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Production Planning

Transpnrtatinn Problem (random demand)

Z2-Stage Stochastic Programming
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wWater Resources

Planning

Under Uncertainty

A water system manager
must allocate water from a stream to three
users:

& municipality

# industrial concern

# agricultural sector

&

use _|Reauest) “por it |
1. Municipality 2 700
2. Industrial 3 50
3. Agricultural 20

Let X; = amount of water allocated tn use #j

The Dptlrnal allocation Max 100X, + 50X, + 30X;

;ll?ﬂﬁgb?:h? 'irF],d by subjectto X+ X+ X3=0Q
- A AV A AL D i: Xl £ 2

Bul the decision must e made 0<X.<3 |
betfore the guaniily @ of fhe moe =
available water is known! |
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Max 100X, + 50X, + 30X;3; |
subjectto X+ Xo+ X3=0Q"

Random variahie
Wilir Known

0=X;<2 | probability
0=X,=3 | distribulion
0=Xz;<=5 |
Haw should the Streamflow Distribution
waler be l q; P{Q=q;}
Flffocaled bhefore 1 4 20%
the guaniriy 2 10 60%
Fvgifabie is 3 17 20%
j{' ﬁ .‘_'::" H’l ﬁ ? g o
Loss per |
Use Request) ypit shortfall |
1. Municipality | 2 250
2. Industrial 3 7o
4. Agricultural 60

If more water is promised than can be Iater
delivered, then a loss results from the need
either to acquire alternative sources
&/or to reduce consumption.
What 15 Lhe “oplimal ™ guanlity o affocale Lo each
vee, It is not FE;[I@ Lnownry

solution )
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Production Planning
with
Uncertain Resources |

Par, Inc., a manufacturer of golf bags, must
schedule production for the next quarter.

&

PRODUCTION TIME/BAG IN EACH DEPARTMENT

Cutting & Sewing Finishing Inspect
product Dyeing Package |
Standard Ao hr /5 hr 1 hr Ao hr

Deluxe 1 hr % hr ;’Ehr L, hr |

The company can sell as many bags as can be
produced at a profit of $10 per standard bag and
$9 per deluxe bag.
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Max 10X, + 92X
subject to 7/10}{1 +

X, <630 |
IhX, + 56X, <600 |
Xi+23X, =708 |

Dept.

Available |
hrs. |

C&D
SEW
FIN
|&P

630 |
600 |
708 |
135 |

110X + LiyX, =135
Xi=0,X=20

Based upon current
commitments, the

hours available
in each department for the next quarter are computed.

However, the Ffirm has submitied bids on we
caniracls, whichh if successivi would reduce the

hours avalighle ror producing qoli 8395,

Production Hours Reqd |
&P |

Contract |probability

FIN

G0
70

Cé&D

00
30

SEW

40
50

#*1

*#2

20%
407%

A production schedule for standard & deluxe
bags must be chosen before learning which
contracts, if any, were awarded to the firm.
Afterwards, the production schedule may be
modified somewhat, but extra costs are incurred
in doing so...
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For each scenario, we compute the available
hours in each department (subtracting the
hours used to fill any contracts which are won)

page 6

Available hrs.

scenario
Dept. #0 #1 #2  #3
C&D 630 580 600 550
SEW 600 560 550 510
FIN 708 628 638 558
&P 135 125 120 110

# Scheduling overtime in C&D at $5/hr
SEwW at $6/hr
FIN at $8/hr
|&P at $4/hr
(only 100 hrs OT available in FIN)

®# Schedule additional production of standard
bags, at a reduced profit of $8/bag

[K::l ( solution )
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Ax + By =D
%20, y20

n |
=
® [
cl
=
=
s |
c |

#® x is selected by the

Sequence of Events

maker

decision
® the random wvariable

b is observed
® the decision—maker

must choose v so as to

satisfy constraint, i1.e.

By =b — Ax
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|C05t5Incurred|%

Second-5Stage Problem ¢ (%, b) = Minimum dy

T gt BF — b_ A.X.
. . . y=0 ‘(D
Since b i1s a random variable,
both x & & are

50 also 1s ¢ (x,b) for fixed Xx. Fived

Cx + dy

First-Stage Problem Minimize cx + B¢ (x,b)]

Minimize the sum of the subject to ¢ (x,b) < o0
first-stage cost and the 3
expected cost of the 2nd ie, Znd-Stage Frobiem
stage: should be feasible for aff

possible valves of &

Eio(x,b)] is the expected cost of the second
stage, for fixed x
This is generally a nonlinear, but
convex, function of x.
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Discrete RHS diStrihutinn

