ILP Models.Part 1

Example:

Because of excessive pollution on the Momiss River,

10/23/97

the state 15 going to build some pollution control

stations.

Three sites are under consideration,
The state is interested in controlling the pollution
levels of two pollutants: #1 & #2

The legislature requires that at least G0,000 lbs.

of pollutant #1 and at least 50,000 Ibs. of pollutant

#2 be removed from the river annually,
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| Cost of  Cost of | Amt. removed per Lon
S]F building  treating of water
station 1 ton H,O| Pollutant 1T Pollutant 2
1| $100,000 $20 o4 b, 0.3 1b.
2 |$ 60,000 §$30 025 b, 0.2 1Ib.
3 | § 40,000 §40 0.2 1lb.  0.251b.

Formulate an ILP to minimize the cost of meeting

the state legislature's goals.
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Decision Yariables |

LIS

Ai =tons of H,0 treated at station i annually

SIS

V. = 1 if a station is buill at site #i
! 0 otherwise

Objective |

Mintmize 100000Y, + 60000Y, + 40000Y;
. /
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Example:

Glueco produces 3 types of glue on 2 different
production lines.

Each line can be utilized by up to 7 workers at a time.
Workers on production line #1 are paid $500/week,
and workers on line #2 are paid $900/week.

It costs $ 1000 to set up production line #1 for a
week of production, and $2000 for line #2.

&)
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Cata:
weekly output per worker (Barrels)
Line # Glue #1  Glue #*2  Glue #*3
1 20 20 20
- 50 3 P

weekly Hgmt. 120 120

Formulate an ILP to minimize the total cost of

meeting weekly requirements.

( Model )

Decision Variables |

OIS

Aij = man-weeks of Lime on line 1 producing glue ]

ML EgEr
¥; = number of persons assigned Lo line |

B
1 if line 115 set up for production
21 = -
0 otherwise
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Cbiective

Mintmize 1000 2, + 2000 /2, + 500Y, + Q00 Y,
. N J

w v

saf-in cosis AEhor cosls

Constraints

FEGUIEMENLS Far gitie e mel.

20y + 50K, = 120 give =/

30¥ 0+ 30K = 100 give 2

40K 3 + Aoz = 200 giwe #3
Caacil e ol e,

}{11+}{12+}{13£ H'T'f1 fine #f

}{21 + }{gg + }{23 = 5'T'fg firne FL
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Example:

The manager of the University's computer system
wants to be able Lo access 5 different files.
There are multiple copies of each file, scattered
armong 10 disks, as shown below:

File Disk

# 1 2 3 4 5 6 7 8 9 10
] WoW KR AR

2 H A

4 A A A

5 W W R wo R
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If disk 3 or disk 515 used, then disk 2 must be used.

Formulate an ILF to select the smallest set of disks
which contain at least once copy of each file.

( model )

Decision Variables |

. = 1 if disk #1 is selected
! 0 otherwise

Objective

Minimize X+ Xo+ .+ Xy,
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Constraints

AL least ane cople of egcf Fiie mst be round
SN Lhe selecied qisks

At Ha + K4t As + K5+ g = ]
X + Xz = |
Xz + Ko + Ko + Aqgz |
Mz + g + X5 = ]
LI SR + g+ Ko + Xgt+ Apz |

Constraints

A dish F o sk 5 0s dised Phen avsh S st e vsed,
}{3 = }’\)g

}{5 = }{2
o

}<3 + }<5£ 23{2

{The i of consiraints Is nrelerred o F
cornntalionsl poind o view J
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Example |

Gotham City has been divided into 8 districts,

The city wishes Lo station 2 ambulances so as
to maximize the number of people who live within
S minutes of an ambulance.

