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FLOWSHOP
SCHEDULING

This Hypercard stack was prepared by:
| Dennis L. Bricker, -
] Dept. of Industrial Engineering,
University of lowa,

lowa City, lowa 52242

3 e-mail: dbricker@icaen.uiowa.edu

author l

a-Meehing |  We wish to sequence 72 jobs,
Flew Shep each requiring processing on

machine #1, followed by
machine #2.

P;j = processing time for job 7 on machine #;

makespan = total amount of time required to
complete processing of all /2 Jobs

Chrective: Sequence the jobs so as to minimize
the makespan
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Suppose we schiedule Lhe jobs for

””” makespan
= o4

Machine [ B P S

* 1 V2 3 & 4506

02 & 12 18 252034 46 54
g 36

Can we reguce e makespan By cRInging
Lhe seguence of the johs?
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seguence {1,2,3,4,5,6}

Job MHachine 1 Machine 2
1 s f s f
1 ] 2 2 8
2 2 aQ g 12
3 9 18 18 25
4 18 29 29 34
2] 29 38 36 4A
f 36 40 4 54

s = gtart tine, £ = finish Timne
Makespan = bd

Johnson's [E  —an optimizing algorithm for
Algorithm scheduling the Z-machine flow
shop, assuming that 2o passing
is allowed (i.e., jobs are processed in the same
sequence on both machines)

—construsts a sequence by gmwmg "it from both
ends (front and back)

etc,
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step | Initialize S=S5,=¢ and I={1,2,3,..n}

Find minimum | piii = p--
el jei1.2) 1R =Py

- If =1, then Sy =S, (i.e., append job i to
* the beginning of the sequence)

Otherwise (e, =2),5=1,5(i.e., append
job T to the end of the sequence)

Remove 1 from 1. IfT=@ then go to step 1.
Else the optimal sequence 15 S=5,,5;
> I

Example

OB Processing time
Machine 1 Machine 2
@ g
?
9
11
i/
4

S=S, = @ and
1={1,2,3,4,5,6]

Minimum py;
15 Py
Therefore,
5=(115,=2 L_
[={2,3,4,5.,61

3
/
2
10
g
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Minimum py; Processing time .
iS5 Pos JOB | Machine 1 Machine 2 |

©

Therefore,
S=111L5,={2}

>
9
11
[={3,4,5,6] 7
4

Minimurm py; Processing time -
15 Pg, JOB | Machine 1 Machine 2

Therefore,
Se=11,6]
S,=1{2}

and

[={3,4,01
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Minimurn py; Processing time .
15 Py JOB Machine 1 Machine 2

Therefore, (E)
So=11,61} e

and

[=1{3,2]

Processing time .
Minimumn pyy | YOB| Machine 1 Machine 2
IS Pgy = Py

Therefore,
So=11,6,5]
5,=135.4,21

and [ =&

The optimnal sequence 15
Bo= Sl s
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Ontimal Seguence = {1,6,5,3,4,2)

Ns)s MHachine 1 Hachine 2
1 & f s f
1 0] 2 2 2
] 2 ] g 1a
] B 13 16 2a
3 13 22 2B 33
4 22 33 33 38
2 33 40 4 43

g = start time, £ = finish timne
Makespan = 43

Cntimal Seguence = {1,6,5,3,4,2)

o

Page 7



Flowshop 8/26/97 Page 8

3-Machine (@ Special conditions under which
Flow Shop Johnson's Algorithm can be used

to minimize the makespan:

¢ All jobs are to processed on Machines # 1,2, &3

in that order
# [he processing time on Machine #2 15 dominated
either by the time on Machine #1 or Machine # 3.

either Min {pi1} = max {pis}
or  min {piz} = max {pi}

=

Processing Times (hrs)

JOB Machine A|Machine B|{Machine C
10 6 7

Z
Z
6
D

Fommingied b1 thase an machine F

EXAMPLE [ 5 =min{pi}< max {pix} =6

6 =min {piz} = max {piz} = 6
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Application of Define two “dummy”
Johnson's Algorithm | machines, 1" and 2,
to 3-Machine Problem | with processing times

D]' " = Dj] + Di?

ng' = Pz * Piz
Apply Johinson’s Algorithm o the
Iwo—machine proffem with these iwo

GUMM MICHRINES.  7he resufiing sequence
Is apitimal 7or the S—machine probi/em.

