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In DYMNAMIC PROGRAMMING, we treat the knapsack problem
as a sequential decision problem, inwhich at each stage in
the sequence, we have a single decision variable, namely
number of units of a single item to place into the knapsack.

— N |—=N-1|-----— I |—|I-1|—------ — 2 |—=| 1 |—=

Let's suppose that the knapsack 1s filled by considering the
items in reverse order, 1.e, first we decide how many units of
1tem #N we will put into the knapsack. Then, taking into
consideration the unused capacity that remains, we decide
how many units of #M-1 to put into the knapsack, and so on,
until we finally consider item #1.
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At each stage, we need to know the amount of unused capacity
which remains in order to be able to decide how many units of
the item under consideration will be put into the knapsack.

This quantity, the amount of unused capacity, will be called
the "state variable” of the system, while the number of units
of the item will be called, of course, the "decision variable"
of the system at that stage.

we will assume that the weights are integer-valued, and that
the possible values of the state variable are: O, 1,2, . CAP
where CAF 15 the capacity of the knapsack.

At each stage of the dynamic programming computation, the
optimal decision is selected for each of the possikble values
of the state wvariable, by completely enumerating all the
combinations of state and decision wvariables.

Thus, if there are m = CAP+1 values for the state varable, and
n = & + 1 wvalues for the decision variable

(where the decision wvariable may take values 0,1, . ® ],

then we must enumerate m xn state-decision combinations.
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fels fook af # simple example.

Humber of itema: 5
Capacity of Enapsack: 12
Maximum vnits of any item to be incluwded iz 1

oW
a0
45
14
13
22

O LRI e
LR el

'weight' of item
valvue of item

= £

We will assume that the items are to be placed into the
knapsack in reverse order:

—| 5 [—| 4 3 2 —— | —

when we finally arrive at 1tem #1, the decision will be very
casy: we simply add the itemf there 15 enough capacity
remaining, otherwise we have no choice but to omit it

page 3
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Fag aniayr - SEGGETET solis iy

FEOERENIE HEGEITYE I, Al stage £ we s deoiding
FEOIESENTING S I E85TN e wiralaer fo cfoose FEem #F.
SO — STAGE 1—
- 2 0 1 Rioe s ie the fasl e fo
Rl L 0,00 99999999, 00 Be consigered 115 5 SHTRe
= 1 0.00 ~99999999, 00 - .
] z 0.00 ~32999929.00 rrFlter Lo decide winslier fo
3 0.00 ~99999999 ., 00 : : . e
& p 0 00 -ooooooon oo Al Liae JESrT WL O 1R8 KgnSacn,
EE 5 0.00 ~999999993 ., 00
3} 0.00 799999999, 00 - . . ..
%’, 7 0,00 ~99999999. 00 Sispoe e £ ps worls f-f?-ﬁ?"; S
=] g ggg gg - gg Fhere is sutticiant ognacille
% 10 0.00 20.00 FETEFITIG (8 Pl o more
11 o.0a0 a0.0a0 . .
b 13 a.00 ﬁ an. 00 Wa ChRoose Lie Ilermr CERerwise,
WS SEERAE CAo0se Iae 1Ren

FHE SR B oW F oaliiey F ol
e tedfife 7 Lhe vaifve af 15e
ArrEmaseR Fae THe8 corrling i
af aisle & FECTSTN

ltem #1 requires & ¢
units of capacity, & ¢
has value $50

ERiE W& B&EE il 60 Lhe YEIe Far syvary comiiinglion ol sisle & 5aoisiog,
ME PR DS SRENTRNTT YERNE WETSG oal e SohTever For esch stsile

—STAGE 1—
OFTIMATL OFTIMATL RESTULTIHG
AN 0 1 STATE WALTES DECISIONS STATE
0 .00 "99909999, a0 0 0.0n 1] 1]
1 0.00 T99999999 .00 1 0.aa 1] 1
2 0.00 T99999999 .00 2 0.aa 1] 2
3 0.00 T99999999 .00 3 0.aa 1] 3
o .00 799999999 .00 4 Q.00 1] 4
5 .00 799999999, 00 ] .00 1] 5
3] .00 "99909999, a0 B 0.0n 1] 5]
7 0.00 T99999999 .00 T 0.aa 1] 7
5] n.on 20.00 2 20.00 1 1]
" n.on 20.00 g g0.00 1 1
10 n.on S0.00 10 g0.00 1 2
11 n.on S0.00 11 20.00 1 ]
12 0.o0 20.00 1z 20.00 1 4

S

Fhis ool Whan I8 Phe hesl IAST We 088 oo, using TS I8 LG8 CERSCTIY

Flame ™/ Grvan Ihe canscity el remaing in PG remaias &er

e s I e prsdie Lhe st
FEeis T
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Lnly this part of the 3bfe needs fo be kepl For use
it rurthrer compitstrons.

