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An Introduction
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=] M/M/2/2 Queueing System

)
|
)

I="| Two Tandem Servers w/o0 Queues

| —
)

I'"] Two Tandem Servers w/intervening Queue

|
)

I=| M/M/1 System with feedback

\—/
Y

I=| Two Cyvclic Queues

|
)

IZ| Two Tandem Queues w/infinite capacity

|
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Overflow if
server 1 1s

Poisson arrivals busy Overflow is lost
if both servers
rate ;{' are busy

oy o

e wand 1o compiiie: ®Steady-siate distrrbition
r fraciifon of customers jost
s prifrzatron of egch server

&

Elenniz Bricker, . of lowa, 1997

(ny.n2) where 1if server i
nj = 15 busy

O otherwise

Haar are the
lransitron
ratess

)
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(ny.ny) where 1if server i
nj = iS5 busy
O otherwise

A
8! <

01 11
L1
Elenniz Bricker, . of lowa, 1997
Transition rate mnatrix %
to
t C0, 00 c1,00 ¢0,1y 1,13
I
CC0,0] T0,2 0.2 0] 0
mel,o 0,.33333 "0.53333 0 0.2 _
(0,13 0.25 0 “0.45 0.2
01,1 0] 0.25 D.HHHH'D.EEHH%
EETelers:
= |
A = e
/3
o= |
2 /Lil

@0ennis Bricker, U. of lowa, 1997
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aoteadystate Distribution

Elenniz Bricker, . of lowa, 1997

oteady-State Distributlion

(0,0) (0,1) (1,1)

@0ennis Bricker, U. of lowa, 1997
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PI
0.191205 0,.449331 0.152964 0.206501

Average * in System |

L= T PI+.x0 1 1 2
iEZsﬂln’l 0.580530

Average Arrival Rate |

7 — T PI+.x .2 .2 .2 O
l—iezs Ay 0.176385

Average Time in System |

W—L— (PI+.x0 1 1 23+ PI+.x .2 .2 .2 0
=7 3.29132

Elenniz Bricker, . of lowa, 1997

EXPON(5)

N '
: %QHT{I} cunamm)eO#\Ho
\\JEZE}STDNH] QHT{” FAEILIT?))

: @0ennis Bricker, U. of lowa, 1997
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GEN,BRICKER MM 2 2,4/14/93,1,Y,Y,Y/NY,Y, 72;

LIM 2, 2,100;

INIT,, 3700;

MONTR, CLEAR, 100

NETWORK;
CREATE, EXPON( 5. 0), , 1;

QA QUEUE(1),, 0, BALK( Q) ;
ACTIMITY/ 1, EXPON(3.0); FAQLITY 1
CCOLCT(1),INT(1), TIME IN SYS 1,
ACT, ,, C3;

0% QUEUE( 2),, 0, BALK(T);
ACTIMITY/ 2, EXPON(4.0); FACLITY 2
CCOLCT(2), I NT(1), TIME I N SYS 2;

R

3 OALCT(3), I NT(1), TI ME_I N_SYS 3:
T TERM

END, |
Cl NE 5

SLAM code

Elenniz Bricker, . of lowa, 1997

#*3TATISTICS FOR VARIABLES BASED ON OBSERVATION**

HE AW STANDARD COEFF. OF IMINTION  MAXETHION MO OF
¥ALUE ~ DEVIATION YARIATION — WALUE WALTE DBS

TIME_IN_SY5_1 0. 288E+01 0. 291E+01 0. 101E+01 0.110E-02 0. 35ZE+02 4549

TIME_IN_SYS_= 0.367E+01 0. 358eE+01 0. 105E+01 0. Z234E-01 0. 253E+02 136
TIME_IN_SYS5_3 0.311E+01 0. 3£3E+01 0. 104E+01 0.110E-0Z2 0. 35ZE+02 645

¥*SERYVICE ACTIVITY STATISTICS**

ACT ACT LABEL OF SER AYERAGE 3T CUR AVERAGE IMaX TIDL II&X B3Y ENT
NUIT 3TART HODE CAP UTIL DEY UTIL BLOCE THE/SER TIE/SEE CHT

1 FACILITY 1 1 0. 3643 0. 48 1] 0. oo 27.63 35. 22 489
& FACILITY = 1 0.187% 0.39 1] 0. oo 4. 70 25,27 186
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3.

