GAP.Relax 9/23/98 page 1

.................... r -

oo ceneralized |
ol Assignment (0

.................... Froblem

L ['E‘ﬁ.\.lp] Ll

I'=" Problem Formulation

Lagrangian Relaxation of
= Machine Capacity Constraints

= Job Assignment Constraints

I References

@0 L. Ericker, LLaf [4, 1993



GAP.Relax 9/23/98 page 2

In the classical Assignment Problem , we must

find the least-cost, one-to-one assignment of
n jobs to n machines:

m
Minimize Z Z CyX
. i=1 j=1
subject to .
. Sl mrsedime 8
Z Xij =1 foralli SESIgREd GRiY G
=1 ot
m
Z }{ij =1 for all] " Eack fob is sssigned
i Ter R SRR

X;€40,1 ) foralli & j

=0 L. Bricker, LLof 1A, 1992

Suppose that job #] requires @;; units of
processing time on machine #1, which has a total
of b; time units available.

n

Then the constraint > X; =1 foralli
i=1

which savs that exactly one job is
assigned to machine #i
<h; foralli

is replaced by Zia*ij Xy<
.

which savs that the total time reguired
to process the jobs assigned to machineg
#i cannot exceed Dj, the time available,
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Thus, the Generalized Assignment
Problem is

m n
Miﬂ_‘irﬂi o Z z Cl]}{ ij M S e
i=1 j=1 ihg syEiiaiile
subject to EEFECTIY G

- ] meching 1 s
Za"ij}{ij = hi fﬂl‘ ::111 1 HEET
=1

i SEEH Jodi st
;=1 forallj e—" g SIFIgRed I
= 1 ENECL Y e
ARECINE

[

X;€{0,1} foralli & j

=0 L. Bricker, LLof 1A, 1992

Fxample.

4 Jobs must be processed, each on one
of 5 machines which are available

Dﬂ’fg _ hrs
jfol ] 2 3 4 | available
| &) < e 7 15
machine: 2 3 2 F 4 8
3 5 < K £ 12
., "“"-.-""' o
Time

Reqg'd (hrs)
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Data:

The cost of processing a job varies, according
to the machine to which 1t 15 assigned;

page 4

job: 1 2 3 4
1 15 15 20 16

rnachine: 2 10 Q 15 10 CGST
A 12 12 16 13

=0 L. Bricker, LLof 1A, 1992

Minimize 1 8}{11+15}{12+2ﬂ}{13+16}{ 14 +1ﬂ}{21+9}{22+15}{23+1[}}{24
H12X 5 H12X o+ 18X +13XK 5,

subject to
6X11+4}{12+9}{13+?X14 < 15
X+ 2K o0 X o4 XK o, = 8
O XX P X 0K £ 12
Kll +X21 +X31 :1
KIE +Kgg +K32 =1
}{13 +}{23' +}{33 :1
X4 +X 24 +Xag =1

X, e{0,1} foralli &j
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Lagrangian FEelaxation:

Lagrangian relaxation 15 based upon the fact that,
if we relax (ignore) one set of constraints of the
GAFP, the problem that remains i1s much easier to
solve,

=0 L. Bricker, LLof 1A, 1992

The assighment problem is
an LP with the property that
every pbasic solution is
integer... so that 4P (s very
easy 1To solve!

@0 L. Ericker, LLaf [4, 1993
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n the case of the Generaglized Assrgnment
FProblem, not aif basic sofulions are mnleger—
vaived, so thal solving Lhe problem with the
nleger resiriclions ignored, 1.e., 85 an 1P,
generalfy vields a non-infeger solfulron

{i.e., jobs may be spfil belween Iwo or more
MEchines. /

=0 L. Bricker, LLof 1A, 1992

5 we refgxy Lhe machine availabilil v
consirainis, however, the probfem thHat
remains is rather irivial te sofve.

m o
Minimize 2. 2. CiX

i=1 j=1
subject to
] 1 SECH Fol ST

Z Xl] = 1 fﬂl‘ B.llj é_;; e ﬁfffﬁﬁﬁﬁl ler

=1 SNEOLI GG
SIS

X;€40,1} foralli & j
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n Lagrangian Relaxalion, we a551gn &
Lagrange Mulliplier ™ fo every relaxved
constramnt, and sl the consiraint Lo

the vhjeclive.

ME

Mimimize

subject to

]
—

i=1 j=1

n m ’ 0
2. CyXy + 2. *ﬁ(Z ay X
=1 |j=1

EEEH Foidi s

z }{1] = 1 fﬂr Eﬂl] 'E“:JF i 555.-’?.-‘?9&' e

i1 SNSOli ane
ARECAIE

X;€40,1} foralli & j

=

=0 L. Bricker, LLof 1A, 1992

[his simplifies {o

! m i il m
[ —Zvibi]+z minimum > (Cy+ a;v,) X;
Loi=t = i=1
subject to
S Fodi ia

m
Z }{1_] = 1 fﬂ_’[‘ al]_“l 'E“q_”;ﬂ- fe EFFFEJ?EE' ot

ENSOING ane
ECATRE

X;€40,1 ) foralli & j

@0 L. Ericker, LLaf [4, 1993



GAP.Relax 9/23/98 page 8

That 15, we must assign every job to exgci/y one

machine, but we can ignore the machine capacity
constraints.

