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As an alternative to dynamic
programming (DP), a knapsack
problem can be solved by the
branch—and-bound approach.
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Let's use an example to illustrate the branch-and-bound
approach to solving knapsack problems:

Bandomly Generated FProblem Ceseed 53544163
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'weight' of item

wvalue of item 20 12

This knapsack problem can be formulated as an
integer linear programming problem:

Maximize 06X, + 10X, + 12X, + 11X+ 9X+ 12X,
subject to
4X, + 173 + 14X+ 16X, + 99X+ 20X < 39
X;e {01}, 3=1,2,...06
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LP Rela=zation

If we replace the constraint X; € {0,1} with 0= X, =1,
that is, we allow fractional values tor the variables as

problem.

Because the feasible solutions of the LP Relaxation
include the feasible solutions of the integer knapsack
problem, the optimal value of the LP Relaxation must
be at #f fessf a5 farge &5 the optimum of the integer
problem.

FTAEE Fs P we sifan Freciions of Flems Pa e fncliudes fn A
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LP Relaxzation

The LF Relaxation is very easy to solve:
® Compute, for each item, the ratio of (value/weight)
® Sort the items according to this ratio, in descending

order item Ualue  Ueight Ratio

i W ¥ )

1 3] 4 1.5

& " =] 1

3 12 14 0.257142
4 11 16 0.6375

& 14 20 0.6

2 in i 0.52a235

® Fill the knapsack with as many whole items as possible
beginning at the top of the sorted list
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LP Relaxzation

® Fill the remaining space availlable in the knapsack
with a fraction of the next item on the list, namely
the ratio of availlable space to weight of the next

item, 1.e., k
=1

Wik+1)
where k15 the number of whole 1tems placed in the
knapsack, and i) is the jth item on the sorted list.
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AESEECA

LP Relaxzation

LF Eelaxation
of Fnapsgack Froblem

Randonly Gensrated Froblem zeed 53544160

i W b AN X
1 3] 4 1.5 1

5 " " 1 1

3 12 14 n.267142 1

o 11 16 0.6375 n.75
3] 14 =0 0.6 n

2 in 17 053235 0

Total value of knapsack contentad 36525
(Thig iz an uwpper bound on the optimal integer aolution?
Bovnding down yieldszs value 27, which iz a lower hound

on the optimomn. - -
Netice the LONER FOLND Thst 7s
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We will use both these upper & lower bounds in the

"branch-&-bound” algorithm:

* the lower bound & its associated integer solution in order
to get "good" solutions to the problem, the best of which
will be optimal

* the upper bound in order to eliminate some new "subproblems”
which are created by "branching”.  (Subproblems not
eliminated will give rise to further subproblems by branching,
so that the quality, or "tightness" of the bound will determine
how much effort will be required to solve the problem.)

We begin with the
original problem,

Branch-%-Bound Algorithm
0-1 Enapeack FProblem

calling it "subproblem” 1

Randomly Gensrated Froblem (seed 53544160

+3+3+Subproblen # 1 .

i By solving the LP

Jos .

JF: 1 2 3 4 5 6 relaxation, we get both

Fractional golution: zelected itemz =1 3 5
pluz 0.75 of item # 4
raloue = 35,25

RBovnding down yields value 27

upper & lower bounds

Motation: b

J1 = indices of items forced into the knapsack (¥ = 1)
J0 = indices of items forced out of the knapsack ¥y = 0]
JF = indices of items free to be selected or rejected (X €{0,1})
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We will begin to construct a search tree, with a node
representing subproblem 1:

Select #1,2.5+75Z of 4
LE: 27 UB: 35.25
We now have a feasible solution, with value 27, and we

know that the optimal value cannot exceed 35.25

(A cdinstile, simce e walvas of 1he i\l ilens sre infeger,
W frro e BhEE we canod SEES & Value gresier e F5

The feasible solution becomes our "incumbent” solution, the
best solution known thus far, and the one for other

candidate solutions to "beat”

select *1,2,5+ 708 0f 4
LE: 27 UB: 35.25

We will "branch” by creating two new subproblems, using

item #4 as the "branching” variable:

® in one subproblem, item #4 15 FORCED INTO the knapsack
® in the other subproblem, item #4 15 FORCED OUT OF the
knapsack

select #1,2,5+ 708 0f 4
LE: 27 UB: 353.23

:“:4:1

W& i ngli dhe farat of Bhase 2 aubnrolias
PRI 5 ST foaimiae S hare e
ehii=ry
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Clearly, either X4=1 or X4= 0 in the
optimal solution, so that the better
solution of the two subproblems will
be the solution to the original problem.

