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Cyclic Staffing Problems

A o O
e
A R R

Ly
Bt s
S S
i
S S Sty

e
gl yklaly
gl ghklaly
i
gl ghklaly

ﬂ%ﬂﬁ%ﬂﬁ,ﬂ%ﬂ A A R A R R T R r,ﬁ.ﬂﬂ,ﬁ.ﬂ%ﬂ
] e (O] u:”””””””
&&&f&f e R S I o) &f&&ﬂ
[
o T T M P 5
. L T e T
S -
o A e T A
e e L 5
. [
T e P A
L T e T
A | e et I &
. o A e T
S —
[ g
o T T M P 5
. L T e T
S
o A e T
e e L =
. [
T e P A
L T e T
| e ! &
. o A e T
S
[ =
o T T M P 5
. L T e T
S
o A e T =
e e L 5
. [
T e P A
L T e T
| e ! &
. o A e T
S
L S ] -
| e A, el 5
. L whcbtts B E—
e et e . =
Foah e T oot
| Bhbbttbhhrhned W O Rttty 5
. B | et —
2 Aty
e e e e ]
. [ONANA R AR LR N ittt O X S T B
bttty e A
Bt g TN il o of ol
| Rt e gy Sty —_ Lot
. eletabetat B W Gt g I 2 H
R, fdt R
o] ) oot = y—
| Bttt ! it Tkt
: Lt SR EERE L e, et T O =
i P e ] O
| Bttt b e
. b ] i oot R
] e R A
B w e S W B AR .
b o e e T e —_
ettty g et bbbty =
] e e bt
ot i e Y—
| Bkt paat ety =
. [ ] e R bt @]
B e I bty b o
b | B r i 0 e Rty — &
ot e =
i W S .
Fannedtil gy ] ] —
| e ot 2252 5
. aniintd] i) it
e ool el
B e e e S [ bt I =
| bbbt bt e ittty 5
. [ P e e
I, o
aniintd] ey it |
| Bttt fdt el &
. o] fi) pf e
bttty e o I ot Eeheititsd =
Bt I ok et
| e rE e 5
. L i e ey P
e i e
EREEt et e Rt
| R T T e e e, A
. B i) oo
I, o s
bty L o
el R et e R
. Bt B o
o T I
L e i e e
| e A, L
. ] bbbttty
e et o
P e T frodt e A
| A, A
. Bttt N I R
e P gl
L e T e e
e e
. Lo e A e T T T e
T
L e e
o e T e P e P A
. L e T e
e e e
Lo e A e T T T e
e T T e o
. L e e
e e T T
L e T e
e e
. Lo e A e T T T e
T
L e e
o e T e P e P A
. L e T e
e e e
Lo e A e T T T e
e T T e o
. L e e
A T
L e T e
e e
. Lo e A e T T T e
e
L e e
. o o e S T
A R

rrrrrrrrr

pkllyhlalaisl s

L S P T T T T e

hpkyplplalalylallylplplpllalal
e o e

o e S S Sy S
ey b e b S
L
ey b e b S

%‘ﬁﬁ&

ey

R R AR
I SR

ekl alialalailalsislalipllsily
L

a%

%ﬁ%ﬁ%ﬁﬂﬁ%ﬂﬁ%ﬂﬁﬁﬁ%ﬁ% Lyt
eyl
%ﬂ,

Cvclic Staffing problems are characterized by

n=* periods per cvcle
m = ¥ periods per shift

Ci = cost per worker for shift i

number of workers req d in period j

For emple, for n=7,m=5, each worker's shift

consists of 5 consecutive periods (davs) per

cycle (week).
Staffing requirements, as well as the cost per

worker, are given for each period during the

cycle.
The problem i1s to determine the number of

assigned to each shift.

workers to be

ILILenms Browier, U, of lowa, 1997
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The Kleen City Police Department
is preparing a shift schedule for
the policemen & policewomen.

The 24-hour day is divided into six 4-hour
periods, with the first period beqginning at
2:00 am.

Each person works two consecutive 4-hour
periods, 1.e., 8 consecutive hours.

Elenniz Bricker, U. of lowa, 1997

The requirements in each period (which are the
same for each day of the week) are:

period ¥ | time of day | requirement |

1 02-06 27 | timesare
2 06-10 SER B
3 10-14 88 ook

4 14-18 110

5 18-22 44

6

22-02 33

wWe wish a daily plan which employs the least
number of persons.