Population
(thousands)
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Decision Yariables |

The primary decision 1s whether to locate an
ambulance in district 1 for1=1,2,...0;

v, = 1 if an ambulance is located in district i
‘ O otherwise

Another set of decisions 1s whether to assign
for service a district | to an ambulance location |

Y. = 1 1f district j is Lo be served from district i
! 0 otherwise

Cbhjective | Wwe wish to maximize the number

= of persons within 3 minutes’ trawvel
tirme of an ambulance

For each district j, we need to include in the
objective an expression of the form

pj Z'{}{]] , t1j£3}
e.g., for J=3;
SO Kazt K gzt Kzt K

since districts 3,4,59,&6 are within 3 minutes’
Lravel time of district 3.
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Cbjective

Maximize 400K +Xo) + 300K 5 +¥20)
+ 300K gt M ot Kot Kgz) + 200K ¥ - Kot Kl
+ 19Kzt X g5t K g5t Kast #os)
+ SO0 zet X gt Kt Kot Kagt Hae)

+ 45K AR ot Kot Kon) FOOK gt Kot Hag)

Constraints

Every district must be assigned to an ambulance:
5

_21 Xip=1 v i=1,2,..8

1=

e.q.,
Kt E o izt gt gt g X7t Xg = 1 (j=1)
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District | can be served from district 1 only 1f
there 1s an ambulance 1n district 1;

a
Z }{1]"_:8?1 for 121,2,...8

e.q.,
Aptagpt Azt gt A st gt A st A= OY

Constraints

Two ambulances are Lo be assigned to districts:

]
2. =2,
i=1

Y 1+V2+Y3+V4+V5+Y5+V?+VB:2
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Model Statistics

# of binary variables:

Y8
X: 64
total: 72

# of continuous wvariables: O

¥ of constraints: 17

Another Formulation

Define as before:

1 if district Jis within 3 minutes of

i 0 otherwise
and
A= an ambulance

0 otherwise

_ {1 1 an ambulance 15 located in district i

page 13
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Cbjective

Maximize 40X +30X+30X3+20X 4+ 10X5+00%,
+40X7+00Kg

Constraints

Xy must be zero unless at least one ambulance 13
located within A minutes of district |

LSRG I
Kgi“r‘f1+5‘r'f2
EEA CO S PR R

I~ & & & ™

rg Wy + Y5 + Yg
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Constraints %

Two ambulances are Lo be assigned to districts:

5
2 Yy =2,
i=1
1.8,
V1+V2+Y3+V4+V5+Y5+V?+VB:2

Model Statistics |

# of binary variables:

¥oooo8
AL O
total; 16

¥ of continuous wvariables: ©

* of constraints: ©
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Mbx 40 R + 30 K2+ 35 K3+ 2084+ 15 K5+ 350 KE +

45 K7 + B0 HS
SUBJECT TO

2) K1 =-¥1-%¥2 <= 0

JEZ2-Y1 -2 <= [0

4] K3 -Y¥3-¥4-¥5-¥0 <= 0

51 H4-Y¥3-¥4-¥S-YO-¥7 <= 0

6] H5-Y¥3-¥4-¥YS-Y6-¥7 <= 0

7] BB -Y¥3-Y¥4-¥5S-¥O-¥7-¥8<= 0

8 K7-¥5-¥6-¥7-%¥8 <= 0

) HE-YB-Y¥7-¥8 <= 0

10) Y1 +Y¥2+Y¥3+¥4+Y¥S+Y¥D+Y7+Y¥8= 2

EMD

INTE &

IMNTE Y ]
IMNTE Y2
IMNTE Y3
IMNTE W
IMNTE i
IMNTE his
IMNTE Ll

IMNTE s
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LF OPTIMUM FOUMND AT STER 14

1)

OBJECTIVE FUNCTION % ALLIE

295000000

YARIABLE WALLUE

]

AL
!
Ee
o
iAs)
Al
s

1000000
1000000
1.000000
1000000
1000000
1.000000
1.000000
1.000000

REDUCED COST

-40.000000
-30.000000
-35.000000
—20.000000
—15.000000
-50.000000
-45.000000
-60.000000
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YARIABLE Y ALLUE REDUCED COST
W] 1000000 0000000
Y2 0.000000 0.000000
et 0.000000 0.000000
Y 0.000000 0.000000
Yo 0.000000 0.000000
s 1000000 0.000000
Ll 0.000000 0.000000
i 0.000000 0.000000
MO ITERATIONS= 14

BERAMCHES= O0ODETERM.= 1.000E O
FIX ALL VARSD 8) WITHRC:> 150000

LE QPTIMUM 1S 1P QP TIMUM

&