Suppose that the right-hand- SldE vector b
is "drawn” from a finite set of possible RHSs
{b', b% ....b* } with probabilities p;,p, ... Py

page 9

Define a second-stage (recourse) vector for
each of the possible RHSs: y',y2, .. vk

Then the recourses must be selected so that
given the first-stage decision x, [ Ax + By! = bl
this system of equations is J Ax + By? =Db?
satisfied: : : :

. Ax + By* = bk

pj dy!
LY

pr‘nbabilityj ’tcngt if recourse
of outcome b! y! is selected

The expected value of the second-stage cost
15
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First-stage cost

Minimize cX + pdy' + podye+ ... + pdyk piiss
subjectto  Ax + By _. ndexpected
AX + By? — K2 2 -stage cost

AX + By?3 =b?
AX -|.-B'y’k=l.}k
X=0,y1=0,...

Notice the Block-angulasr structvre of the
cooatticient matrix...

Guesiion: Cowld the Danizig-Wolle decomposition |
Lechrique be used in order Lo decompose |

. Lhis problem
. info smaEffer

Minimize cX + pdy' + podyi+ ... + pdyX

Wblectto Ax + By’ =t! | sutprovtems? |
AX + E“y'z = he T
AX + E.':.I;E = h?
AX + Byk=bk

Xz0,y1=20... yw=0
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Dual of the 2-stage stochastic LP problem:

Maximize b'u'+b2u+... + bkuk
subjectto ATu" + ATuZ +... +ATuk=z ¢
BTy < pqd
BTu? < pod

BTuk = p.d

al ¥ariables unresfricfed fn s/gn

This problem has a structure for which Dantzig-Wolfe
decomposition is appropriatel

Dual of the 2-stage stochastic LP problem

Maximize b'u'+b2u?+... + bkuX |
subjectto ATu! + ATuZ +... +ATuk= ¢ - linking constraints

BTyl < pqd subproblem

BTu2 <pd | | constraints

BTuk = pd

N Farables vnrestricfed in sign




Stochastic LP with Recourse 8/26/97 page 12

subproblem for Block # 1 where « is the simplex
multiplier vector

for the linking
constraints,

Maximize (b-w ATJui —o;| _ _
and ¢ is the simplex
subjecttoc Bluizpid | multiplier vector
for convexity
constraint # i

These subproblems all have the same matrix of
constraint coefficients, and the constraint right-hand-
side vectors are all scalar multiples of the same
vector d.

Define second-stage (recourse) variables

amount of shortfall in water delivered

Lo user i

TR TS DS i il s s
axnacied ponsiites for

Max 1Dﬂ}{1 + EGXE + 30}{3 Sl iEl

min 250Y,+75Y,+60Y,
— Eq< 5.1, Y i+ Yo+ Yoz X +X+X:-0
0 £V1£}{1 . 0 ii\'l"rgii}{g ,E' Evgﬂ}{g

&
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Define a separate recourse variable for each
possible outcome:

amount of shortfall in water delivered
to user i if Q = q;

Yij =

i our ‘delferministic " LF formulalion of the
probiem, then, we must simulflaneous/y sefect
the recourse {i.e., the vser who will be denied
the promised waler/ for each of the possibie
sireamifows?

Max 100X, + 50X, + 30X; - 0.2(250Y! + 75Y) + 60Y1)
- 0.B(250Y7 + 75Y3 + B0Y3) - 0.2(250Y7 + 75Y3 + 60Y3)

subject to p {1
K»] +}{g+}{3-"f'1-"f'g-‘f3<_:4

X+ X0+ X3-Y5-¥5-Y5<10

) X+ X+ X3-¥i-Y3-¥i<17

0=Y =X, =2

0=YscX, =3 ¢ ¥k=123
0=Yi<X;=5
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Q=4 10 17
Shortfall in Delivery

i X; Y, Y2y

1 Municipal 2 0
2 Industral 3 1 0
5 0

0
0
3 Agricultural 0

100(2)+50(3)+30(5)-0.2[75(1)+60(5)]
500 - 0.2(375) = 425

Objective value

probability

0 : neither bid is

successful (1- 0.5) = (1- 0.40)=0.30
1 : bid #1 is successful, } _

bid #2 i not 0.5x(1-040)=0.30
2: bid 2= 1s successhul, (1- 0.5)% 0.60 = 0.30
3 : both bids #1 and #2 05%040=010

are successful ' T

Possible Qutcomes ||
("scenarios"




