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Seven-bridge Froblem
of Konegsbherg

posed by Twiss mathematician
L & h ar d E Ll ] e r ] _|"I 3 E:' |

Fmd a way in which a
) par“ade procession could cross
all seven bridges exactly ance.

&
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Cefine:

Euler path: a path through a graph which

traverses every edge of the graph exact/y
ance.

Euler tour: a circuit of a graph which traverses

every edge of the graph exgci/y once,
1.e., an Euler path beginning and ending at the
same node.,
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Cefine:

Degree of a node in an uadirecied graph is the
number of incident edges of the node.

Indegree of a node in a drrecfed graph is the

number of edges 77fe the node.
Outdegree of a node in a grrecled graph is the
number of edges e/ the node,

Polarity of a node of a directed graph 1s the
difference. indegree — ouldegree
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N G"\ Do these graphs possess |
either Euler tours or

£y r")_()
: W Euler paths?

What is the degree
of each node?
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Do these graphs possess
either Euler tours or
Euler paths?

What is the degree |
of each node?
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Do these graphs possess
either Euler tours or
Euler paths?

What is the degree
of each node?
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EULER'S THEOREEAM

® A connected éndirecied Jraph possesses
— an buler tour 1f & only 1f all nodes have
even degree
— an buler path 1t & only 1f exactly two nodes
have odd degree
® A connecled &rgraplr possesses
— an buler tour 1t & only if the polarity of
each node 15 zero
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7-Eridges Froblem |

Fhere gre &
QFT—Fegres
TR F SO (R, , W R ....... ™ ,.'r?{;' .i?f ._":—-' 5} .-_'_'F ,.'r? {,?ll

i . fheretore
island

- . E L neither an Fuler
eSS0 palh nor @n Edler

......... N ST Sk R, P

Modes B & C represent the islands
Modes A & D represent the two riverbanks
Edges represent bridges
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Finding an Fuler Tour |

Begin at any node,

Traverse the edges, deleting each as it 15 traversed,
The choice of the edge from a node is arbitrary,
except for the rule:

Never traverse an edge which is a bridge (an
edge whose deletion would disconnect the graph).
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Suppose that vou hold a Example |
inspector.

You must periodically
drive along the highways,
checking on debris & the
need for repairs.

0t wou live in town A, 15 it
possible to find a round trip |
which takes wou over each =

section of highway exgciiv 0 N
ance’?
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All nodes have even degree, so an Euler tour exists!

Suppose that we beqgin to

construct an Euler tour by ® ®
including edges AB and BI': ® 0
Then in choosing the next edge, (';>® @i@

we cannot choose edge MK,
which has become a "bridge”.
Either MO or ML must be the

next edge included in the tour! =™
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THE CHINESIF (O o—0— (2 m
POSTAMMAN
FIROCELEAM

250
250

A maillman must deliver
mail to residents on the
streets shown (L

150

150

He begins at node a, and How can he
must traverse each street 150 CoL
at least once, and return @————w Mminimize the

to node a Lotal distance
< Lravelled?
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Solfving the postman probifem.

It an Euler tour exists, it is the optimal route.,
Otherwise,
add "artificial” edges, parallel to the existing
edges, which will turn all odd-degree nodes into
even—-degree nodes. {7here must be an even
ALEr 0F SUCh pad-degree nodes, )
The edges to be added are found by a minimum
length pairwise—-matching algorithm.
(In practice, this might be estimated by inspection,
for a near—-optimal solution.)
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‘ Matching Froblem I

Given a set of nodes, assign
(match) each node to exactly
one other node, so that the
surn of the matching costs are
minimized, where

cost of matching i & jis Gy

@0 Bricker, U, of lowsa, 1992
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‘ Matching FProblem I

It the graph 1s "bipartite”, then this is the
ordinary assignment problem, solvable by,
for example, the "Hungarian Method",

In a bipartite network, the nodes |
may be partitioned into 2 sets, |
such that edge (1)) exists only

