Location.w/o.calc

11/3/97

page 1

e
e R R R R e A A R L by

Rttt e e

e
S S S S
Fhgkylplplalalylylyly
hgkyhyhlalallalyly
gkttt ylyly
Fhgkylplplalalylylyly
hgkyhyhlalallalyly
gkttt ylyly
Fhgkylplplalalylylyly
hgkyhyhlalallalyly
gkttt ylyly
Fhgkylplplalalylylyly
hgkyhyhlalallalyly
gkttt ylyly
gkl
e
S S
gkl
e
o S
gkl
L
hgkylplplalalylylyllatal:

R
ARa R
A S S Y

3

PR
'

Z

2

Fre—Calculus
Facility Location
Froblems

e
ey
Tk
e
ey
5%
ey

ey

Al
AR AR

Dennis L. Bricker,

Dept. of Industrial Engineering,

University of lowa,
lowa City, lowa 52242

e-mail: dbricker@icaen.uiowa.edu

The Firehouse Problem

The LifeGuard Problem

R

R
B
L
hgkylphplalalalalyl
eyl
ey
Fhgkylphylalal
Fhgkyhykylyal
ey
Fhgkylphylalal
Fhgkyhykylyal
ey
Fhgkylphylalal
Fhgkyhykylyal
ey
Fhgkylphylalal
Fhgkyhykylyal
ey
Fhgkylphylalal
Fhgkyhykylyal
ey
Fhgkylphylalal
L
Fhgkylphylalal

V.

T
gk
e
ek
gk
e
ek
gk
e
ek
gk
e
ek
gk
e
ek
gk
e
ek
o
‘Si%"?i

T
ey
T
gk
ey
T
gk
ey
T
gk
ey
T
gk
ey
T
gk
ey
T
gk
.
gk

ey
o
o
ey
o
o
ey
o
o
ey
o
o
ey
o
o
ey
o
&
o

o 3

A+

"The Stream-side Tavern” Location Problem

Locating a Market for Three Villages

Locating a Market for more than 3 Villages
(Weber's Problem)

The Ice-Cream Vendor Problem

EDenniz Bricker, U. of lowa, 1997
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The Greek Streamside Tavern

F| ..
It fiFge St

Yillagers returning home after working in the communal field
will walle Lo the stream to f1ll a bucket with water, and then

wall to the village.

WwWhere would be the best location for a tavern along the stream?
(Assume ¥ is the location which minimizes the total distance

walkedl!) )

Elennis Bricker, U. of lowa, 1997

Minimize f(X) =d(F x)+d(X.V)

I e St

EDenniz Bricker, U. of lowa, 1997
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Geometric solution:

F| ..
I T S

Reflect % in the stream to get point V'
v dO,V ) = dOONY) = FO0O= diF,X0+d 00
RANCRE Shortest distance from F to V' is

along a straight line!

Elennis Bricker, U. of lowa, 1997

F| ..
I e St

- To minimize flX1=diF K)+dix V"),
construct a straight line from F to V"

The intersection with the stream is
the location ¥ which minimizes (%),

EDenniz Bricker, U. of lowa, 1997
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Locating a marketplace for 3 villages

Ao

\}: C
miarketplace (X) so as to

B minimize the sum of the distances
from x to each of three villages
(A, B, & CJ.

i.e., select ¥ to minimize dix, A H+dC BI+d(X,C)
&

Elennis Bricker, U. of lowa, 1997

Geometric solution

c A e Let X be an arbitrary point,
Qo ;
ke o
B Find point C" so that

INABC s equilateral.

EDenniz Bricker, U. of lowa, 1997
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Find point X" so that
SNBSS equilateral.

Elennis Bricker, U. of lowa, 1997

MBXA 2 ABXC
since /_CBX'= / ABYX

CR = AR
- 2 BX' = BY
_Cj
ST ) = d(ALX) + d(B.X) + d(C.30)
B = 4(C %D + dX %) + diX,C)

= length of the path CXWC

S0 s minimized if CXC are colinear,
1.e., 1t X 15 on the line segment C'C

EDenniz Bricker, U. of lowa, 1997
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A 15 therefore found by constructing
C' sothat /\VABC s equilateral.

Elennis Bricker, U. of lowa, 1997

Mext, point A" 15 constructed
so that /\A'BC is equilateral,

By symmetry of
argurment, A must be
on the line segment
A'A

Therefore, * must lie
at the intersection of
C'Coand ATA

EDenniz Bricker, U. of lowa, 1997
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Locating Marketplace for
n>3 Villages:

O A
S 4
A, “
The geometric construction
. for the case n=3 does not

As generalize for n»3

AzY

£ eher s Srobiem
&

Elennis Bricker, U. of lowa, 1997

Suppose that the “weight™ at village 1 15 W,

we wish to minimize f(x) = Zwid[,ﬁi,ﬁj
=1

AE% Az @
i
A
i 5
"ﬁ"'l Aq@

EDenniz Bricker, U. of lowa, 1997
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An Canalogue computer”:
A

~L Cut holes in a table top on
Yarignon| —l— which a map 1s drawn.