—STAGE 1—

OFT ITAT
STATE  WALTES

OFTIMAL  RESULTIHG

DECISIONS

STATE

[ nn e B ) B I e Y i)
[ e e i e e e e e

|
| i ]

[N
24

00
.00
.00
.00
.00
.00
00
.00
.00
20.
=20.
0.
0.

0o
0o
0o
0o

PRrRPRPPPooooOoOoOoOD

[T O e S 7 7 " O Y S i

Remember: the optimal
value here tells us the
most value we can get

of item #1, for each of
the possible values of
unused capacity when we
arrive at stage #1.

Now comes the “tricky” part of DF;

@

2
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unused capacity

[Tm N B B n T Y OO P e T

B
b P

---STAGE Z---

units of item *2

x: n 1
0.00799999299 . 00
0.00799999999 .00
0.00799999999 ., 00
0.00799999999 , 00
0.00799999299 . 00
0.00799999299 . 00
0.0n 5
0.0n

a0.00
20.00
20.00
20.00
20.00

[tem #2 reguires 6
units of capacity &|

has value §48

unused capacity

Fo
B o0 00 -] 0 S R L b o W

---ST4GE 2---
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Lersioes, For axamnie sl
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f7 o Bie offier Gaid e ao
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0.00799999999 .00
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0.007292923999 , 00
0.0n0 42.00
(L. 00 42 .00

1A 43 .00
20.00 43,00
20,00 43,010

42.00
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For esch possifiie stglfe, we find the maximom valve
that we can sffgsin and record 1Rsl valfve sid the
decision yieldimg that valve mr the fable:

]

(i en e B ) B R I o i)

—STAGE 2—
OFT IMAT OFTIMAL  EESULTIHG
w: 1] 1 VALTES DECISIONS STATE
0.00 99999999, 00 n.0n n 1]
o.00 T99999999, 00 a.00 1] 1
n.00 92999999, 00 n.on n 2
n.00 92999999, 00 n.on n 3
n.00 92999999, 00 n.on n 4
n.00 99999999, 00 n.on n a]
n.0n 45 .00 45,00 1 1]
a.00 42.00 48.00 1 1
20.00 42 .00 20.00 n =]
20.00 42 .01 20.00 n =]
20,00 42 .00 20,00 n 10
a0.00 45 .00 a0.00 n 11
a0.00 45 .00 a0.00 n 12

Again, orfy the oplimal valve snd decisions need fo be
Kenl For use i furtiier compulstions:

Iy

[T B ww s 7 L) Y O R o e

COFTIMAL
WALTES

—ITAGE 2—

OFTIMAL RESULTIHG

DECISIONS

STATE

Eemember: the optimal
value here tells us the

e R e e Y e Y |

.00
.00
.00
.00
.00
00
.00
43,
20.
=20.
0.
0.
an0.

0o
0o
0o
0o
0o
an

oooookRP,kPo o oo oo

[T e ) Y SR el

most value we can get
of items #1 and 2,
combined, for each

possible value of the
unused capacity when we

get to stage #2!
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Now we back up to sfsge 5
Af s stage we will iisve
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decided ypon chaice of rtems —STAGE 3—
Y& 5 and gre fo decrde I . .
whelfier fo mcfude ifem 3 e 0 0.00 99999999, 00
1 0.00 ~99999999.,00
e kRnapsack. 5 800 14,00
3 0.00 14 .00
4 0.00 14 .00
5 0.00 14 .00
3} 43.00 14 .00
T 43.00 14.00
— 5 {4 {3 o 2 —+ g £0.00 B2.00
. . g 20.00 B2.00
10 20.00 Q4,00
S SRS FECTSIGRs el 11 £0.00 94 .00
FEeisians WiFT L ) 1= 2000 a1 00
AEYE Besi Por g frsgE, 1WiiE
EIrESaY HEaE SFEGERT LT CRGT S
G itees ¥
—5TAGE 3— -
As gt siage 2 sfthougl we wilf
s xe 0 1 frave giready made the decisions
0 0.00 ~99999999, 00
. 2700 -99099900 00 = .f_.'-‘fﬁg&'ﬁ‘ 5 and 4 »‘ﬁe.f_'.? We Fre
2 0.00 14.00 qoirkg these compuiations, we
3 0.00 14.00 r - -
4 000 1400 Fora 'l know what HHose decisions
5 0.00 14.00 F)
5} 42,00 14.00 are .
7 42 .00 14,00 Fherefore we donr'? know whist
8 S0.00 B2.00 -
. 000 B 00 the state of the system (ie,
10 20.00 4,00 the amount of unused capacityd
11 20.00 a4 .00 .
12 8000 94.00 will e gt stage 3 and mst

