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Median Froblem

minimizing the sum of weighted
shortest path lengths

Center Froblem

minimizing the maximum of (possibly)
welghted shortest path lengths
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The p-Median Problem |

Given a network with nodes j=1,2,...n
where wj = "weight” of node j
(e.g., volume of shipments)

Let d(X,j) = distance from node j to
the nearest point in the set X

Find X = {x,,%5, ... Xp} which

n

minimizes T(X)= 2 w;d(X,j)
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Hakimi's
Theorem

At least one set of p—medians
exist solely on the nodes of
the network.

FREE 75, We REST SEFCH Rl oG ERe noges
Fom the p—medians!
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4 Fdge length

Where should z single
Facrlity be localed fo
serve the erght cilres?
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Find the matrix of shortest

path lengths between nodes

of the network (e.qg., by
Floyd's algorithm)
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Consider all pairs of potential facility sites:
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There are [g} 28 such combinations to evaluatel
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How might one find the 3-median set?

Requires considering [§]= 56 combinations!

]Z m]mﬂlhrggm {W d”}

= 2 minimum {wd;;
j

=4 B,0
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APL evaluation of > miﬂimum{"w’jdij}
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Math Programming Model
of the p-Median Problem

Farrabfes

Xij = fraction of demand of customer ] supplied
by facility at location |

11t a facility 15 located at site

0 otherwise
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Math Programming Model
. M I
| of the p-Median Problem | Min 2 2 WDy

subject to

Heuristic Algorithm
for the p-Median Problem

4. Initialization:
Let k=1. Find the 1-median (the set S=X,]

2. Facility Addition:
Evaluate the (n-k) combinations of S with a node
not inS,i.e.,
2. minimum{widip ¥ reg S
i ieSwir}
Add to 5 the node wielding the lowest objective
function and set k=k+1.
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B. Facility Substitution:
Evaluate each of the kx(n-k) sets obtained by

substituting a node not in S for anode in 5, 1.e,

2> mlmmum {W d]]} v re S&se S
i iESwirts s

Replace 5 by the best set evaluated.

#. If S contains p nodes, i.e., k=p, STOP.
Otherwise, return to step 2.

page 8
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E-medilan

Facility Location |
Problem E
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- Bagiing wild Fmedize sef {C)

Trial additions:

Add 1

cost 31 38 34 3Y 30 20 29
Addition result: Locations 3 7

a2 4

5 B 7 8

Cost: 20
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L Begin Wil B8 G sel

Trial additions:

Add 1 2 3 5 6 8
cost 12 15 14 14 16 15

Addition result: Locations 4 ¥ 1

Cost: 12
Elenniz Bricker, . of lowa, 1997

cubstitution Step

Cost Locations

17 2 71

34 4 21

15 4 7 2

11 371

28 351 2l |

%;1 ;1 ; % sishsfitutfe &

29 4 5 1 Fown B e Bhe 5ol

14 4 7§

20 B 71

22 4 85 1

16 4 7 B

22 g 71

21 4 8 1

15 4 7 B
cubstitution result: Locations 3 7 1 (1)

Cost: 11
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Lobegir wils M O & G sel

Trial additions: ﬁﬂbiFfm_hj—mﬁh

add 2 45 6 8 e 5ol
cost 98 8 9 8

Addition result: Locations 3 7 1 4
Cost: B
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Gogir with A, O 0 & G (TEE T
Substitution Step [3]. (1)

Cost Locations
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Substitution result: Locations 5§ 7 1 4 (1)
Cost: B

@0ennis Bricker, U. of lowa, 1997



Median Problem 11/3/97 page 12

Allocation of Customers
to Warehouses
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A-edian of a Tree

For any set © of vertices, define W{C)= > wj
10

Let [a,b] be any edge of a tree, and

let A = set of vertices reachable from a without

passing through b
E = set of vertices reachable from b without

passing through a.
Then Wi(A) > WI(B) implies T(a) < T(b]
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WwiA) > WIB) implies T(a) ¢ T(h)

Elenniz Bricker, . of lowa, 1997

Tofind the 1-median of a tree:
0. Let H'= > w;. Select any vertex .
1M
1. If w; z%ﬁf’, then stop; ji1s a |-median.

2. If | has degree 1, let k be its neighbor, i.e.,
[k,j] will be an edge.
Replace w, with wy+w;, and delete
vertex | from the tree.

Else find an elementary chain from vertex |
to a vertex k with degree 1 (preferabhly
using previously unused edges.)

Let j=k and return to step 1.

AT 11 OO &~ - I
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Find the 1-median of the tree;

Example

Elenniz Bricker, . of lowa, 1997

Let's choose Lo begin with vertex #7,

Total "demand” & = 2. wi i5 30,
1l

@0ennis Bricker, U. of lowa, 1997



Median Problem 11/3/97 page 15

o < W7, =15, Select neighbor (vertex #6), and
replace wg with ws + w- =3, Delete vertexr #7,

we < My =15, Find a path 6->8 to a vertex (#8)
with degree 1.
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g < Wy, =15, Select neighbor (vertex #6),
update wg, and delete vertex #3.

W < Wy, =15, Select neighbor (vertex #5),
update ws , and delete vertex *6;
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we< M/ =15, Select chain 5—=9—=10—12
to vertex #12, which has degree 1.

w, < Pl =15, Select neighbor (vertex #10),
update w,, , and delete vertex #12
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... after several more 1terations, the tree 15 as shown,
where vertex #4915 being considered.

Wy < Wi, =15, 50 we select its neighbor (vertex *5),
update we , and delete vertex #9.
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W =15, 50 we stop; Vertex #0515 the
1-rmedian.
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W(A) > W(B) implies T(a) < T(b) |

Edge [5,4]: WI(5) =22 >8 =Ww(4)implies T(4)> T(3)




