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We will apply the primal simplex method

to the minimum-cost network flow problem,
but (as was the case with the transportation
problem) without pivoting in the full tableau.

Questions to consider:
* How i1s basis matrix represented?

* How i1s simplex multiplier vector computed?
* How i1s change of basis accomplished?
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The columns of the node-arc incidence matrix
corresponding to the arcs of a ercle are
linearly dependent.
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Theorem
A tree containing m nodes contains m-—1 arcs
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The MNode-Arc incidence matrix of a tree is,
after rearranging rows &/or columns,
fower [rigngular
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1 1 0 0 0
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Hank of the
matrix is F

Hank is F
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Recall: rank of node-arc incidence rmatrix of
a network is < m (#* nodes)
rank of node-arc incidence matrix of a
spanning tree 1s m-1

-1 0 1 1 -1 0 0
o -1 -1 o 1 1 0
o o o0 -1 0 -1 1
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Inserting an artificial variable in some row makes
the rank =m
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Any basis matrix of the node-arc incidence matrix
15 the node-arc incidence matrix of a spanning tree,
plus the colurmn for the artificial variable.

e

Fhe loweartnanagtiar basis matiy means that AF xg=b

can be solved by forward substitution fogef xp = [AF |1 b
Ve wilf actiealdy snplament (s Withott sxpicitly witing the

syefem of egualions
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Computing the Easic Solution
(flow in the "rooted” spanning tree)

o
+7 4
e

Beginning at the ends of the tree, assign flows
until vou reach the root,

basic fows

shown 1 bold
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}{13 = _."'II aﬂd }{32: E]

Update "supply” at
node 3 and "trim’
arcs (1,3) and (3,2)
from the tree.

MNode 3 15 now an end.
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Trim (3,4), leaving
node 4 as an end.

Flow in root node i5
Zero,
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combination of basic arcs

To write arc (2.,4) as
a combination of basic
Arcs:

(recessary o make a change
af basis e, pivot)

Inserting arc (2,4)
into the spanning tree
Ccreates a cvcle
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- The columns corresponding to the

L2 .
- arcs of a cycle are linearly dependent
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i order to sefect |
nonbasic vanable |

Fricing Nonbasic Arcs fo enter the basis |

Reduced cost of (1,j)is Cyj - Zijj, where

Zij =cost of combination of basic arcs which is
equivalent to nonbasic arc (i,])

what 15 the reduced
cost of nonbasic arc
(2,4)7
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Arc (2,4) = Arc (3,4) - Arc (3,2)

S0
Lp4= Lag—Lgp= 4-2=2

and reduced costis Coy—-Zdy=3 -2 =10

e (5 shoiai b
e Lo BEsisd |
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~onbasic Arcs nanbasic fow as

(A7 eFsier anmrosch i combination of basic fows

Reduced cost of arc (i,j) = Cyj —w Al
= Cij — (wy —wy)
where w15 vector of Simplex Multiphers

and AV is the column of the node-arc incidence
matrix for arc (i,j)

o can we comiiiie the Srmpiey Mliliinfiers
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Computing Simplex Mullipliers
w = Cg(A%Y
e, wh'=Cg

or wy —w; =Cy for each basic arc (i,])

Because of the fact that the basis matrix is
(possibly after rearranging rows &/or columns)

lower triangular, these equations are simple Lo
solve for w,
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WAB:CB —

1

[ 1.5
Wy Wz Wz el |y
0

@D .L.Bricker, . of lowa, 1998

C v =6

Wy = 2
1 Wiz = 4
Loy = 0

FPeduced Costs:
arc (1.2) 1 - (f-2) = -3 «] fegaiive moaiced |

st nroFEies S b

arc (2,3): 5 - (2-4) = +5 Fo emtar Hhe fasis
arc (2,4) 3 -(2-0)=+1
arc (4,1); 1 -{0-8)=+7
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Choosing the Arc to Leave the EBEasis

Suppose thal gro (7,250
e il enier he Hasis, 18,
:“E}—} the tree,
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Rock=FEoftom
Discount Stores

demand
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A inilial Basis (rooled spanning Lrees
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BFSIC saliidian.
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For each basic arc (1,j), W; — W, =Cj;

Start with "root”, assign arbitrary value O,
and work vour way to the ends of the branches,
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Computing Reduced Costs  Cij= Cij— (Wi - W)

SHTHNEX

1 - (5-5] |
=2 -(5-91=7 >0 Negative! Arc (S 4/
D _(Q-5) = -2 <0 == Should enter hasis
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AGding #C (5, ) Lo the tree
Wil creaie F Cleeie,

fncrease low in (5 947 61 8
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75 peiy fasis (roonited
SRS res

Thus, one simplex iteration is completed,
The algorithm continues until no negative
reduced cost remains.
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SHTRfex

As we traved away from e root node toward the ends of

the Aranchies,
£ we g0 Hpsineans, # we g0 downsireat
Cij Cij
wio=7 W kowm Wi =" W ko
add cost W;=W;+cCyj subfract cost W = Wi — €y
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By using a wariant of the simplex method
known as the "upper bounding technique”,
it 15 possible to handle easily the more
common network problem in which there
are upper &/or lower bounds on the flows
in the arcs.

i UBT {upper boumding techwigue), a
ronbasic varable may be gither at the
fower or upper Bolmd.
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