Crigrnal Data: Loy Machine Dara:
MACHINE | MACHINE
JOB A | B JOB E 2
10 1 16 13
8 2 10 8
5 3 7 12
6 4 12 13
8 5 13 13
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Johnson's Algorithm p

Three-Hachline Praoblen

Two "dumny machines" are defined:

Processing Times

1 1 2
1 16 13
a 10 =
3 7o 1a
4 12 13
5 13 13

The sequence found by this algorithm is: 3 4 5 1 2

The sequence 1s guarantesd to be optimal!

CAptimal Schedile:

Jokb Machine 1 Hachine 2 Hachine 3

g = start time, £ = finish tine
Makespan = 48
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Optimal Seguence:

Hakespan = 48, hegquence: 3 4 5 1 2

Oooooooi
Opoopnonl

oo

Compare With an arbfirary sequence:

Makespan = b4, Bequence: 1 2 3 4 5
1 z e 3 =)

z0 35 40 45 500

:i:::::i W

3 i MMW
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Random Job Sequencing Problem (M=5, N=3, seed = 6620200}

5 Jobs, 3 Hachines .
Fies of

Processing Tines FRFCIINE M e
N dominaied
a1 eriier
Echine For S

Johnson's Algorithn g

Thre=-Hachine Problem

Two "dummny machines'" are defined:

Processing Times

1 1 2
1 7 7
a | 23 23
a 20 19
4 [ 25 32
5 [ 28 29

The sequence found by this algorithm is: 1 2 4 5 3
ol qugranieed fo pe
i
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SEREdNE FOunG D1 SORRSans A5gori L.

Random Job Sequencing Problem (M=5, H=3, seed = apZ0200

Makespan = 90, begquence: 1 2 4 5 3
1 2 S 4 =3

SRR TOURG D SORRS0RE ALGori i,

Fandom Job Gequencing Problem (M=h, N=3, seed = 6020200

Job Machine 1 Machine 2 Hachine 3
i s f s £ s f
1 0] 3] 3] 7 713
2 b 22 22 29 29 45
4 22 28 29 48 43 6l
] 28 44 43 B0 Bl Y8
3 44 &7 b BYF 73 90

g = start time, £ = finish tine
Makespan = 90
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 —SUTESied Dl fangll & Sofrage

Branch-and-Bound |
Algorithm for Ssuppose that the first r Jobs
in the sequence hawve heen

3-Machine . |
Flowshaop Problem tentatively ﬂ.}{ed.: |
‘]-I':{]l:-]z:-]r}

Denote by J. the set of (n-r) jobs not yet
sequenced.

Let TIMETCJ:), TIME2C J. ), and TIMES( J; ) be the
times at which machines 1, 2, & 3 (respectively)
complete processing the jobs in J;g.

Lower Bounds on makespan of all completions of the
partial sequence J.

Makespan if the
job with shortest
TIMEL(J) + 2 pin + ml‘]ﬂ{Plz'FPﬁ} processing times
ie]; 1=d on machines 2&.3
need not wait

Makespan 1f the job
TIMEZ(JI') + 2 Plg + 1’11111{1]13} with least time on
icld; 1=]; machine #3 need not
walt

Makespan if no job needs to
TIME?}(JI-) + Z_ Pi3 walt for machine #3

ie];



