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A power company is doing long-range
planning, and has projected the following
needs for additional power plants:

vear 1 2 3 4 5 6

*pnlants req'd 1 2 4 6 7 8
cost/plant 5.4 5.6 58 5.7 5.5 5.2

[ $rnillion )

There is a fixed cost of $1.5 million lf any
plants are added in a year
At most 3 plants can be added in one year

s e
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When should each of the 8 needed plants
be added?

CE gt Be saved Bl SFdng Some plants i
FAVFCE 8 Le Wesrm i WIS INg) e nesded,
Eherele giording the B 1. .5miiilion ived cost
a0l ear,

Elenniz Bricker, . of lowa, 1997

Stage: n =% of vears remaining in the
planning period
State: S, = total ¥ of plants which have
been added
Decision: X, = ¥ of plants to be added in

the current vear

(Anle Laal the stages e Beimg manbersd
FEVEESE CEooioaicsl ordery Thsl s siage &
i3 e firsd Vear i Hhe planming period el f
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Immediate cost of stage n

FESLes IR surticrent
/ BAFRLE GF e hasn saoed
+co if 8, <R,,, Morevious e
gn(Sn,}in): 0 if X =0 & 5 =R

1.5+C X, ifX,=1,2,0r3 & S_=R_

Fived st e
CosE Fali-lrrs

Elenniz Bricker, . of lowa, 1997

Transition Function

If the decision X, i1s made, when the
current state is 5., the resulting
state will be

CEATIAEE T e

FRETHE oF

obEis w5t ;

B iiwring oF sl /7\ TR er oF
el e FraTis o frlEls saded

Fabizrriae
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Objective

I'=| Minimizing Total Cost

I'Z| Minimizing Fresend Valfue of Total Cost

Elenniz Bricker, . of lowa, 1997

Definition

of Optimal Value

f(S,) = minimum total cost of the current &
remaining stages (n, n—1, ..., 0)
if stage n is entered in state 5y

minimum  { g,(8,X )+ £,,(S, + X,) }if n»l
_ (R -5, ) s¥ps3
fo(Sa) =<
0 if n=0 & S, = R,
| o0 ifn=0& 5, <K,
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AFL code

Power Plant Capacity Planning

=z«F N:;L:5:0G

A

A Dptimal Value Function

A Power Plant Capaclity Planning praoblem
A

=End IF N=0

A Cost of adding plants 1n current year
GE(CpSrply oo+ (H=0)x] B+COETINI=X

A cumurlative # of plants added at beginning of next yr.
ot S0 +X

A Eecursive definition of optimal wvalus
z+ MIN G + (F N-1)[TRANGSITION S+BIGx(o<REQMTINI»]
=0

End:=z«(ps1p0y,BIG

Elenniz Bricker, . of lowa, 1997

Cost per plant =Cy = 5.2

. Req'd * of plants =Ry = &

5
RE = T
g 999999.99 represents infinity
(infeasible decision )

@0ennis Bricker, U. of lowa, 1997
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Etate Values Declisions State

Optimal Optimal Resulting |

7 b.70 1 B
B 0,00 0 B

page 6

Elenniz Bricker, . of lowa, 1997

FOmT SO B TONS
st cormplated \‘L f, (8 :'_
ah 2

- hi
(R,-5,)¢X, 3

H:

5 0 2
6 |Lliiomuyyigeit 12.50
7 6.70 I
a3 0,0 :

1.5+ 55x1 + f(B+ 10 F

@0ennis Bricker, U. of lowa, 1997

minimum gE[SE,KE]+ f (S +X j

Cost per plant =C, = 5.5
Req'd number of plants =R, =7
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o
s 0 1 “
G | g
5 6. 70
; 0. 00

Optimal Optimal Resulting |
=tate Values Declisions State

a 12.50 2 8
7 b.70 0 7
= 0,00 0 =

Elenniz Bricker, . of lowa, 1997

Cost petr plant C3 5.7

Req'd number of plants = Ry = 3
f(8,)= minimum  g,(S.,X,)+f (S, +X;]

- N, £3
(Ry-5575%,s
SE':. 1 2 3

4 25 .40 25.30 |
2 19.,60% 18,60 |
o 12 ';'Cl |
7 -
g

1.5+45.7%2 + 1,(5+2)

@0ennis Bricker, U. of lowa, 1997
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T

0 1 2 a
4 GOROOO: D0::: GRore e 25.40 25.30 ¢
5 Dooooo o0 19.70 19 .60 18 ElCl
b 12.50 13.90
7 B0 F.20 [HRERORCRN S ARnRnn i 8n:
E |:|_|:||:| l;lgl';ll;ll;ll;ll;ll;l

Optinal Optimal Resulting |
atate VWalues Decisions  Gtate f:f

Elenniz Bricker, . of lowa, 1997

Costper plant =C; = 5.8
Eeq'd number of plants =E4 = 4

f,(8,)= minimum g(S,X)+f,(S, +X, ]
(R -5,) 5%, 43

= 1 2 3
2 [E999090 900 QG R |
2 Eg990090::99::] 32 .60
4 25,30 25,90
] 18.60
G 12.50 . . PHHEHEE L
7 6.70 . A A H
8 000 [ Gy g Lo aa0a0:.a0
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90 BGGg LY
o4