Frame

Elennis Bricker, U. of lowa, 1997

Tie together in a knot ("X") n strings of equal length L

ﬁ 2 Attach a bucket with
welght Wi at the end of
N string 1.

EDenniz Bricker, U. of lowa, 1997
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The system of strings & weights 15 released and
comes Lo equilibrium.

Potential energy will be
minimized in the
equilibrium state!

Elennis Bricker, U. of lowa, 1997

Potential Energy of Systemis pp = iwihi
CAge =

Wiy = Wil H - [L-d(A;3)1)
= Wil H-L+ d(A,X) ]
= (H-L)W,; + Wid(A{X)

EDenniz Bricker, U. of lowa, 1997
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PE= D Wihi = > (H-L) Wi + Wid(Aj,%)
i=1 i=1
= 2 (H-L)w + > Wid(ALX)
i= i=1
L“L’-‘f?‘;;ﬁf?‘f ;;f;,if

':7"_"'- v o g o . - o PR ."-1-.- o - i 3 - - g - ."..-ﬂ- .
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Elennis Bricker, U. of lowa, 1997

@The Ice-Cream Vendor Problem O

(FFRI =S FRCTE e Jocaiion on g lined  _ —= = —

_— —

Anice cream vendor wants to locate his cart along a beach,
minimizing the total distance from the persons on the beach
to his cart.

A

EDenniz Bricker, U. of lowa, 1997
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Consider the beach to be a line, with points representing
groups of people: A = location of group #

Wi = # of persons in group #

."':'".1 ."'1'".2 ."':'".3 ."'1'".4 ."'1'".5 *EE ."':'".-i ."'1'".14.1 L ."lll".n
Wy Wooo W4 Wy oo W Wi Wit W
His objective: Minimize flx Z W |.‘:{ A |

what is the nature of this objective function, fix)7?

Elennis Bricker, U. of lowa, 1997

.-"l"-.1 ."':'".2 ."'E".S ."':'"..-:]. ."'E".S LA ."'1"'.1 ."'1'".-'.'.1 LI ."':'".n
' e e _—

If % liesinthe interval [ A Al

= 2 owylx-Ap) o+ 2 W %)
i< jri
=ZWE ZWA+ZwA Zw:{
i i jri i
= x[ 2wy - 2w, (2w A= 2 A
i< jxi jri i
L A

F Consiant !
EDenniz Bricker, U. of lowa, 1997
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w'e have seen that on the interval
flx) = xi{ 2w - 2 w;) + (constant)
jei jri
This is a linear function, with slope Z_Wj - Z W
jzi jri

Therefore, the functionis increasingif 2wy > 2 w,
jui jui

and decreasingif > Wi < > W
jai jri

Elennis Bricker, U. of lowa, 1997

That is, the functionis increasingif 2wy > 2 w,
jai jxi

(7a, here ane s peonie fo the fertl

and decreasingif > W; < > WS
jui jri

(i@, Hrare sne more peopde  fa fhe raghdld

S0 the ice cream vendor should wall along the beach until
half of the bathers are behind him, and half in front of him.

EDenniz Bricker, U. of lowa, 1997
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Mote that this means that the optimal solutionis at the
mediar of the population (not the mrear, as one might have
suspected!)

(For this reason, mini-sum location problems are referred
to as mediar problems.)

& Question: what happens to the optimal location if, during
the afternoon, a group of bathers to the right of the cart
decide to move 100 meters further to the right?

Elennis Bricker, U. of lowa, 1997

The Firehouse Location Problem

Suppose that a firehouse 1s to be located so as Lo serve
three villages. The "best" location is considered to be
that which would minimize the longest possible delay
inreaching the scene of a fire:

Minimize glx] where glx) = maximum {dix Al dixB) dix,Cl}

4 gix)iz &— A B &C are

C contained within
a circle of radius
Z with center x

EDenniz Bricker, U. of lowa, 1997
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The problem thenis equivalent to finding the smallest
circle which circumscribes the three points A, B, and C.

The optimal location is then at the cesfer of the circle,

Fiwis eFsi )l genersiines fo

fT SRS, where m b E

&
c .
PO LIRS FRRSON SO
HRREHTEY " fOCEEIOn probiems
¥ S referred fo s contor
B oniers!
Elennis Bricker, U. of lowa, 1997
The Life-Guard Problem o
. ey
oy T T =TT
e o

The lifeguard wants to locate his chairin a location which
will minimize, not the sum of distances to the swimmers, but
the distance to the farthest swimmer,

&

EDenniz Bricker, U. of lowa, 1997
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Again we represent the beach by a line, with points indicating
the position of the swimmers:

."'1'".1 ."'1'".2 ."'1"'.3 ."'1'".4 ."'1'".5 Ll ."'l'".-| ."'l'".-|+-| L .-‘Ill".n