1f nodes i & are not contained

in the same set.
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‘ Matching Froblem I

For the more general (non-bipartite) matching
problem, there is an "efficient” (i.e., polynomial-
time) algorithm by J. Edmonds, which, however,
15 rather complicated to implement.,

@0 Bricker, U, of lowsa, 1992
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‘ Matching FProblem I

Formulation: Define

o = { 1 if nodes i & j are matched
! 0 otherwise

Minimize % % Cii¥i;

i=1 j=1+1

subject to 2 ¥y =1, 0=1,2, ..n
jzi
}{1] = {'::',1}
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The odd-degree nodes 120

are. c,d, f,q,
L]k, BT

250

we need to compute
the shortest path
lengths between

each pair of nodes
from this set.

150

@0 Bricker, U, of lowsa, 1992

page 10



Chinese Postman Problem- Part 1 10/11/98 page 11

- [P S - |-
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Lisrtag Ao s Ao i dimes For Taaing sioriest palfhs:

Path Lengths

to
£ 1 2 3 4 ] ] 7 g aQ 10 11 12 13
™oy 0 120 150 270 420 500 600 680 400 K20 600 THO 850
2120 Q0 270 150 300 380 480 560 450 400 480 630 730
3 1160 270 Q120 270 350 450 530 250 370 450 600 FO0
4 (270 150 120 Q0 150 230 330 410 300 250 330 480 H30
(420 300 270 150 Q0 80 180 20 450 360 280 330 430
B[RO0 380 350 230 80 Q100 250 530 440 360 250 350
7 e0d 480 450 330 180 100 0 150 630 540 460 350 250
g [e80 500 530 410 20 250 150 Q0 710 620 540 500 400
q (400 450 250 300 450 530 630 F10 Q120 200 350 450
101520 400 370 250 360 440 540 p20 120 0 80 230 330
111600 480 450 330 280 360 460 540 200 80 0 150 250
121750 630 600 430 330 250 350 500 350 230 150 Qo100
131850 730 o0 580 430 350 250 400 450 330 250 100 0]
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Chinese Postman Problem- Part 1

Predecessors

to
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Problemn
in a Graph
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odd-degres nodes
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ahortest
Lo
£ 3 4 f 7 a 10 11 12
3 2 120 350 450 250 370 450 a00
0 4120 Q230 330 300 250 330 480
m §f |350 230 Qo 100 530 440 30 250
7450 330 100 0 630 540 460 350
g [250 300 530 B30 Q0 120 200 350
10370 250 440 540 120 Qo 80 230
11 (450 330 360 460 200 3o 2 150
12 (600 4530 250 350 350 230 150 i
@0 Bricker, U, of lowsa, 1992
530
e
Kz we must find an

optimal matching
inanetwork

with S nodes and
edges between
every pair (with
length = the length
of the shortest
path in original
network)

(ol ) adires s 50w
i Ehe arEgrErd
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Hatching |

from: 3 B
to: 4 7

length 120
length 100
length 120
length 150

10/11/98

The minitmum-length
pairwise matching
in this network is

. 120 . C 120 @

® 150 @
16 13 LG

Total length: 490
el (length to be traversed |
DR 11712 tywice!)

Total length of paths added: 4920

@0 Bricker, U, of lowsa, 1992

Add paths to the

network:;

. 120 . C 120 @

@ 150 (D
® 100 C

The result is a

network with only o
even—degree nodes.
we need only now

250

I:EI:I 120 :IJ:

Lo find an Euler tour!