Stochastic LP with Recourse 8/26/97 page 15

stage 1 Variables

X1 = # standard bags in the
next quarter's prod'n plan

X>= # deluxe bags in the
next quarter's prod'n plan

Yi = # standard bags added to
next quarter's prod'n plan

TCID= hours overtime in cut&dye

i . i :
T. = hours overtime in sewing

stage 2 Variables

T; = hours overtime in finishing

For outcome # i TIL= hours overtime in inspect&
(i=0,1,2,3) pack

scenario #0: >econd-stage problem

neither bid is | (X is fixed)
successful

Max 8YY -5Tgp, -6T4-8T8-ATE
subject to T/IDYD - Top <630 - :7/1[].}{1 + Xg]
1oYT - T8 <600 - [15X, +3/sX)
YY) -TF <708 - [ Xy + 24X]
oY? - T =135 - [10X + 1aXe]

Yi=0, Tep 2 0,Tep 2 0,T8 2 0,100=TE = 0,T% = 0
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»econd-stage problem
(X 15 fixed)

Max 8Y| -5T.p -6T4-8T4-ATh
subject to //10Y] - Tep =630 -50- (710X + X2]
1Y - Tg <600 - 40- [17X, + 56X
Yi-TE <708 - 80 - [ X + 25X))]
YioY1- Tl =135 - 10 - (110X + 14Xy
Yi=0, Tip = 0,Tip 2 0,Te = 0,100=T% = 0,TL = 0

Scenario #Z2:

only bid #2i
successful

Max 8Y7-5Té -6Ts8TE-4ATq
subject to 710Y7 - Tép <630-30- [710X, + X
LhY?% - T¢= 600 -50-[L5HX | + 5/5X;]
Y7 - T§ =708 -70- [X; + 25X;]
10Y% - T <135 -15- (110X, + LsXy]
Yi=0, Tén = 0,Té4 = 0,T6=0,100=T¢ = 0,T4 = 0

second-stage problem
(X is fixed)
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scenario #3:

both bids are
successful

8/26/97

»econd-stage problem
(X 15 fixed)

Max 8Y3 -5Tip -6T3-8TE-AT5
subject to //10Y7 - Tép =630-50- 30- 710X + X5]

1AY5 - TE <600 -40-50- |15 X + 5/gX,)
Y§-Té <708 - 80-70- | X + 25X]
Y10Y7 - T =135 -10-15 - [110X; + YaXo)
Yiz0, Tip = 0,Téip 2 0,TE = 0,100=T% = 0,Tf = 0

Objective |

Mlas 1024 + 92z +0.3 [E‘f

+ 035y

E

+0.1 57

+ 0.3

vt
— 0 —_—0 = =

STRp -6TE-8TR-4TH

I
1 1 gl
-5Tap -6Ta-8TE-4Tp

STép, -6T4-8TE-4TH

STép -6TE-8TE-4Tip)

Equivalent Deterministic |

Linear Program
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subject to|

scenario -

#0

sScenario
#1

<

L

scenario

#2

scenario

#3

Xz 0, %z, ¥i=0, Tep

N

R

s

L

=0,
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I [
?."Irlﬂxl'l'xﬁ"' ?,-'I{IDEFI-T.:D = B3l
1."(2}{1"'5){.53{2 +1)r21f1n -Tgiﬁﬂﬂ

X1 +2f%p  +¥- TR <708

gy + Uaxg + Yyl - T <135

TR <100

- ?)'{IDKIH‘{E +F)'r1|:|1f%-T.:ljD = »all
1%y + Sxp +1hv]-TE <560
X1+ 2f5¥s

sV -Th =628

1)'{IIZI:'“{I + 1;'(4?{2+ lz'fm‘f% - TIIP < 125

T <100

2 2
FE{ID3’51+?’52+?;{1D?1—TCD = G010
10301 + 5o +15v9 - T& < 550
281 FEpa iz - g =
Xy + 2%+ ¥ - TR 2638
2 e
1."(1|:|:’h"a:1 + 1){4}{2 + 1('(1|]1Ir1 - TIP = 120

TZ <100

ER—
?.’(ll:l}‘il + X2+ ?J(lﬂ?l - T':D = ool
1."(2}{1 + 5){.5}{2 +1,.'(21f? - Tg =z o100
X1+ 2){3}{2 + ‘f? - Tl?é < 558

TR
lf{lﬂ}{l + 1('{4;{2+ I,J'rm‘!frl - Tip = 110

T 100

1 1 i i
TCD = DJTS = DJTF = DJTIP =0
=0,1,2,3
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