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The following statements about a graph G
are equivalent:

® 3 i53atiree

® 515 connected with » vertices and ~-/ edges

& 0 has » vertices, »-/ edges,
and no cycles

*,

® (05 such that each pair of
vertices s connected
by a wwgue elementary chain

A fe
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Spanning tree \

A spanning tree of a connected graph
G=(V,A) 15 atree with vertex set ¥
and an edge set which 15 a subset of A

Minimum spanning tree |

A rminimum spanning tree of a nedwors
5 & spanning tree the sum of whose
edge lengths are minimal.

@D .L.Bricker, . of lowa, 1998

Two algorithms for MST problem:

IF| Prim’'s Algorithm
Beginning with a single node, at each iteration
a tree is obtained by adding an edge & node,
until ALL nodes have been included.

I¥| Kruskal's Algorithm

Beginning with N trees, each consisting of a
single node, at each iteration two trees are
combined by adding an edge, until a single
tree is obtained.
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Finding a Minimum Spanning Tree (MST)
of a Network (Prim's algorithm)

Step 1 (Setup])
Select any node Lo begin the tree

Step 2 (Addition)
Find a node NOT currently in the tree which
15 nearest to the set of nodes IN the tree.
Add that node and the connecting edge to the
tree

Step 3 (Stopping criterion)
[T all nodes are in the tree, STOP; otherwise
return Lo step 2

@D .L.Bricker, . of lowa, 1998

Exarmple: Prirm's algorithm for MST
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[nitially, the tree is empty.

select (arbitrarily ) node A
toadd to the tree.

@D .L.Bricker, . of lowa, 1998

Find the node which is
tearest 1o the nodes of
the tree (ie node &)

This is node G

Add it (and edge [AG]) to
the tree
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Find the node in the set
IBCDEF!inot in the tree)
which is nearest to the nodes
14 53 which are in the tree.

In this case there is a tiel

Break the tie arbitrarily, by
selecting node C.

Add node C (and edge [4 C])
tothe tree

@D .L.Bricker, . of lowa, 1998

Find the node from the

set (B DEF} (not in the tree)
which is nearest to the
nodes {4 CG) (in the tree)

This is node B, a distance
5 from the tree.

Add the node B (and the
edge [B,Cl) to the tree
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Find the node from the
zet [ E F} which is nearest
to the set of nodes in the
tree {4 BC G

This is node F, a distance
of & from the tree.

Add node F (and edge [F,G])
to the tree

@D .L.Bricker, . of lowa, 1998

Find the node from the
set {0 E} which is nearest
to the nodes in the tree,
A BCFGH

This is node E, a distance of
5 {rom the tree.

Add node E (and edge [EF])
to the tree.
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Find the node from the
set {0} which is nearest to
the nodes (A BCEFGHiN
the tree.

This is node D, a distance of
5 from the tree.

Add node D (and edge [DE])
to the tree.

@D .L.Bricker, . of lowa, 1998

& 7 B All nodes are now in the
tree, so we stopl
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Exzample:|

................................... Alaska Gas Transmission Company  is planning
to construct a pipeline to supply gas from Alaska's north slope

("N=") toeight U2 gas companies, denoted by A through H.
n NsSA B C D E F G H

Fachmileof 'right~ & NS| 0 32 43 41 44 45 53 56 61
of -way which is £ A |32 0 121516 17 31 25 32
purchased costs an S B |43 12 0 18 12 11 32 26 28
average of §1000. = C |41 1518 0 10 14 23 15 18
| S D |44 16 1210 0 5 22 13 16
Howshouldthepipe- @ E |45 17 11 14 5 0 23 15 12
line be routed to S F |S5331 322322230 7 14
minimize the total H G |56 2526151315 7 0 8
cost of the TOH |61 322818161214 8 0O

right—of —wasv 7

@D .L.Bricker, . of lowa, 1998

Arbitrarily select a

=
o

I oy mm 3  mo

MSA B C D

E F G H

0
32
43
41
44
45
53
56
51

32
0
12
15
16
17
31
25
32

43 41 44
12 15 16
0 18 12
16 0 10
12 10 0
114 =
32 23 22
26 15 13
25 18 16

4% 23 56 6]
17 31 25 32
1132 26 25
14 23 15 158
5 22 13 16
02315 12
23 0 7 14
1= 7 0 &
1214 & 0O

@0 L.Bricker, L), aof lowa, 1998

node Lo begin the tree.

Let's choose node M.
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non-TREE
\Qr Find the minimum
NS4 B C D E F G HJ distance frorm a niode NOT

(N_Sjﬂ@ 43 41 44 45 53 56 61| in the tree to the node

TREE
J

A e IM the tres,
B
C Thiz iz node &
O
E Add node A (and edge
FoE (5,410 Lo the tree.
C =3
H
@D .L.Bricker, . of lowa, 1998
nan-TREE-
TREE Find the node NOT in the

NsA(B C D EF G H

tree which is nearest to

NS|fidE%2{42 41 44 45 53 56 61| thenodes INthe tree.
: 02015 16 17 31 25 32

This is node B, a distance
of 12 from node A

Add node B (& edge (& B])
to the tree.