Flowshop 8/26/97 Page 15
JoB| Machine Processing Time|
: > Z

4 12 13
8 D 3
1 2
6 1

Exarmple |

]
Suppose

m_J1={1} 20

1

1 1 TIMET(J;) =14

Z 1 TIME2(J1) = 26
5 ' TIME3(Jy) = 39

14 26 39

Jy=111 J08| Machine Processing Time}

TIME3(J,) = 39 1 Z 3
12 13

4
5 | 5| 3]
| 20 2 6]
g

1 1

1

TIME3(J;) + 2 pi3

icld;

2 1 2 Lower Bound #3;
: : A9 + 6 =45
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J1={1}

TIMEZ(Jy) =

TIME2(J;)

+ 2 Piz + min{pi3}

icd;

26

8/26/97

J0B

1

2

Machine Processing Time]

3

14
8
1

6

12
D
20
1

13
3
2

1

1 1

14

TIME 10Jy)

26

TIMEL{J) + 3 pit

ieJ;

+ min{ pi>+pi3 }

ieJ;

29

Lower Bound #2:

20 + 26+ 1

=23
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JOB

Machine Processing Time]

1

2

3

1

4
g
1

6

12
D
20
1

13
3
Z

1

14+ 15+ (141

Lower Bound #1;

] =

3
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Branch-and-Bound
Algorithm for
3-Machine

Flowshop Problem
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| Branching will be done by

choosing the next job to be
added to the end of sequence J;:

JI'+1 — Jr'“—f| {ir+1 }
for each possible

value of 1.4 € J;

Branch-and-Bound
f-Jobk, F-nmachine

Sequencing Prablem%

Fandom Job Sequencing Problem (H=h5, N=3, seed = 6620200

Ozing Johnson's algorithm, Job sequences 1Is: 1 2 4 5 3
Makespan 1s 90, our original lncumbent.

We now beglin the branch-#&-bound algorithn

*kd Neyw Inetumbent :

Dptinal sequence 1s 1 4 2 3 5

00 sk

campared {o

CPT time = 31.8 sed,

# subproblemns enumerated = 53 J -5-‘Ir - f -'? l':‘_'

tolal seguences
(F4 25
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Cnlimal Schedule

REandom Job Gequencing Problem (M=5, H=3, seed = 6620200

Job Hachine 1 Hachine 2 Machine 3
1 s ft s f s f
1 )] & & 7 7 13
4 B 12 12 31 31 44
2 12 28 31 38 44 /0
3 28 41 41 48 o 72
R 41 &Y RY B9 72 89

s = start time, £ = finish tine
Makespan = 89

Cplimal Schedule.

Makespan = 89, Gegquence: 1 4 2 3 5
i = &

'A\' L1 1 1 1 1 1 1 11
1 ¥$ :IIIIIIIIIIIIIIIIIIIIII

1111 — Isscessss Eam=mmnss
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Branch-and-Bound
A-Jok, 3-machine g
pedquencing Problen

Fandom Job Sequencing Problem (M=h, N=3, seed = 66RZ0Z200

Osing Johnson's algorithm, Job sequence is: 1 2 4 5 3
Makespan 1s 90, our original lncumbent.

We now begin the branch-#-bound algorithn
aubprablem numkber 0: J=
aubpraoblem numkber 1: J= 1
Completion times: 6 7 13
Lower bhounds: 76 64 71
mrubpraoblem numkber Z: J= 1 2

Completion times: 22 29 4k
Lower bounds: 76 79 87

Ji=111}
LB's 76 A4 71

JiI=EE =i
Jz=1{1,2}

LB's

76 79 87
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aubproblen numnkber J: J= 1 2 3
cCompletlion times: 35 42 BT
Lower bounds: 86 86 37

aubproblemn number 4: J= 1 2 3 4
completion times: 41 61 74
Lower hounds: 86 90 91

--- Fathomed by bound ---

aubproblen number h: J= 1 2 3 h
cCompletion times: 1 63 80
Lower hounds: 89 9 93
--- Fathomed by bound ---
--- Lubproblem 3: Fathomed by enuneration --

subproblen numnber 6: J= 1 2 4
cCompletion times: 28 48 A1
Lower bounds: Y6 79 90