Famd 1E 1 W Findd TR Hest Knsnssck conlenls will Ihe sdoed
rasiiiclion Basl we inciide itermr £ s
Lo basl KRshssck comlanis wilh 1Ge sodad restricton 1651
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We solve the LF relaxation of subproblem #2:

11 + Mast 63 o+ 103 o+ 123 4 0k 123
gt 4 17 14 O 20 e 39-16=23
e 0=¥=1, j=1,2,356

IF: 1 2 = 5 /& eSS

Fractional solution: selected itemz = 1 4 5
pluz 0,.714286 of item # 3
ralue = 234.5714

Bownding down yielda value 26

+++Subproblem # 2

select #1,2,5+ 7o0% of 4
LE: 27 UB: 35

fq =1 ﬁ Frciardiant

Select #1,45+ 71,438 of 3
LE: 26 UB: 24
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Select *1,3.5+ 730% of item 4
LE: 27 UB: 35

fq =1 C Frrciirte!

Select #1,4,5+ 71.43% of item 3
LE: 26 UB: 34

At this time, we don't have the solution of either of the new
subproblems, and since the upper bound of subproblem #2 is
better than our incumbent {which is still the first incumbent
with value 27), it is possible that subproblem #2 might yield
a better optimal solution than the incumbent.

Select #1,35+ 75F of item 4
LE: 27 UB: 35

H4 =1 @ Faeiintrant

Select 1,45+ 71.43% of item 3
LE: 26 UB: 34

Hz=1

Since we haven't been able to
either solve or otherwise
eliminate subproblem #2, we

again branch, by forcing item 3
either INTO or OQUT OF the
knapsack.

Aade (had i aclrnieliens T B
SLTH flamrs X sad & s
Fonmad iala Bie ANSRRECAY
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Solve the LP relaxation of subproblem 3:

23 + Max B+ 108+ 0K e+ 1 24,
3o Subproblen # 3 5t 4¥ 1 TR AR+ 20K < 39-16-14=0
:TTE 1 2 B B O<xy<l, 1=1,23,0

Fractional zolution: zelected itemz = 1 3 4
pluz 0.555556 of item & §
ralue = 34
Bovnding down yields value 29
*hh HEW IHCTIMEEHT! Ak

Select #1,3.5+ 75% of item 4

LB: 27 UB: 35
Hq:ﬂ H4:1

select #1,4,2+ 71.43% of item 3
LE: 26 UB: 34

:“:321

Nadice 14658 qiar
Freisriien? fiEs hesn

FERIECET iy & Ediar

Fessitia salution Select #1,3,4 + 55.6% of #5

LE: 29  UB: 34

ﬂ Frcientiant

Select *1,2.5 + 75% of item 4
LE: 27 UB: 35

:“:4:1

Select #1,45 + 71.43% of item 3
LE: 26 UB: 24

Hz=1

Select *1,3,4 + 55.6% of *5
LE: 29  UB: 34

Frreiiitiel

Since subproblem 3 isn't
eliminated, we branch once
more!
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When we solve the LP
relaxation of subproblem 4
we get an integer solution #4=0
(which happens to be
better than the old
incumbent!)

S0 subproblem #4 is now
solved, and we need not
branch further from it.

+++Subproblem # 4
}T% 2 4 b Select items
JF: 1 2 & 3.4, &5

Integer golutioni: gelected items = 3 4 5 LB = UG = &2
Values 32 \3
7

*xk HEW IHCTHMEENT! #kk .
FE b a s

We aren't finished, of course,
since we still have three
subproblems that we created
and have not solved.

Let's now consider the one
most recently created, and
call it subproblem #35:

Ay qig aF st COoid e Sonsioarsd
AENE Bed F SImniiries heakiessing
P& CEEIEE HENT IS sl reos iy

LB = 22
SrEsTEd Sl e f}?{?{ﬁﬁ?ﬁﬁg‘?\s
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Solve the LP relaxation of
subproblem #3:

+++Subproblem # 5

Ji: 2 4

Jos 7]

Jr: 1 2 B

Fractional solution? zelected items = 1 32
pluz 0.25 of item ¥ B
value = 32

Bovnding down yields value 29

«e«Iubproblem # § fathomed.