I oy Mmoo e
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Y NS A Es.[r: D EF G HJ

NS | s

15 16 17 31 25 32}
18 12(11)32 26 28}

I o MmO

PRI LR S SRR e B B B SRR N I SRR SO
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non-TREE.

ne s

A5I53 56 BI1f

17[31 25 32

TREE

O |
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Find the node NOT in the
tree which is nearest to
the nodes [N the tree.

This is node E, a distance
of 11 from node B

Add node E (& edge [BE])
to the tree.

Find the node NOT in the
tree which is nearest to
the nodes [N the tree.

This is node D, which is
a distance 5 from node
E.

Add node D (& edge [D.E])
to the tree.
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tothe tree.

non-TREE-
TRE? NS A B . 0 E Find thg n::u;le HOT in the
T T T > tree which is nearest to
NS gl {23 50 BTH  the nodes IN the tree.
U | : ] 25 32
B 16} Sz 20 28} Thisis node C, a distance
C B0 S2SESEIE of 10 from node D
D 122 13 18]
% [23 15 1211 Add node C (& edge [C.D])
G |
H |

@D .L.Bricker, . of lowa, 1998

non-TREE .

Find the node NOT in the
; : tree which is nearest to
25 20 0l 1 thenodes INthe tres.

Thi=s is node H, a distance
of 12 from node E.

Add node H (& edge [EHI)
to the tree.

13 1 5 G_ﬁ‘
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non-TREE -

NS A B C E H Find the node NOT in the

tree which is nearest to

N the nodes [N the tree.
E This is node &, a distance
0 of 3 fromn node H.
- Add node G (& edge [GHI)
e Lo the tres.

@D .L.Bricker, . of lowa, 1998

non-TREE -

Find the node NOT in the
tree which is nearest to
the nodes [N the tree.

This is node F, a distance
of 7 {rom node G.

Add node F (& edge [F/G])
to the tree.

The tres now spans all
nine nodes, and is the
Minirnurn Spanning Tree.

@0 L.Bricker, L), aof lowa, 1998



Trees 8/26/98 page 14

APL code for Prim's MST algorithm

YTREE«MET C;IN;OUT ;KL ;ROWMIN ;HIN:J
A
A Compute Minimum Spanning Tree of a graph

A

IN+,1 A List of nodes In tree
OUT+1+1L"1+1TpC A List of nodes not wet in
TREE=(pCrp0

LEHGTH+D

Find shortest are Jjolning IN & OUT nodes
HEET REOWMIN«L CLIN;O0T]
MIN«L /ROWHIN
JEROWHINLMIN
A Add arc from IN node (E) fTo OUT node (Lo
E+IHC.J]

LeOUTICCLE ;OUTILHIN]
TEEE[K;L1+1

[161 OQOTecLAOUT /00T
[171 IH«IN,L

(1581 LENGTH«LENGTH+MIN
[191 =+HELT IF (pIH)<1TpC

| e J S [y A oy Ny gy Ay Ny R N ) W
—

e B B e B e B W W B e T e T o W |
—

m /s e
e
L NRY N
et ed e
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i
® Prisoners have been

divided into seven
groups by walls

® Anoutside
accomplice plans to
help them to escape
by blowing up some of
the gates, using
explosives

HOW CAMN HE DO THIS,
AL BHE AR DESTROYIMNG AS FEW
GATES AS POSSIBLE?
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Eepresent each room,
together with the
‘outside world”, by a
node, and each gate
by an edge.

The problem is to find
a spanning tree with
the fewest edges|

"outside" —f/ﬁ

@D .L.Bricker, . of lowa, 1998

The number of
nodes is 8

Al spanning trees
will have seven
edges|
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Kruskal's Algorithm for MST

Step 1) Setup

Let Go=(%,@) and i=0
Step 20 Addition of Edge

Find (x,v]) which minimizes wix,y], and set wixy]= +eeo
step 30 Test for cycle

If the addition of edge (x,v) to the graph &y would form a cvcle,

then go to step 2;

Otherwise, add edge (x,v) to graph Gy and increment 1.
Step 4 Test for termination

If 1<n-1,thenreturntostep 2,

Otherwise, stop with G _, = M3T

&

@D .L.Bricker, . of lowa, 1998

Example (Kruskal's MST Algorithm) |

1 Edges in G

0 none

1 AL

2 AL BC

3 AL BC DE

4 Al BC, DE,EF

A7 escir of Hhe first F
Flergtions thereis s
Fre fow Tie i e
fengtt edoe fo be sdded |
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1 Edges in G

0 none

1 AL

2 AL, BC

3 AL, BC, DE

4 AL, BC, DE, EF

faxd fhere is g fre
belwesn edges FE |
it A

@D .L.Bricker, . of lowa, 1998

1 Edges in G

Mone

AG

AG, BC

AG, BC, DE

AG, BC, DE, EF

AG, BC, DE, EF, FG
AG BC DE, EF FG, AC

L T L e

Sice i=8 = p-i, we |
ferrriaie
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Example (Kruskal's MST Algorithm)