999909

Optimal Eesulting

Optimal
atate Values Decisions

atate

Do T D o oD f

e l=t=t=t=t=l

o o o W T R

Elenniz Bricker, . of lowa, 1997

5.5

Eeq'd numbet of plants = R5 =2

Cg

gE{SE’KE:' + fﬂi':SE +}{5:|

Cost per plant

1Iﬁrﬂ:gumn

(R5—55}5H553

5{55} -

f

a0

nafala):
IRy

o
i~

27.50
a1l .40

oo e f
— i

CICY T I O b oo b

Hloococoooo B
Caln oot S f

(m X
(2
e E:
e s NasRat ] =
L
(m X
(2
(m ¥
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0 1 2
ok O o Gt O L B - 44 . H0 44
37.50 38.50 38
31 .40 32 .40 al.
25.30 25.70 25.
18.60 19,60 19.
12.50 13.80 12,
b 1U|.EEEEEE”EE ........................
0

00 -] M W LI I

Optimal Optimal Eesulting
atate Values Declisions State

1 43 .60 a 4
2 36,90 a 5
3 .80 a b
4 .00 a 7
b . a3 8
b 0 b
7 0 7
g 0 8

e e

f(S5) X St

Elenniz Bricker, . of lowa, 1997

Py
wn
ety
wn
——
¥y
w.n
" —"

% Cost pet plant = ':E: 0.4

?1 Req'd number of plants = Ry = 1

5

6 - i S X +E(8 +X

7 £ (Se) R 5 8 (5 Xe) + £5(8 + X )

2 % 6 56

v s o [:I 1 2 3

o [lupHEEEHE 50,50 49,20 48 .50
1 43,60 43,80 43,10 42.70
2 36,90 317,70 37.30 36,00
3 30,80 31,90 30,60 30,20
4 25,00 25,20 24,80 24.40
5 18,30 19,40 19,00 17 .70
6 12.50 13.60 12- ...................
7 6.70 6.90 [999099: 09 koo, o
g 0. TR
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0 1 4

00 =] 0 i e L b= o U

Optimal Optimal Eesulting %
State Values Declisions atate g

OO -] T LI D
T LI LI LD LA L LD
00 -] 20 00 -] S L W L

Tanr

Dptimal

Returns & Decisionsk

Optimal Optimal Resulting E

stage 6: | State Values Decisions State -
0 48 .50 3 3
1 42 .70 3 4
2 36,00 3 )
3 a0.20 3 B
4 24 .40 3 7
) 17.70 3 2
) 12.30 2 2
7 B.70 0 7
2 0,00 0 2

@0ennis Bricker, U. of lowa, 1997
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_ Optimal Optimal Resulting |
Stage 5: | state Values Decisions GState |
1 43.60 3 4
2 d6.90 3 a]
3 A0.80 3 f
4 25,00 3 7
al 18.30 3 ]
3 12.60 0 f
7 f.70 0 7
= Q.00 0 a
: Optimal Optimal Resulting |
Stage 4 atate Values Decisicons  State :
37 .60
Elenniz Bricker, . of lowa, 1997
Stage 3: Optimal Optimal Resulting [
ntate Values Declizsions ctate Z
4 25.30 3 7
a] 18.60 3 a
4] 12.580 0 4]
7 .70 0 7
a .00 0 a
. Optimal Optimal Resulting
stage 2: atate Values Decisicons  State :
& 12.60 2 o
7 .70 0 7
a Q.00 0 a
ntage 1: Optinal Optimal EResulting %
htate Values Decisicons  State :
7 f.70 1 a
a Q.00 0 a

@0ennis Bricker, U. of lowa, 1997
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Optimal 5Solution

The initial state (entering stage 6) is 0

#kd Optimal valus is 48 .5 Ak

STAGE o TATE DECISION ¢

Elenniz Bricker, . of lowa, 1997

Discounting Future Costs

Let 1 = rate of interest
Then

$1 invested now has the same value as

$1(1+r)" after n periods,
and

$1 paid n periods hence is equivalent to

| 1 1 drscount |
$1 W= $1p wherep = == | rmctor |
+1

paid now. -

@0ennis Bricker, U. of lowa, 1997
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Minimizing total discounted future costs,
i.e., present value of future costs,
in a DP model:

In the power plant capacity planning model:
f’

minimum | g,(8,X)+ BE.(S,+X)}Hf n»l
_ (R, -5, s¥ps3

fu(S0) =<

0 if n=0 & 8, = R,

00 ifn=0&5,<RK,

discount
factfor |

= minimum present value of costs of last n
stages {proesent” «—— stage nf

Elenniz Bricker, . of lowa, 1997

Power Plant Capaclty Flanning g

atate Vector

1 1234567 809
s[11 01 & 3 45 6 7 8

Decision Vecotor

1 1 2 3 4
#2[11 o1 2 3
Suppose that r=20%, so that p= 11—2 = (.83333

@0ennis Bricker, U. of lowa, 1997
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Power Plant Capaclity Planning

=+F N;L:;5;03

A
A Optinal Value Functilon

A Power Plant Capaclity Planning praoblemn

A (mininizing present valuse of future costs, with
A disecount factor bhetad

A

_:|.