Elenniz Bricker , FrEfF a0 s 15
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There are six possible
shifts that a person may
work. Let shift #i be
the shift starting in
period #i and including
period #i+1.

Define EHESEDLREISEE

X; = # of persons assigned to
shift #i (i.e., working in
periods i & i+1)

e Elies siirl b

Elenniz Bricker, U. of lowa, 1997

R
2

# of person working in
period ¥i (i.e., shifts #i
and ¥i-1) must be at least
the number required.

%?#%Mﬁ For example, persons who
are assigned to shifts 1&0
vwork in period #1, and so0

}(1 + XEE 22= R]

Elenniz Bricker, U. of lowa, 1997
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Minimize

K1t Xo X3+ X+ X5+ X5
subject to

X1 + Xz 22= R,
X1+Xo > 00= R,
Xot+Xs3 06= Rs
X3t+X4 >110=R,4

Xq4+Xs5 =2 44=Rg

X5tXez2 33= Rg

I

Xi =0 & integer

Elenniz Bricker, U. of lowa, 1997

Minimize
X 4+ Xo+ X5+ X4 Xs4Xg [ 100001 — 55 ]
110000 o5
SEFFTIG 011000 a5
reguirements | 001100 110
00110 w
subject to [-Z002 x| 32
100000 0
Ranegatngtle | 010000 0
constraints | 001000 0
000100 0
000010 0
Ll 00000 1| a |

Elenniz Bricker, U. of lowa, 1997
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Change of

variable

1"I"II..a_l = X]+XE+X3+X4
Yo = X+ Xt X3t X 44X
Tﬁ = }{1+}{2+}{3+}{4+}{5+}{ﬁ

Elenniz Bricker, U. of lowa, 1997

Minimize Yg

I 0 0 0 -1 22

e o 1 0o 0o 0 0 55
SLarting 4 0 1 0o 0 o 25
PEGUITETISNIS | o -1 0o 1 0 0 110
rTT—————————— (] 0 -1 () 1 0 44
subject to | -%.-2...0... L0y, | 2R

Il 0 0 0 0 0 0

-1 1 0 0 0 0 0

o -1 1 0 0 0 0

OSSN | o 0o -1 1 0 0 0
consirainis | 0 0 0 -1 1 0 0

(¥ pnresiriolied i sign,
aut inlegend

enniz Bricker, U. of lowa, 1997
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fhere appears fo be some

simitarily to a node-arc []:, []j 8 g _[:1] [;
ncrdence mairix of -1 0 1 0 0 0
nelwork, namely the o -1t 0o 1 0 0
elemenis consist only of g g _D] _D; []3 ?
+ 7, -7, and zeref e T e
fhe transpose of the "01 _]] ? g g g
malriy would appear 0 0 -1 1 0 0
2ven more sHmifar. ... o 0o 0 -1 1 0
many rows have only 0 0 0 0o -1 1 _

iwe nonzere efements
f(7 & -7

Elenniz Bricker, U. of lowa, 1997

in fact, it not for the o o0 - @
vy s . o 1 0 0 0 0
77 the upper—right 10 1 0 0 o0
carner, the mairiy o -1 0o 1 0 0
transpose would be o o -1 0 1 0

g node—arc incidence o oo -1 oo 1
matrixd o o 0 0 0
-1 1 0 0 0 0
o -1 1 oo o
o o -1 1 oo
o o oo -1 1 0

A 6 D O N § N O B T

Elenniz Bricker, U. of lowa, 1997
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The problem
can be viewed
as finding the
minimum Yg
such that the
constraints are
feasible:

11/18/97

Minimize Yg
1 0 0 0
0 1 0 0
-1 0 1 0
o -1 0 1
O 0 -1 0
I e |
I 0 0 0
-1 1 0 0
o -1 1 0
o 0 -1 |
o 0 0 -1
L 0 0 0 0

subject to

-1 ] [ 22
0 55
0 |- - 88
o || Y 110
1 44
] 2l |53

.......... "l|||l"3 2
0 0
0 Tﬁl §
o ||Y5] |0
0 (0
] [l
i 0 _

— O O D —

e T I O

page 7

OV wnresiricied i sign,

il inlegert/

Suppose that Yg is temporarily fixed... the dual LP then

becomes

Max (22-Ye )y + 35w +88mz+ 1 10my+A4dms+(33 Y s Jms - Y 14

subject to

10 -
o 1 0
o 0 1
o o 0
-1 0 0

0 0 01
-1 0 0 0
0 -1 0 0
1 0 -1 0
01 0 0

Tiz0,i=12.6

-1 0 0 o 0
-1 0o 0o 0
o 1 -1 0 0
o o 1 -1 0
o o 0o 1 -]

niz0,i=12..6

L S e B T e

Elenniz Bricker, U. of lowa, 1997



Cyclic Staffing Problems 11/18/97 page 8

N A W b =

)]

The coefficient matrix is a node-arc incidence matrix if

a redundant constraint is added, namely the negative of
the sum of the five equations:

1 0 -1 0 0 0{1 -1 0O 0 0O 0| [ 0]
o 1 0 -1 0 0i0 1 -1 0 0 0 ([« 0
0 0o 1 0 -1 00 O 1 -1 0 0 |[pu=]0
o 0 0 1 0 -1:0 0 0 1 -1 0 0
-0 0 0 1 0 0 0 0 0 1 - 0

L0 -1 0 0 0o 1i-1t 0 0o 0o o 1, =]0]

AMEE RO |

Elenniz Bricker, U. of lowa, 1997

For fixed values of Y, , we would need to solve
the network problem:

Max (22-Yg )y + 551 +88a;
+1107+445ts+(33 Y Jots- Yepts |

supply/demand
at each of the
six nodes is zero!

Elenniz Bricker, U. of lowa, 1997
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It there exists any feasible flow having a positive
objective value, the LPis wrbounded (which implies
that the primal LP is mifeastble 1)

Max (22—Y5):FI:1 + 55:“:2 +83:ﬂ33

110w+ (33 Yoo Yol |

supply/demand
at each of the
5iXx nodes is zero!

Elenniz Bricker, U. of lowa, 1997

Max (22—Y5)IE1 + 55:“:2 +83:ﬂ:3
+ 110704+ 440533 Yo s~ Yoo |

The LP 1s unbounded if
there exists a cvcle with
total "length” which is
positivel

“hold” arcs figve fength
WhICh depends uparn T

Elenniz Bricker, U. of lowa, 1997
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Minimize Yg + Max (22-Ye)m, + 550, +887; |
+1 107+ 4455 +H33 Y Y- Ye s

Fhe problem becomes
that of finding the
smaifest valve of
SUCH that there exrsis
no positive-lengsth
cyele o the network/

A 01 matrix has
' Umns |

*» the 1's in each column are circular

e if thefirst "1" (in a cyclic sense) of
column | precedes that of column k, then the
last "1" (in a cyclic sense) of column k does

not precede that of column j.

Elenniz Bricker, U. of lowa, 1997
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Forh of the matrices belfow fave circviar 1 s
n eafumns ., Qut are not properfyv compatibie

B a0 ] 1]
1o .. 1 0
1 .. . o0
1 .. . o0
1o .. . o0
oo ... 1 0
... 00 .. 1 ]
st begins Ister & |
ends earfier than the |
Provious siift

Elenniz Bricker, U. of lowa, 1997

Suppose that each shift consists
of 4 consecutive hours, with a
l-hour lunch break, plus another
4 consecutive hours....

Froperfyv compatrife it not
cireiiar {8 m colfimns

Elenniz Bricker, U. of lowa, 1997



Cyclic Staffing Problems 11/18/97 page 12

Our example problem (Kleen City Police Dept.)
does have "properly compatible circular 1's in
columns”:

(100001 ]
110000
011000
001100
000110
00001 1 |

Elenniz Bricker, U. of lowa, 1997

If the matrix for a cvclic staffing problem has
properly compatible circular 1's in columns,
then the variable transformation

results in a problem whose dual, for fixed
integer values of Y5, 1S a network flow problem

(with integer solution).
Elenniz Bricker, U. of lowa, 1997
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For the special case C; = 1| for all i=1,...n,

e, abfective 18 to pnimize the
total number of workers,

the problem may be solved by making th
transformation to Y;.Y,, ... Y.

solving the continuous LP relaxation, and
rounding each of the non-integer Y, s up
to the next integer!
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