Analvsis
0.5581
2

Markov Chain

Failélt‘f

3.11

Simulation
0.555

Y

# 1

service times
# No queues allowed in front of either server

® Server 11s "blocked”™ whenever it has

LA
4
—
=4
]
fany
]
-
-~
ot
"
[

andem Server

& 2 identical servers, with exponentially dist'd

Comparison
Average ¥

in Svstem
Average Time
in Svstem

T

Poisson | Facilit

arrivals

=1
.-:.

MLoof lowa, 1997

completed service while server 2 is busy

® Arrivals at *1 are turned away when it is

busy or blocked 1
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O1f #1 1is idle

=73 11f #1 15 busy
bif #1 is blocked

_ {D it #2 is idle

(X,v) where

11f #2 15 busy

Elenniz Bricker, . of lowa, 1997

O if #1 is idle
x=711f #1 is busy
b if #1 is blocked
Q1if #2 1is idle
1if #2 15 busy

(x,v) where

@0ennis Bricker, U. of lowa, 1997
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Transition rate natriz |

to

T
SFETelers: % 1
A =4 %
ILi= 4 ;

Ho=5

Elenniz Bricker, . of lowa, 1997

Tandemn Servers W/ JUelss

aoteadystate Distribution

1| state P1

1| co,0x 0,2587437
21 1,00 ©,371854
3 co,1x 0.20595

4 [ ¢1,1» 0.0915332
5 th,1>» 0.0732265

@0ennis Bricker, U. of lowa, 1997
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Average ¥ in System |

L= s PI+.x 01 1 2 2
iEZSﬂl T 0.907323

Average Arrival Rate |

PI+.x 4 0 4 0 0
L= 2 Mm 1.85355

i= 3

Average Time in System

W—L— (PI+.x0 1 1 2 23=PT+.x 4 0 4 0 0
=7 0. 489506

Elenniz Bricker, . of lowa, 1997

EXPON(0.25)

O /T\ EXPON(O. 259(
-— A

m EXPON(0.2)
o

F&rimif:m- [ Q . : :

Hi=4
Ha=5
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GEN, BRI CKER TANDEM 4/ 14/93,1,Y, Y, Y/ N, Y, Y, 72;
LIM 2, 2, 100;
INIT,, 3700;
MONTR, CLEAR, 100
NETWORK;
CREATE, EXPON( 0. 25) , , 1;

QL QUEUE(1),,0, BALK(T);
ACTI VI TY/ 1, EXPON( 0. 25); FACILITY 1
@  QUEUE(2),, 0, BLOXK;
ACTI VI TY/ 2, EXPON( 0. 20); FACI LI TY 2
COLCT(1), I NT(1), TI ME_I N _SYS;
T TERM
END;
FI N,

I

i

SLAM code

Elenniz Bricker, . of lowa, 1997

¥*3TATISTICS FOR WARIABLES BASED ON OBSERYATION®*

IMEAN

YALTE DEVIATION YARTATION  WALUE

TIME IN SYS

*+#FILE STATISTICS#*#*

FILE AVERAGE  STANDARD

NIIEEER LABEL/TIFE LENGTH  DEVIATION LENGTH
1 01 QUEUE a.oao 0. aoo a
& Q2  QUEUE a.oao 0. aoo a

¥*SERYICE ACTIVITY STATISTICS**

ACT ACT LABEL OF S5SER AYERAGE 3T

NI START HODE CAP UTIL DEWY
1 FACILITY 1 1 0. 463 0.&0 1 .07y &,
2 FACILITY =2 1 0. 364 0. 48 1] 0. oo &,

0.431E+00 0. 32ZE+00 0. &671E+00 0. 636E-02 0. 237E+01

JTANDARD COEFF. OF IMINIIOIN — IMAXTIION HO.OF

WALTE OE3

6708

MAZTIMIT CUREENT AVERAGE
LENGTH TWAIT TIIE

a 0. ooo
a 0. ooo

CUR AYERAGE I1A¥ TDL ITAX B5Y ENT
UTIL BLOCE THE/SSER TIE/SEER CHT

43
78

2.42 6708
1.71 6708
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0.827
0.481