--- Fathomed by bound ---

Ji={3 Ji={4}
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aubproblen numnkber Y J= 1 2 6
cCompletlion times: 38 B0 A7
Lower bounds: Y6 88 92
--- Fathomed by bound ---
--- Lubproblemn 2: Fathomed by enuneration ---

aubpraobklem numkber 8: J= 1 3
Completion times: 19 26 38
Lower bounds: 80 77 34

subproblen numnkber 9 J= 1 3 2
Completlion times: 35 42 B3
Lower bounds: 86 86 88

aubproblen number 10: J= 1 3 2 4
cCompletion times: 41 61 74

Lower bounds: 86 90 91

--- Fathomned by bound ---

oubproblen number 11: J= 1 3 2 5
completion times: A1 63 80
Lower hounds: 89 95 93
--- Fathomed by bound ---
--- bubproblemn 9: Fathomed by enumneration ---
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aubproblen numnkber 12: J= 1 3 4
cCompletion times: 25 45 RA3
Lower bounds: 80 80 91

--- Fathomed by bound ---

aubproblen nunkber 13: J= 1 3 6
cCompletlion times: 35 47 A4
Lower bounds: 80 86 93
--- Fathomed by bound ---
--- Lubproblem 8: Fathomed by enumneration ---

aubprobklem numkber 14: J= 1 4
Completion times: 12 31 44
Lower bounds: 76 69 30

aubproblen nunber 15: J= 1 4 2
cCompletlion times: Z8 38 A0
Lower bounds: 76 69 809

aubproblen number 16: J= 1 4 2 3
completion times: 41 48 Y2
Lower bounds: 86 77 89

aubprobklem numkber 17: J= 1 4 2 3 6

Completion times: 57 69 80
NEW

= *xx New incumbent: 59 sk
INCUTTBENT ! --- oubproblem 16: Fathomed by enumeration

subproblen number 18: J= 1 4 2 5
completion times: 44 hBe 77
Lower hounds: 76 7h 89
--- Fathomed by bound ---
--- Lubproblem 15: Fathomed by enumeration ---

aubproblen nunber 19: J= 1 4 3
cCompletion times: 25 38 BA
Lower bounds: 80 73 89

--- Fathomed by bound ---

aubproblen numnber 20: J= 1 4 §
completlion times: 28 43 Al
Lower bounds: Y6 69 89
--- Fathomed by bound ---
--- bubproblem 14: Fathomed by enumeratlion ---



Flowshop 8/26/97 Page 23

aubproblem number 21: J= 1 &
Completion times: 22 34 51
Lower bounds: 76 79 92
--- Fathomed by bound ---
--- Aubprobklemn 1: Fathomed by enumeration ---

aubproblemn number 22: J= 2
Completion times: 16 23 39
Lower hounds: 64 68 87

aubproblem number 23: J= 2 1
Completion times: 22 24 45
Lower bounds: 76 74 37

aUubpraobklen number 24: J= 2 1 3
Completion times: 35 42 &Y
Lower bounds: 86 86 87

aubproblemn number 2Z5: J= 2 1 3 4
Completion times: 41 61 74

Lower hounds: 86 90 91

--- Fathomed by bound ---

aubproblen number Z6: 1 3 6
completion times: Al 6

Lower hounds: 89 95 93

--- Fathomed by bound ---

--- hubproblem 24: Fathomed by enumeratlion --

J= 2
a4 80

aubproblen nunkber 27: J= 2 1 4
completlion times: 28 47 60
Lower bounds: Yo 783 89

--- Fathomed by bound ---
aubproblen numnker 28: J= 2 1 6
completlion times: 38 B0 67
Lower bounds: Yo 88 92

