacity, which is

insufficient for any of the other required lengths.
The pattern generated by the heuristic method is
therefore [O

)
21 with reduced cost 10 - orZ =0,

1.e., this pattern is not useful in the LP.

It we apply the heuristic to the 14-ft stock length,
we again obtain a =a =0, a =2, but because the
cost of the 14-ft stock length 15 lower, the reduced

costis 9 -oxrZ2=-1 <, 0
Therefore, we add the pattern A =10 (withk(5)=2)
2
Minimize SX, + 5X- + 53X + 10X, + 9%
st 2%, - 8 =30 |
X, + 3%, -8, =20 |
¥,20, 820 k=1,2,3,45:s=1,2,3
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LP
Solution: | X.=15, Xq_zg,
R, =25 7, = 13, s =45, cost= $321.6

X:=20

The next subproblem is Max 2.5 a; + l%ﬂz + Jag

s.t. da; +Ja: + Yaz = |
a; = 0 & integer, 1=1,2,3

Heuristic pattern generation from 14-ft stock length

Max 2.5 a; + 1% a+ 5as |

s.t. 4a; + Sa- + Yaz; = 14
a; = 0 & integer, i=1,2,3 |

EE}E3:=-EL, i.e.,%}. j‘j}iﬁ
T L S [

Wwe can include 2 of the 5 ft pieces, leaving 14-10=4
feet capacity. The next length to try is 7-ft, but there
is insufficient capacity; finally, we include 1 of
the 4-ft pieces, exactly filling the knapsack.
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1
we have thus generated the pattern A =0

0

from the T4-ft stock length. Because the reduced
cost of this pattern is

Cp- 3 mya;=9-[2.5x1 + 13_”}{ 2+4.5x0]=-0.17< 0

1
we will add the pattern to the LP:
Minimize 5X, + 5X; + 5X5 + 10X, + 9% + 9%,

5.1. 2}{1 + KE - Sl = 30

KE + 3}{4 + 2}{5 - SE - 2{]

}ig + 2}{5 - 53 = 40

X,20, k=1,2,3,4,5,6: 820, s=1,2,3
LP

Minimize SX; + 93X, + 9X5 + 10X, + 9Xc + 9X;
s.t. 22X, + X - 8 =30
Xz +3X, +2X, -8, =20
X3 +2Xs -8; =40
KRED: k:1!2:3!4:5:5; SiED, 321,2,3

with solution

39

X,=10, Xc=20, X.=10
Ly = 25, Lo = ﬁ! - = 45, COst= $32D
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Heuristic solution 30

Maximize 2.5 a; + + 4.3
of knapsack problem:| @ oTHEe L AT G5 & %

St 4"11+5ﬂz+?a3£14
>0 & integer, i=1,2,3 |

P

i)

\F“"
IR

Sort the pieces: Tz . T3 .1y o 3% -

L s

Using 14-ft stock length, we include a,=2 of the o-ft
length, a;=0 of the /-ft length, and a,=1 of the 4-ft
length; bsuwé this was patfiern 6 (which now has
reduced cost O)

=

&
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If we apply the heuristic pattern-generating method

Lo the 9-ft stock length, we get the pattern
1

g
Cp- > ma = 5-[2.5x1 + 2.5x1 + 4.5x0| = - 0.75
i

A = with reduced cost

and so we will add this pattern to the LF.
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Minimize SX; + 5X- + 5Xs + 10X, + 9¥c + 9X -+ 5X-
s.t. 2K, +Xe+X7 -8 =30
}{2 + 3}{4 + 2}{5 +}{';.' - Sg =20

X3 +2Xs - 5;=40 |

}{k::n! k:1:2:3:4:5:6; Si:iﬂ, 321,2,3

T, =25, n,=2.5, 1, = 4.5, cost= $305

LF Solution: {}{1:5, X=20, X-=20

Max 2.5 a; + 2.5 a; + 4.5a5 |
s.t. da; +5a+Tas< | |
a; = 0 & integer, 1=1,2.3

Column-generating
subproblem:

Applying the heuristic Max 2.5a; + 2.5 a; + 4.5a;
method to the knapsack s.t. da; + S+ Faz= | |
a; = 0 & integer, 1=1,2,3

SDPt]ﬂg the r“eq'd D]ECES ............................................................................................................
ﬂ.-3 ﬂ-l }EE - 45 2 45
7

1.€. > =
S T P R

Using L=9, we get as =1, a;=0, a, =0, which 15
pattern #3 again, now with reduced cost O

Using L=14, we get a; =2, a, = a, =0 with reduced
cost =0

Using L=16, we get a; =2, a,=a,=0, which has reduced
cost =+1.

problerm:

_n
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The heuristic method 1s unable to generate a patiern
having a negative reduced cost... however, because
it doesn't in general optimize the knapsack problem,
there may be other patterns which do have negative
reduced costs,

Therefore, we must now apply the DP (dyramic
programming) algorithm,

otock Plece 1 (Length 92
*dedk Optimal knapsack valus 1s b sk

*ddk Thepe are 2 optimal patterns from this stock plecs Ak

Optimal Pattern # 1 from this stock ple

acrap remnalning: 1

LAY N
n
i Ll SR

Optimal Pattern # 2 from this stock piece

acrap remnalning: o

e L N
bl ol R L

1
1
2
3

Eeduced Cost: 0O
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otock Plece 2 (Length 14

wddk OpLinal kKhapsack valus 1g 9 dokdk

aCrap remnalning: o

Y XYENTE
e R Y
Lo i i

Reduced Cost: 0O

htock Plece 3 (Length 12

*ddk Optimal knapsack valus 1s 10 ddkek

acrap remnalning: O

LA |
=1 e
b o YU O AL

Reduced Cost: 0O
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StagE!3 & % “E 0] 1 2

e e e e e [:I |:| . - |;| |;| |;| .
1 0. Qa9
2 0. Qa9
3 0. Qa9
4 2. Qa9
B 2. Qa9
B 2. Qa9
7 2. 4.
g B. 4.
Q B. 4.
110 A. g,
11 A. 7.
12 7. 7.
13 7. 7.
14 7. 7.
15 7. a.,
16 10 a

X5 = 20

X, = 20