The solution 15 obwiously Lo assign each job to the
machine which can process it most cheaply.

=0 L. Bricker, LLof 1A, 1992

Cansider our exampie GAFLF:

Generalized%
Assignment g

Problem

ddedk BExample GAP Aok

Costs
Machine Johs
1 1 2 3 4
1 14 15 20 18
2 10 a 15 10
3 12 12 18 13

@0 L. Ericker, LLaf [4, 1993
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Fesources Used

Machine Jobs Avalilable
1 1 2 3 4 b
1 B 4 9 7 15
2 3 2 B 4 g
3 A 4 T B 12

=0 L. Bricker, LLof 1A, 1992

Lambda = 0.75 .~ I&FET YEIE & FIERSIFE JESMElEr

Target £+ = ho

Far sufigradient aniimizsiian of qus’?

Iteration & 1

Multiplier vector 0 = 0 0 0

Ohjective function of relaxation:

jat
1 2 3 4 '
b |18 15 20 16 i ife casE aF 50T |
E 510 "o 18 10 ol FP S8 e Soas %
E 12 12 18 13 HGST CASERIY iy
SRRECATRE T
Dual wvalus is 44
Variables selected from GUEB sets are:

2 2 2 2
Eesources used are: 0 15 0,

cAvailable: 15 8 122

aubgradient of Dual Objective 15 ~15H 7 712

atepsize 1s 0.0918367

@0 L. Ericker, LLaf [4, 1993
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Iteration & 2

Multiplier wvector U = 0 0,6428057 0
ObhJjective function of relaxation:

Jat

© 1 2 3 4

% 1(18 15 20 16

@ 2(11.9286 10.2857 12.8571 12.5714
2312 12 18 13

Dural wvalus is 47 .6429

Uariaglgsgsglected from GUE sets are:

Resources used are: 0 9 7Y, (Avallable: 15 8§ 120
aubgradient of Dual Objective i1s ~15 1 76
otepsize 15 1.76786

=0 L. Bricker, LLof 1A, 1992

Iteration # 3

Multiplier wvector T = O 2.41071 O
DObjective function of relaxation:

jat

. 1 2 3 4

£ 1|18 15 20 16

@ 2|17.2321 13.8214 29.4R43 19.6429
o312 12 18 13

Dual wvaluse iz 35,7143
Variahles selected from GUE sets ape:

33 3 3
Fesources used are: 0 0 22, (Avallakle: 165 8 122
aubgradient of Dual ObkJjective is 15 78 10
otepsize 15 0.06B331

@0 L. Ericker, LLaf [4, 1993
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Iteration # 4

Hultiplier wector T = 0 1.88807 0.65331
Qb jective function of relaxation:

Jat
1 2 3 4
18 15 a0 16

1
2|15.6642 12.7761 26.3284 17,5523
al15.2666 14,6132 22.5732 16.9199

EChInE

Dual valuse iz 41,0984

variaglgslsﬁlected from GUE zets ape:

Eesources used are: 16 2 5, (Avallakle: 15 8 122
aubgradient of Dual QObJjective 1s 1 "6 77
otepsize 15 0.07763

=0 L. Bricker, LLof 1A, 1992

Fugl Objective

10

1 2 3 4 5
fleradron

@0 L. Ericker, LLaf [4, 1993
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Integrality Froperty

A Lagrangian relaxation exhibits the "Integrality |
Property” if, when the integer restrictionis |
relaxed, the resulting problem will still possess
an integer solution,

The optimal value of the associated Lagrangian
dual problem, 1t the Lagrangian relaxation has

the integrality property, 1s identical to that of
the LP relaxation,

=0 L. Bricker, LLof 1A, 1992

.'"' 1L x'l T m
[ —Zvihi]+2 minimumZ(C + ayvy) X
\ i=1 J i=1 i=1

subject to

m
> Xy=1 forall]
i=1

i=
Xy € 1i & j

0<Xy=<1 forallidj

Fhis Lagrangian refaxalion does exfinbil the
ntegralily Properiy "

@0 L. Ericker, LLaf [4, 1993

page 12



GAP.Relax 9/23/98 page 13

Consider again the original GAFL.

m n
Mimrﬂl 7 z Z CI]X ij M RO PSR
i=1 j=1 e e T
subject to EEpSCIY af
I ] mEChing ¥ is
Za-ij}iij = hi fﬂl‘ !:111 1 =l
=1
L EEEH Foidi s
> Xu=1 forallj < 48 ssaigned ta
=500 axsciiy ans