Simulation

Average Time

Average ¥
in Svstem
in Svstem

Comparison Markov Chain
' ' Analysis
0.907
0.489

Suppose thal we add space for I customer
o warl beltween the two facilities.

arrivals

queue

@0ennis Bricker, U. of lowa, 1997
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(x,¥) where

(0 if *1 is idle
=7 11f #1 is busy

b if #1 is blocked @
(0 if #2 is idle

1 if #2 is busy @

2 if customer waits

between

Elenniz Bricker, . of lowa, 1997

~
Il

Transition

Diagram

® © &
® ©

@0ennis Bricker, U. of lowa, 1997
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EXPON(0.25)

(0.2)
@EDHPDN 0.2 O

O m EXPON(O. 259(
A

\J)Z(D

oFE el ers: [ TIME=IN-
1 = 4 QHT(I} S?STEHW
=4
=2
l'LE [K:L-'

Elenniz Bricker, I of lowa, 1997

M/M/T ystem |

with feedback

)
——0O000 .

[
A customer, when service is complete,

will depart with probability ¢ and return
to end of queue with probability g=/-g

&

@0ennis Bricker, U. of lowa, 1997
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:
ap ap ap ap ap

Elenniz Bricker, . of lowa, 1997

Two Cyvcli
Queues

k customers circu-
late through two
facilities

slelele]

5T L
SEryIe
rate &)

@0ennis Bricker, U. of lowa, 1997
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(i,j) where
i = ¥ customers in subsvystem 1
i=# customers in subsystem 2

L1 Ly .. Ly L1 Ly
(& Teg e B 9
[z M2 [z 2 L2

e s @ Birin-deslh process ?
Cennpszre Wilhy SR LR guensing Swesiem!

Elenniz Bricker, . of lowa, 1997

Two Tandem Queues |
with infinite capacit

@0ennis Bricker, U. of lowa, 1997
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(m,,m,) where m; = ¥customers in
subsystem *1

G0
@) G

2 e
03)

Elenniz Bricker, . of lowa, 1997

lowa, 1997
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For sigte (1
Balance

Eqguations Amgp = PRl

For sigle 7ol

A+pdmig=4 mop + parmyy

ror sigie o F

(A+pz) Rpop = Py Rip + Paftpz

2l

Elenniz Bricker, . of lowa, 1997

Balance
l'II: an = |.l.g:I'I: 01

A+p)mio=24 mog + Pong
(A+p2) Rpp = Py Rgp + PRz
A+p1)m2o=4 mig + Pon2
(AP +R2) R =A g+ T2p P22
(A+pz) moz = 1 i1+ Pamos

quations

e gor mfinitely many eqialtions
ey many unknowns!

@0ennis Bricker, U. of lowa, 1997
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Clarm: these balance eqiations are satisfred

oy L 2
T['I'ﬂl,ﬂlg — T[’I'.ﬂl >{ T[’I'ﬂg

where |
T, = (1-p3) pi™ F’FR/pi

I8 the steady-siate distrrbition of the
MM gueue

That is,

P{m, at station 1 & m, at station 2}
= P{m, at station 1} X P{m, at station 2}

Elenniz Bricker, . of lowa, 1997

SuDSttting (e
1. T 0o = I-LEE 0l e e
yrelds (1 M ) (1 J‘/HEJ Hz (1' ;LXI-H) (1' Uuz) Vuz

NUOSEII IRy (80
Vvields

A+ (1' lfl'ﬂl,] ;%ll (1' lfuz) =
A (1' Vm) (1' ;%tz) T Rz (1' ;%H) ;%Ll (1' ;%tz) '%lz

i,

Ri)ig=A oo+ PRamtgg

@0ennis Bricker, U. of lowa, 1997