compite the bost decision for

eFclt af the possibie sigfes

(a2 12
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from stage &

OFT IMAL
= VALUES
0 .00
1 i
2
2
4 =
o 0
B 1
I 2
5 3
< 4
5
]
7
...... .
q
10
[tem #3 reguires 11
1%

2 units of capacity
and has a value of
$14

Agzin we record, For escl possible valve of the sisfe

9/22/97

—S8TAGE 23—

xi 1] 1
0.00 ~999993999 .00
0.00 799999999, 00
0.00 14 .00
0.00 14.00
0.00 14.00
0.00 14 .00

45.00 14 .00
458.00 14.00
20.00 62.00
20.00 A2 00
20.00 Q4 .00
20.00 a4 .00
30.00 Q4 .00

Take, for example, the case where there are
10 units of capacity remaining empty when we
arrive at stage 3. Suppose that we choose item
=32, which would use 2 units of the capacity,

leaving @ units.
Consulting the table
of optimal values from
stage 2, we see that
with 8 units of unused
capacity we can get a
value of $50 from the
stages that remain.
Therefore, the best
that we can do, if we

,.;\riaik_e this decision, 15
f14+ 3550 =3$94

Fevr flerme X j ﬁﬂ"{?ﬁ? Fine

FENREIEIRG FiEms

varighile, the maximum valve el we can obfamnm
7his represenls the fols! value obisinshle from
staqes I 2 gnd 7

OFTIMAL OFTIMATL EESTULTING
£ X 1] 1 WALUES DECISIONS STATE
n 0.00 T99999999.00 n.on 1] n
1 0.00 T99999999.00 n.0n 1] 1
2 0.o0 14 .00 14.00 1 0
pE] n.on 14.00 14.00 1 1
4 n.on 14.00 14.00 1 2
5 n.on 14.00 14.00 1 3
3] 45,00 14.00 45,00 1] 3]
T 45.00 14.00 45,00 1] T
=] 20.00 G200 S0.00 1] =]
" 20.00 B2.00 20.00 1] "

10 20.00 94 .00 Q.00 1 5]
11 s0.00 Q.00 Qd ., 00 1 "
12 S0.00 94 .00 9, 00 1 10

page 9
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fran slage & Backing up {o stage 4 we repeal the

HET IMAL procedure. For exampfe, if we figve

5 VALUES - ) )
0 0,00 F.2 wnils of unused capacily, and il
1 0.00 - - -
5 14 .00 we cttose item ¥ we will obigin
3 14.00
; o STACE oo vaiue af
5 . F78 + 5836
5} g s
7 0 0.00 -90399933.00 = §4&
g 1 0.00  ~099999999,00
g 2 14.00  ~99999999.00
3 14.00 12.00
4 14.00 12.00
5 14.00 32,00
6 42.00 32.00
7 42.00 32.00
g g0.00 3z.00 i woe g0 pof
9 20.00 BE. 00 .
’ g4, 00 66 .00 clroose rfemn
lterm #*4 reguires 3 =EWiI 0oL N0 -
" reaur % we oblam 7
units of capacity, = Valfite of
and has a value of $13 | £+ $O4

We ggaint record the oplimal vafues for eaclt possibie
stage, by finding Lhe maximum value obiginahble in each
row af the fabfe on the feff:

—STACE 4—
OPTIMAL OPTIMAL RESULTIHG

2 . xi i 1 VALUES DECISIONS  STATE

i 0.00 -00020993,00 0.00 0 i irrial

1 0.00 00000000, 00 0.00 0 1 These opti

2 14,00 ~OOQ000000. 00 14,00 0 2 values represent

2 14,00 12,00 12,00 1 0

4 14 .00 15.00 15.00 1 1 the best total

5 14,00 32.00 32.00 1 2 value of iterns

B 42,00 22,00 42,00 0 B

7 4% .00 22,00 45,00 0 7 4, 3, £, and 1

2 20,00 22,00 20,00 0 2 -

g 20,00 B 00 20,00 0 g which can be
10 Q4,00 66 .00 94,00 0 10 ohtained for a
11 04,00 92,00 92,00 1 8 .
1z Q4 .00 Q% .00 Q% .00 1 a Siven armount

of wrnsed

capacity!
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Fromr slage s Finally, we figve arrived at the