FRECAINE

X, e{0,1} foralli & j

=0 L. Bricker, LLof 1A, 1992

Before, we relaxed Lhe machine resource constraints,

Suppose that we relax instead the Multiple-Choice

(GUB) constraints:

> Xy=1 forall ]
i=1

This gives us the Lagranglan Relaxatmn

Minimize Z Z Cl]xl] + Z“ ZKI] ]

i=l j=1
. S rie LASR
subject to

I PhE BYEFFENIE
2azXy <b; foralli %___Jf’ CERSCILY &
i=1 MRS T IS

EET

X, €{0,1} foralli & ]

@0 L. Ericker, LLaf [4, 1993
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The Lagrangian Relaxation w a n {m ;
Minimize 2. .. Cu ij T Z“j inj_ 1 ]

i=1 j=1 =1 i=1
subject to ] . 4

2azXy <b; foralli
=1

X, €{0,1} foralli &j
15 rewritten

NE
IE

ziu]) + Minimize (Cy+ vy
i= =1 ]

subjectto =& )
223Xy <b; foralli
=1

T}
—

1

X;€{0,1} foralli &j

=0 L. Bricker, LLof 1A, 1992

This separates into r:me knapsack problem for each

MACNINe!  Minimize Z(‘C +ujjl}{l
L ] j_
subject to Zaij}{ij < b;
i1
X;€40,1} forall j

From the sum of the optimal values of the knapsacks,
we then subtract -
Z“j

to get a Jewer bowund on the optimurm of the GAP.

@0 L. Ericker, LLaf [4, 1993
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Consider our example GAEP again.
Iteration # 1

current multipliers:

WwL1l:
aolwing knapsack problemns:

Machine #1
HO itemns

Machine #:2
HO itemns

Machine #3
HO itemns

Ak Dral walue 1g O dedek

CInprovensnt: 99095

# of times Jjobs are assighned: 0 0 0O 0
aubgradient of Dual ObJjective is 1 1 1 1
otepsize 1z 11.25

=0 L. Bricker, LLof 1A, 1992

Iteration # 2

Current nultipliers:
i: 1 2 3
Wwlil:
aolwing knapsack problemns:
Machine #1
N items
Machine #:2
Alternate optinal solutions:
aolution #1: items 1 2
aolution #2: items 2 4
Machine #3
N items

ddede D1al walue 1z 41,5 dedkdk

CInprovensnt: 41.52

# of times Johs are assigned: 1 1 0 0
aubgradlient of Dual Obhjective is 0 01 1
ntepsize 15 6.9376

@0 L. Ericker, LLaf [4, 1993

SIS W f5vE
reisvad the reguire- |
mant thet asck jolr b
NE BRFIGET Mo &
ARSCAINES

SECH SRRl B
WiAE BE fcressed |
S 7 ;

11.25 11.25 11.25% 11.:25

SHI LD Ers Tal g
Jalis T& o Wil |
fE THCTEERET
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Iteration # 3

current multipliers:
i 1 2 3 4

wril: 11.25 11.25 18.1875 18.1875

aolving knapsack problemns:
Hachine #1
1tens 4
Hachine #2

1tens 2 4

Hachine #3
1tens 4

FOWES BOTT WSS Warsanad i

*** Dual value iS 41 .I:IEIEE *** ---------------------------------------------------------------------------------------------------------------------------------------------------------------------- .
CImprovensnt: T0.4375) —
# of times jobs are assigned: © 1 O 3 ARG TR TEr Far
oubgradlent of Dual Objective iIs 1 01 ~2 Joly & Wil fe

Stepsize is 2.36710 Gecressed Wiile
thase for jobs |
F& T incressed |

=0 L. Bricker, LLof 1A, 1992

Iteration # 4

current multipliers:
i: 1 2 3 4
wiil: 13.0172 11.25 20,5547 13.4531
oolwving knapsack problemns:
Hachine #1
itemns 3
Hachine #2
itens 2 3
Hachine #3
items 1 3

ke Diral wvalue 1s 46,3438 ok
cImprovensnt: 5.281250

£ of times jobs are assigned: 1 1 3 0
oubgradlient of Dual Objective is 0 0 ~2 1
otepsize 15 2.04344

@0 L. Ericker, LLaf [4, 1993

fGWEr Sgiid WES Iaaved! |

page 16



GAP.Relax 9/23/98 page 17

Iteration # 5

Current nultipliers:
i: 1 2 3 4
wiil: 13.6172 11.25 16.4578 15.5016
aolwing knapsack problemns:
Machine #1
N items
Machine #:2
1tems 1 4
Machine #3
1tems 1 4

ddede D1al walue 1o 43,5891 dekdk
CInprovensnt: ~2.75469)
# of times Jobhs are assighned: 2 0 0 2

aubgradlient of Dual Objective 1s "1 1 1 71
ntepsize 1z 3.07705

=0 L. Bricker, LLof 1A, 1992
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