@0 Bricker, U, of lowsa, 1992
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Chinese Postman Problem- Part 1

Example |

FEandom Hetwork (seed= 1363832

HNode Degress
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shortest Path Lengths

to
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Odd-degree nodes

B 7

910

E oD H

9 128 26
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) 0 17 28 40
2117 0 26 46
0 20
10740 46 20 0

Odd-degree nodes

=EoH
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LRI e

MFECING Lo e sofled

i IR nelwark
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A0 26
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20 (10
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Matching |

from: ) o
to: 7 10

@0 Bricker, U, of lowsa, 1992

Example |

Eandom Hetwork Cszeed= 45453217
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10/11/98

length 17 path: 6 7
length 20 path: 9 10

Total length of paths added:

37
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to

1 2 3 4 5 6 T a =] 10 11 12 13 14 15 16 17 18 19 20

0 3 46 B2 7T 83 102 107 104 113 124 135 142 146 40 B5 B4 95 44 172
a1 no2¥ 44 53 B4 23 22 825 94 105 116 129 12F T1 90 32 TE Y5 153
46 27 no1v¥ 3 3FF 86 B1 52 BY ¥R B89 102 100 86 62 19 49 90 126
(G T S 014 20 39 44 41 S0 61 FER 8% 83 T1 46 36 32 100 109
TPoB3 31 14 0 16 35 40 ZF 36/ 47 53 Y1 B9 BY 32 50 43 86 95
22 64 37 Z0 16 o019 24 32 52 62 T4 2T 85 T 482 BH 2T 102 111

102 23 G5B 329 35 19 1] 5 19 325 B8 BE T8 T2 92 BY Y5 46 121 104
107 28 61 44 40 24 2] 014 20 51 B1 Y4 TI OO¥ T2 B0 51 126 99
104 25 53 41 2¥ 328 19 14 o186 =¥ 4¥ B0 59 =24 59 TFF BH 113 85
10113 94 BY 50 36 52 35 30 16 021 31 44 43 93 B3 86 TI 122 BY
11 (124 105 V& 61 47 B3 56 51 37 Z1 011 =24 22 104 Y9 9F 90 133 45
121435 416 29 T2 52 T4 66 61 47 31 11 0 412 33 445 90 102 101 144 45
12142 129 102 25 71 2Y T8 T4 B0 44 24 13 0 22 122 102 121 114 157 32
14 (146 127 100 22 69 25 Y2 T3 59 43 22 33 23 0126 101 119 112 185 Z6
15( 40 Y1 86 T1 BT T3 o9& 9F 84 92 104 115 128 125 0 25 104 100 29 152
16 65 90 B3 46 32 48 BY T2 59 B3 V9 90 103 101 =25 n 82 75 54 127
17 84 33 19 36 50 B Y5 80 V¥ 86 97 108 121 119 104 82 0 63 103 145
12| 95 76 49 32 42 2T 46 51 65 TO 90 104 444 442 A00 TH 62 04129 138
19 44 75 90 100 36 102 121 126 1413 122 1233 144 157 155 29 G4 102 129 011
20172 152 126 109 95 111 104 99 25 69 423 45 22 26 152 127 145 132 121 1]

[Tm e B k) I R TR O = R s B

Shortest Path Lengths |

B0 BNCKEr, U OF 10Wa, 1995

Odd-degree nodes

i 2 9 11 12 14 15

r

o e 085 105 116 127 71

m 7 85 0 37 47 59 54
11105 37 o 11 22 104
12116 47 11 033 115
14127 5% 22 33 0 126
15 71 84 104 115 126 0
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Optimal Matching |

length 71 path: 2 1 15
length 47 path: 9 10 12
length 22 path: 11 14

Total length of paths added: 140

[he gugmenlied nelwork now possesses
an Fuler four, which solves the posiman
profbiems

&)
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® Solving the Postman Problem inan undirected networlk
requires finding an optimal matching of the odd-degree
nodes into pairs.

® Solving the Postman Problem ina directed network
requires the solution of a transportation problem, with
positive-polarity nodes as "sources” and negative-polarity
nodes as "destinations”.

In either case, the "cost” of a match or a shipment 15 the
length of the shortest path between the two nodes,

&

@0 Bricker, U, of lowsa, 1992