. OPTIMAL compittatrons for ségge 5.
YVALTES - - i o
i 000 Sirrce Hhis is the first gecision fo
% 12 - gg He made, we know whiet the sigfe
i —STAGE 5— will be, namely
5 T . 1 2 unifs of
2 0 0,00 ~90999099. 00 vrsed capacily.
. 1 0.00 ~09999999.00
g z 14.00 ~99999999.00
3 1%.00 ~99999999.00 For fhe saghke of
4 12.00 22,00 i
5 32,00 22.00 CORSISEency,
& 42.00 36.00
7 42.00 40.00 however, ¥e
a 80.00 40,00 c‘gmpufe Fhe
q 20,00 54,00 d
ad 00 20,00 entire tahle fﬁﬂ?f
ltem #5 requires 4 | 9g. 00 70,00 ;
q : e 0n 1032 00 Fust the row for

units of capacity, and |
has a value of $22 5*

=712}

Fhe maxrmin valfue i each row of the (shie on the
fell is recorded, afong wilh the decision wliich yrelds
that opfimal valve:

—STAGE 5—
OFT IMAL OFTIMaAL RESULTIHG
o Mt 0 1 VALTES DECISIONS  STATE

0 0.00 ~99999999,00 0.00 0 0
1 0.00 ~99992999,00 0.00 0 1
2 14 .00 ~92999999.00 14 .00 1 2
3 12.00 ~99999999.00 18,00 0 3
4 12.00 Z2.00 22 .00 1 0
5 32.00 Z2.00 22 .00 0 &
& 45,00 36.00 45 .00 0 &
7 42,00 40.00 4 .00 0 7
= 20.00 410.00 g0.00 0 2
g 20.00 G4 .00 20.00 0 Q
10 a4 .00 70.00 a4 .00 0 10
11 as.00 70,00 Qg .00 0 11
12 as.00 102,00 102.00 1 2
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This table now tells us that if
eTACE B we begin to fill the knapsack,

opTmMal  opTmMaL RESULTING having 12 units of capacity
VALUES  DECISIONS  STATE

- 100 0 2 available to us, we can obtain
2| 14.00 0 ; a maxirmmun value of $102.
3 1a.00 0 3
4 22.00 1 1]
5 Z2.00 0 5
o de-00 0 g It also tells us that we should
> &ob.o : S choose item #5 in this situation,
| 2e.m : i which will leave only § units
% 12 ] t0z.00 L © | of unused capacity when we
arrive at stage #4.
Mow that we know what the
state of the system will be in
—STAGE 4—

stage 4, we can consult the

OPTIMAL ~ OPTIMAL RESULTING :
VALUES  DECISIONS  STATE table which we computed

=

0 0.00 0 0 _ _ _

1 .00 0 1 earlier to find the optimal

2 14.00 0 2

] 1z.00 1 ] T .

' Bt I ? decision, namely:

3] 22.00 1 2 : . :
il iEoe G - if we enter stage 4 with 8 units
T 458,00 I T .

=1 zo.00 a = of unused capacity, DO NOT
o 2000 1] o .
10 [ 94.00 0 10 choose item #4.
11 as.00 1 =] .
1z | es.o0 1 g Therefore, 8 units of unused

capacity remain when we reach
stage 3.
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Consulting the table of optimal
values and decisions for stage 3,

—5STAGE 23—
CETIMAL  0PTIMalL  EEsuiTime e See that if we enter stage 3
= VALTES TDECISIONS STATE . . .
; 7.00 g 7 with 8 units of unused capacity,
1 0.0n n 1 . .- . .
z || 14.00 1 0 the optimal decision is to NOT
3 14.00 1 1 . . .
df 400 : choose item #3, leaving again
] .
5] 43.00 n 3] : :
3 : 2 8 units of unused capacity when
2 g0.00 n a
Al ket ; ; we reach stage 2.
10| od.00 4 3
11 Q4 .00 1 =]
12 a4 .00 1 in
 STACE 2— Consulting the table we
opTial 0TIl RESTLTING comiputed for stage 2, we
= VATLTES DECISIONS STATE
. T ] ; see also that we should NOT
: o : ! choose item #2 if we have
3 n.on n 3 . .
4 0. 00 0 4 & units of unused capacity.
7] n.0n n ] .
& 45,00 1 0 Therefore, when we arrive
7 = i i
5 || 80.00 0 2 at stage 1, we will still have
d UL U d
10 a0.00 n 10 1 1
il T : i the 8 units of unused capacity.
1z S0.00 0 1z
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—STAGE 1—

OFT ITAT
STATE  WALTES

OFTIMAL  RESULTIHG

DECISIONS

9/22/97

STATE

e e [ e Y e e Y e e |

00
.00
.00
.00
.00
.00
00

000
T

o041 S e Dk o

20.