If his objective is to minimize fix), where

flx) = maximum | x - Aj|
1< 1i<n

then the optimal location is the cesfer of the smallest
circle covering the n points.

e dwesiion: wWhat fannens 1o s aniimal focsliion
PP FE Geondes Lo mave Lo Ihe il 7 lhal
e

Elennis Bricker, U. of lowa, 1997

Suppose that he wants to weight the distances, according
to the number of persons in the group:

."':'".1 ."':'".2 ."':"'.3 ."':'".4 ."':'".5 Ll ."'1'".1 ."':'".1+-| L ."':'".n
t t t t e - _t

Let his objective function (to be minimized) be defined by

flx) = maximum wi|x - Ayl
14i4n

mace T /x| %-A

EDenniz Bricker, U. of lowa, 1997
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Evw definition of absolute value:
% = Al = maximurn { (x=A;), (Aj-x) ]
S0 our problem s

minimize [ maximum § (x=4;), (A:=x) 1 ]
y l<14n

Elennis Bricker, U. of lowa, 1997

minimize { maximum w3 - Ay ]
- 1£i¢n

We can transform this optimization problem to an LP by
introducing a new variable, z:

miner;ize z subject to z = owil X - Ayl fori=1,.n
= min}irgize z subject to [z w,{ x- A;) fori=1,.n
| {zawiiﬁi—x] fori=1,.n

= min;rgize z subject to [ x £ A+ %1 fori=1,.n
| {xzﬁi— ,E/:H,]_ fori=1,.n

EDenniz Bricker, U. of lowa, 1997
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The condition for a feasible solution to the constraints
XL At %i fori=1,.n
{xi#i— Zw, fori=l.n

is, of course, that every upper bound of x be greater than
(or equal to) every lower bound, that is,

A= E/Wi LAY %j for every pair i&]

or, solving these inequalities for z,

z z
A=Ay & Tt P = <z forallig]

Elennis Bricker, U. of lowa, 1997

Therefore, we wish to choose the smallest z for which the

A= A
constraints 11—?3 {7 are feasible
Yy * Vo
Clearly, then, the optimal z will be the greatest of its lower
bounds, 1.e.,
Z = maxirmum ]Lﬁ]‘i
R R

What 15 then the optimal value for the location, x7

EDenniz Bricker, U. of lowa, 1997
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Suppose that the greatest lower bound for z occurs for
the pair of points 1% and j*. Then
.-"1"-.1 - .-":"-.j

7 = — > Aj—%_ixiﬁi+%.
Ve | 1

] ! 15 the "tight" constraint,

thatis,  Aj- §/Wj = x= A+ 7

and, substituting the optimal value for z, we get

o AT Ay AW+ AW
W= .= — - 1 . =
Iowy ]/Wj + 1/w1- Wi o+
Elennis Bricker, U. of lowa, 1997

Motice that if the weights are equal, eg,w =1 forallj,

then the optimal value s
Z = maximum ]Lﬁ"j = rmaximurm [A‘_—“&"J] _ AT A

1] //.W.J + ’/:'\".I 1] 2 2

(ie, i*=n and j*=1)
and the optimal location is

C AW AW Agwat Ay Ant Ay

4

(i.e, at the midpoint of the interval [ A1, Anl, the corfer ]
which s what we would expect.

EDenniz Bricker, U. of lowa, 1997



Location.w/o.calc 11/3/97 page 19

Wihsd 1 g AL axprassion for e onlimnsl Walie iy ihe
weanglod case e,

. ."'1'".1' - .-":"-.j
£ = mMaximum ]—] 7
i,] .
] /:""'j + /;“"1
Elennis Bricker, U. of lowa, 1997
. .-"1"-.1 - .-"E'-.j
£ = Maximum ]—
1] Vi o+

] 1

Wi e Wil fer i A5 a5
zel[ /, (Re-AR)=(+we.+uw)

FOW SO We Wil e Ihe axmrassion For e onlins naie
af iricas, PR SRS PT dsed L0 s i e shole s

EDenniz Bricker, U. of lowa, 1997
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Fipe vecdor consisinng o 7 g [ can He fowsd D st
fOCEERNG L8 MM TRy Waiie i fne ravaled malirix, La,

ij evrl/ue,(Re-RA)(+we+uw)

G Eirerr Lisiing the hase frnclion o comeert fo
OB THETHNES, CORNTHT FRNTIRE

ij €1+ (2ppA) L 71 + ij
WIS SO B COTIRITEST LD F SHIGN S QXN asSIoN

i jel+(2ppA) L™ 1+unT /ue, (Ae . -A)=(swe . +w)

Elennis Bricker, U. of lowa, 1997

Firer Live ol sl focsEiion, Fe,
_ AW AW

Wit W

4

world Be werdden o A5 F55

x « (ALij] +.xwlijl) = +/ wlij]

EDenniz Bricker, U. of lowa, 1997