A network with
15 nodes:

@D .L.Bricker, . of lowa, 1998

We begin with 15 "trees”, each
consisting of a single node:

a4
o2
ol
S
O
o8 ?
o13 a7 o
ol4 alz2
o015 510
o1l

@l

edges sorted according to length
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The two trees consisting of nodes
8 & 9 are joined, so that we now

have 14 trees: 0:
o
1 ok
m]
o3
=
ol3 D?:.? Egj
ol4 a1z
o15 o 10

@D .L.Bricker, . of lowa, 1998

Next, edge (5,6) 1s added, which
joins two trees, resulting in only

13 trees: 03 4
o2
ol

£ 7

=]
ol a7 Egj

ol4 alz2
o135 o10

@0 L.Bricker, L), aof lowa, 1998
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Edge (6,7) 1s next added, combining
two trees (one with 2 nodes, the IS

other with one), 03 4
g1ving us » o2
12 trees:
b
=
ol3 {? Egj
ol4 a1z
o15 o 10

@D .L.Bricker, . of lowa, 1998

Edge (7,8) 1s added, combining
trees {5,6,7} and {8,9}, giving

us only 11 trees: 0% 4 Lz
o2
ol
b
a el
ol ‘{’C’:
ol4 a1z 7
o135 o10
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If edge (5,7) were added, a cycle
5-7-6-5 would be formed, and so

we "skip” this edge. oz =

o2
ol
3
E‘é’c’ag
ol3 ' 3
ol4 olz2 7
olS ol0

ol

@D .L.Bricker, . of lowa, 1998

Edge (3,4) 1s added next, reducing
the number of trees to only 10:

GE 4
o2
ol
S
‘{,@’Dg
ol 4
ol4 a1z 7
o135 o10
ol

@0 L.Bricker, L), aof lowa, 1998
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Edge (7,12) 1s added, reducing the
number of trees to nine;

G
o2
ol
5
5 £
al3 A
ol4 v
12
o185 o 10
a1l

@D .L.Bricker, . of lowa, 1998

: : R P, P
Edge (14,15) is added, reducing ) 4]
g = 2]

the number of trees to eight: 5 8 8
=2 T 1z

. -

71z 16

o BT i
5 Q 15

12 B 12

b 14 13 20

ol - 8 12 11 26

14 13 5] 20
X 12 12 4n a3
| 2 =25

" 11 D1D 1 2 =26

= 5 2 27

12 15 40

4 5 45

11 15 =11

1 = =3

@0 L.Bricker, L), aof lowa, 1998
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Adding edge (10,11) reduces the

number of trees to seven:

G
o2
ol
5
5 £
al3 A
14 v
12
15 D‘#__,Dm

@D .L.Bricker, . of lowa, 1998

Adding edge (5,9) would create
a cycle (5-9-8-7-6-5) and so we

don't add this edge. .z _,

@0 L.Bricker, L), aof lowa, 1998
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Adding edge (6,12) also would
create a cycle (6-12-7-6), and so
we don't add this
edge:

G

@D .L.Bricker, . of lowa, 1998

Adding edge (13,14) doesn't create
a cycle, and so we add this edge,

reducing the number o2 .
of trees | 02
m)

to only

b
SiX: & ¥
12
15 10
o

@0 L.Bricker, L), aof lowa, 1998
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Edge (12,13) 1s added, reducing the
number of trees to five:

G
o2
ol

5

£ g
E

o

14 ~

12

@D .L.Bricker, . of lowa, 1998

Edge (2,3) 1s added next, reducing
the number of trees to four:

@0 L.Bricker, L), aof lowa, 1998
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1 ] dij
9 8 B
5 B 2
T B g
g 7 iz
5 7 14
2 4 15
To1Z 16

15 14 16

10 11 17
5 9 iz

12 B 1z

14 13 20

12 13 2d

- 3 2 25

12 11 26

1z B 20

12 10 23
4 2 25
1 2 26
B 2 a7

12 15 40
4 B 45

11 15 1]
1 3 &7
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Next we add edge (11,12), to
obtain three trees:

@D .L.Bricker, . of lowa, 1998

Adding edge (6,13) would form
a cycle, so we skip it:

@0 L.Bricker, L), aof lowa, 1998
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T ]
=] =
a] 3]
T 3]
=] T
3] T
3 4
T o1z

15 14

10 11
3] =]

12 3]

14 13

12 13
] 2

12 11

=13 3]

12 10
4 2
1 2
3] 2

12 15
4 3]

11 15
1 3
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Adding edge (10,12) would form

a cycle, as would edge (2,4):

@D .L.Bricker, . of lowa, 1998

The next edge to be added 15 (1,2),
which leaves us with only two trees!

11

@0 L.Bricker, L), aof lowa, 1998
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Finally, adding edge (2,6) leaves } djj |
. . . =R B E

us with a single tree, spanning all 5 5 @

T 5} g

=2 T 12

of the nodes! : 5 7 14

3 4 15

71z 16

15 14 16

10 11 17

5 g 12

12 3} 13

14 13 20

5 12 13 24

3 2 25

10
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