0o

|
| i ]

[N
24

all.
=20.
0.
0.

uu
0o
0o
0o

PFPPHPRpOooOoDODODODD

L O o e 7 O Y S ]
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Not surprisingly, the
table which we computed
for stage 1 tells us that
we SHOULD choose
itermn #1 for the knapsack,
completely filling the
knapsack (0 units of
unused capacity will
remain!)

The APL workspace displays the optimal solution,
and allows wou Lo view the tables saved at each stage:

fohk Optimal waluwe iz 102 Akk

o e

Exampl e

.
a0 g 1
a2 4 1

Total Weight: 12

You may now dizplay the tables of the optimal valwe fonction and
optimal decizion for each state at every ztage

(I]isplag tables?

]
LI Yes *_j | No J]
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Notice thal we have rezlly solved, wilh filtle
gdditional effort, several olher Lnapsack
profbfems fone for each of the capacities ¢

through 117

What 7s the oplimal valve (hal we can obizgin
I we fave only 77 unils of capacily, ralfier

than 727

Which ifems gre (o be placed info the knapsack
to ablzin (his valve?

RETUENS AWD DECIZIONS

OFTIMAT

STAGE G:

OFTIMAT
STATE VALTES

[T S I e I O O R e

e
(=)
Ta]
e

22,
22,
43,
43 .
0.
an0.

a3.
12 10z.

.00
.00
14.

0o

0o
0o
0o
0o
0o
an

0o
0o

OFTIMAT RESTULTIHG
DECISIONS STATE
n n
n 1
n a
0 3
1 n
n &
n &
n T
n g
0 q
n 10
n 11
1 2

Crin Ao e ieldas
GOE RS RS SiEr
shate B gl J7 iy
of wmied canaly, G
et e ol
SO
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STAGE 4+
OFTIMAL OFTIMAL RESTULTIHG
STATE VALTES DECISIONS STATE

n.on
n.on
14.00
15.00
12.00
22.00
42.00
45.00
a0.00
a0.00
qd .00
92.00
92.00

[T s I w7 I O O e

=
=

=
[T i e T s B 7 N o e R i e

=
=
FFPrPoooookRP,rRPPoo oD

=
)

STAGE 3+
OFTIMAL OFTIMAL RESTULTIHG
STATE VALTES DECISIONS STATE

n.on
n.on
14.00
14.00
14.00
14.00
42.00
45.00
a0.00
a0.00
qd .00
94,00
94,00

[T s I w7 I O O e

=
=

'_‘l.
'_‘l.
PRrRPRrRococokRPERRREoo

L B T R s B T O i e B i e

=
)
=
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STACGE 2@
OFT ITIAT OFT ITIAT EEZTULTING
STATE VALTES DECISIONS STATE

0.00
0.0n
0.00
0.00
0.00
0.00
45 .00
42.00
20.0n
20.0n
10 20.00
11 a0.0n
14 a0.00

i w i B ) I R T Y i)
SoooookPPoo o oo S
il e ) R T N ]

STAGE 1+
OFT IMAT OFT IMAT REESTULTIHG
STATE VALTES DECISIONS STATE

n.on
n.on
n.on
n.on
n.on
0.o0
n.on
n.on
s0.00
S0.00
S0.00
20.00
20.00

w00 =] O e DD B

|
=

[EY
[
Wbk o-10AE DR o

PRPPRPPooooo oo oD

[N
)
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While Dynamic Programming may seem like a very tedious,
complicated procedure, it can be easily coded in the APL
language.

TYALUESF Wit

[11 7]

[21 = Optimal YWaluwe Function of DF model
[21 A of the Enapsgack problem

[41] =]

[§1 +LAST IF =0

[6] WALUEMAY ((cpzdpld o.+ WINIxx 3 + (F H-1) [TRANSITION 2 .- WIHlxx I
[71  +0

[5] LAST:WALUE<({pziplr, -BIG

Ka