--- Fathomed by bound ---

--- Lubproblemn 23: Fathomed by enumeratlion ---

aubprobklem numkber 29: J= 2 3
Completion times: 29 36 61
Lower bounds: 64 74 837
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aubpraobklen number 30: J= 2 31
Completlion times: 35 37 &Y
Lower bounds: 86 81 BY

aubproblemn number 31: J= 2 3 1 4
Completion times: 41 60 73

Lower bounds: 86 89 90

--- Fathomed by bound ---

mrubproblemn number 32: J= 2 31 6
Completion times: Bl 63 80
Lower bounds: 89 95 93
--- Fathomed bv bound ---
--- hGubproblem 30: Fathomed by enumeration -_.

aubproblen humber 33: J= 2 3 4
Completion times: 35 BE A3
Lower bounds: 64 74 91

--- Fathomed by bound ---

subproblen nunber J4: J= 2 3 6
Completlion times: 45 BY Y4
Lower bounds: 64 83 93
--- Fathomed by bound ---
--- Lubproblemn 29: Fathomed by enumeratlon ---

aubprobklem numkber 35: J= 2 4
Completion times: 22 42 5
Lower bounds: 64 683 90

--- Fathomed by bound ---
Subproblem number 36: J= R

2

Completion times: 32 44 Al
Lower bounds: 64 77 92

--- Fathomed by bound ---

--- hGubproblemn 22: Fathomed by enumeration ---

aubproblen number 3Y: J= 3
Completion times: 13 20 32
Lower bounds: 64 65 34

aubproblem numkber 38: J=
Completion times: 19 21
Lower bounds: 80 72 34

aubprobklen number 39: J= 3 1 2
Completlion times: 35 42 53
Lower bounds: 86 86 B8

31
a8
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oubproblem number 40: J= 3 1 2 4
completion times: 41 a6l 74

Lower hounds: 86 90 91

--- Fathomed by bound ---

aubproblen number 41: J= 3 1 2 6
cCompletion times: 51 63 80
Lower bounds: 89 0H 03
--- Fathomned by bound ---
--- bubproblem 39: Fathomed by enhumeration -

oUubpraobklemn numkber 42: J= 3 1 4
Completion times: 25 44 &Y
Lower bounds: 80 79 90

--- Fathomed by bound ---

aUubprobklen number 43: J= 3 1 6
Completion times: 35 47 64
Lower bounds: 80 86 23
--- Fathomed by bound ---
--- Gubprobklem 38: Fathomed by enumeration ---

aubproblem number 44: J= 3 2
Completion Ltimes: 29 36 52
Lower bounds: 64 74 88

aUubprobklen number 4b5: J= 3 21
cCompletion times: 35 37 B3
Lower bounds: 86 81 88

aubproblemn number 46: J= 3 2 1 4
completion times: 41 60 73

Lower bounds: 86 89 90

--- Fathomed by bound ---

subproblen number 47: J= 3 2 1 5
cCompletion times: 1 63 80
Lower hounds: 89 9 93
--- Fathomed by bound ---
--- Lubproblem 4b: Fathomed by enumeratlion -

oUubprobklemn numkber 48: J= 3 2 4
Completion times: 35 55 A8
Lower bounds: 64 74 21

--- Fathomed by bound ---
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aubproblen nunber 49: J= 3 2 6
cCompletion times: 45 BY Y4
Lower bounds: 64 83 93
--- Fathomed by bound ---
--- Lubproblemn 44: Fathomed by enumeratlion ---

aubprobklem numkber H0: J= 3 4
Completion times: 19 39 RI
Lower bounds: 64 65 91

--- Fathomed by bound ---

aubprobklem number 51: J a]
Completion times: 29 41 6
Lower bounds: 64 74 93

--- Fathomed by bound ---

--- Lubproblemn 37: Fathomed by enumeration ---

3
B

aubproblen number hd: J= 4
Completion times: 6 26 38
Lower hounds: 64 53 89

--- Fathomed by bound ---

aubproblem number 53: J= 6
Completion times: 16 28 45
Lower hounds: 64 A8 92
--- Fathomed by bound ---
--- Aubprobklem 0: Fathomed by enumeration ---

Optimal sequence is 1 4 2 3 5

# subproblems enumerated = 53