End IF N=0

A Cost of adding plants in current year
GECCpsip0re +(E=02x1  B+C0STINI=x

A Cumulative # of plants added at beginning of next ¥y
SEt= N 4

A Eecursive detfinition of optimnal wvalus

Z+ MIN G + betax(F N-1)[TEANSITION S+BIGx<(S<EGMTINIII]

=0

End:=«(psrp0r,BIG

Hote: recursion is backward
APL Code

Elenniz Bricker, . of lowa, 1997

Power Plant Capacity Planning

Eecursion type: backward

- Q % % % —bLtage 1—

Y
QOG0 90 QoQ0 Qg QoRQ 0o 17.10
QOG0 9% 0QoQ Qg 11.90 9999 00
Aogo ., 9q f.70 9900 00 QQQQ Q0
0,00 99090 00 0000 Q0 9Qag. 00

[ R ) B Ny

Optimal Optimal Resulting |
atate Values Decisions atate &

5 17.10 a a8
b 11.90 2 a8
7 6.70 1 a8
a 0, Q0 0 =

@0ennis Bricker, U. of lowa, 1997
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O] oM 0
SmRm R

e R R
O
Fary 2 Rf= R Rt
) 2y R e R R
T 00 D D D
Sula
O
= B S
O =] [ D D

~0
~0

---otage 2---

Lo e o o S R I

---ntage 3---

[
[
]
| =

| =

9999 .99 9999,
0000.99 17,

4.65 7.
0.00 9999,

00 T LT A0 O
01 ¢ 00 0 O

10/31/97

| b2

9O00 .90
15.08
12.50
9.90
99,90

~O 0
=00

page 16

Optimal
State Values

| [~

| L

Optimal Resulting ¢

Decisions State

Elenniz Bricker, . of lowa, 1997

Optinal
state Values

Optimal Resulting g
Decisions State :

f3(S3)

@0ennis Bricker, U. of lowa, 1997
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1
]
| =
| [

3

[ B e ) BN TR S )

0.00 9990.00 0000.00 0000 .00

Optimnal Optimal Resulting @
otate Values Declisions htate

1 39,28 3 4
A : ;
---htage 4--- 4 19.38 0 4
5 14,63 0 5
A 0,60 0 A
7 3.88 0 7
o 0. 00 0 o
e fy(Sy)
Elenniz Bricker, . of lowa, 1997
S % E: 0 1 2 3 54 fﬁ(54)
- - - - - - - 1 30,28
O | 9999 .99 9000 90 9. 7Hh 40,573 5 12,483
1 1 999999 34,16 14,073 34,45 5 T
21 27.06 29.33 250 .85 30, 49 4 10,38
31 22.23 0 23.2% 24 .89 25 .57 5 14.673
4 | 16.15 19.29 19,93 21 .57 f a6
5 1 12.19  14.33 15.93 18.30 7 3.88
Aol 7.23 10,373 12.70 99494999 o .00
7 3.273 7.10 9999 99 9999 g9qg :
81 0.00 9999.99 99 Optimal Optimal  Resulting |
atate Values Declslions atate
0 39,76 2 2
1 34,16 1 2
S
---Gtage 5--- 4 16 .15 0 4
5 12.19 0 5
A 7.23 0 b
7 3.23 0 7
o Q.00 0 a

(S

efiliis Bricker, U. of lowa, 1997
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O] I

YoMt W]

| 999000 00

I
I
I
I
I 10.16
I
I
I

-—htage A---

10/31/97 page 18
L 2 3 Sc  f5(Se)
ah .37 a4 .85 a6 .23 0 39.76
29 45 30,83 3l.16 1 4.1
25 .43 25 .7H 27 .86 2 27 .00
20,36 22 .46 23.73 3 22 .23
17 .06 18.33 200,309 4 16.15
12.93 14.90 17.70 a] 12.19
a.h0 12.30 Q900 00 ] 7.23
f.90 Q00 Q0 QQQQ 00 7 3.23
Optimal Optimal Eesulting
otate Valuses Decislions otate

i d4 .85 2 2

1 28 .47 i 1

2 22 .60 i 2

3 18.53 i 3

4 13,46 i 4

a] 10.16 i a]

f b.03 i f

7 2.09 i 7

a 0,00 i a

wivelnns Bricker , U, of lowa, 1937

Power Plant Capacity Planning

#dkd Optimal valuese is 34.8H369084 Ak

aTAGE

[ ]

P N R

=TATE

00 =] =] s LA

DECISION

=T LA T D
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