Notice that the upper bound is no
better than the incumbent; this means
that we can eliminate {'fathom") this
b bl d d t sol il Select 1,3, 4+ LB = 32
subproblem, and need not solve it! . \5

LE- 20 AR

Since both "descendants” (the
two subproblems created from
the subproblem) of subproblem 3
have been "fathomed”, we have
the optimum solution of

We next consider subproblem #6,
which has item #4 forced INTO the

knapsack and item #3 forced OUT. e o
1\"'\-\_-'-’:. 1..“-\_-'-’,.

LE = 32 \3
Frcisridie
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Solve the LP relaxation of
subproblem #6:

+¥+Subproblen # 6

Ji: 4

Jo: 3

JF: 1 2 &5 B

Fractional zolution: selected items = 1 4
pluz 0.5 of item # 6
ralue = 32

Bownding down yieldz value 26

select 1,45
Again, because the upper + 50% of *6
. LE:26 UB:3Z

hound is no better than the

incumbent, we can fathom this subpmblem

LE = 32 \3
Frceadial

If we could now fathom subproblem o

#7, we'd be done. ¥4 =0

Unfortunately, it's upper bound

is better than the incumbent, so

the optinnum of

Select 1,345 Hz=

subproblem #7 might . .
be optimal in the LE: 27 UB:34 e
original problem! -

+¥+Subproblemn # 7

Jit

Jo: 4

JF't 1 2 2 B & e o
} I“'--_ﬂ-"i 1"1-1._.-1’

Fractional zolution: gelected items = 1 3 6
pluz 0.6 of item # &
value = 34.2 LB = 32

Bownding down yieldaz value 27 ‘gj
ARSI



Knapsack.BB 9/22/97 page 13

Select 1,385
+ 60E of ¥6
LE: 27 UB:Z24

We branch from subproblem #7,
creating two new subproblems.

solving the LP relaxation of
subproblem #8 vields an upper
bound which is no better than
the incumbent, g0 we can
fathom the subproblem.

KETETIGES, Sioe Lie
aalinsl yelie 78 jnlagar,
it £t be WIS slthaugh |
4 L F salution is T8 1 |

Select 1,56

+++fubproblemn # 2

[0k o + 4258 of #3

Jos: 4 LB: 27 U332

JF: 1 2 3 5

Fractional zolution: selected itemz = 1 5 6
plus 0.428571 of item # 3 LG: 32
valus = 32.1429

FEounding d ield lue 27 .

LI oL LRt A he AT en?

ceeSubproblen # 2 fathomed.
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We next solve the LP relaxation
of subproblem #9, the only one
remaining unfathomed in the
tree; unfortunately, we cannot
fathom it, since the upper

. :H:3=1
bound exceeds the incumbent. #g=0 fg=1
Select 1,35 =
++3Subproblen # 9 + 70.3% of ¥4
Ji: LE: 27 UB:34
Jo: 4 B
JF: 1 2 = 5§
Fractional zolution: gelected itemz =1 3 5 LE: Z2
pluz 0.705382 of item # 2 '
value = 24,0522 ] 5
REounding down yieldsz value 27 Aeianinad

We must branch from subproblem #9,
creating two new subproblems.

Select 1,3.5
+ 705% of #2
LE: 27 UB:34

::{2 :[:I

Pl Tt =t d
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+++Subproblem # 10

Ji: 2
Jo: 4 B
JF: 1 2 B }::4:@ }::4:1

Fractional zolution: gelected itemz = 1 2 5
pluz 0.642857 of item # 32
ralue = 32.7143

BEownding down yieldsa walue 25

& Subproblem # 10 fathomed .

Subproblem #10 is fathomed
because its upper bound is
no bhetter than the
incumbent.

+++Subprobleam & 11

Ji:

Jo: 2 4 B

JF: 1 3 B LW =
Integer zoluticon: zelected itemsz =1 3 5

Value= 27
< Subproblen # 11 fathomed .
= ubproblen # 9 fathomed.
e+ Subproblen # 7 fathomed.
e+ Subproblen # 1 fathomed.

Finally, subproblem #11
is fathomed (since it has
an integer solution, which *z =0 Az

is not as good as the o o
incumbent). Since no N N
subproblems remain, we

are finished! Fairian?



