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Cutting-Plane Techniques: From a non-integer
optimal solution of the LP relaxation, a
constraint is derived and added to the LP, such
that the LP solution is eliminated, but NO
integer feasible solution is eliminated.

I'="| Gomory's Fractional Cut

Dual All-Integer Cut
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‘Iﬁﬂmﬂry‘s Fractional Iljut\

Suppose that the optimal LP tableau includes
the row

Il
>, 0 xj =P
=1

Suppose that x, is basic in this row, so that

X + Z Clij X :Bi
jeb

where B = index set of basic variables.

page 2

Elenniz Bricker, U. of lowa, 1997

Notatio fij =fractional part of
= oy - o]

&3] = integer part of oj; |

] = integer part of P

%] =1 [ﬂ =0 fi = fractional part of
] = Bi - [Bi]
| 4
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:{k+z i) X :l?’i

ieB

may be written

Elenniz Bricker, U. of lowa, 1997

A NECESSARY condition for x, & x; (j€B)
to be integer is that the right-hand-side of

is integer, i.e.,

fi- > fixy & {...-2,—1,[}, 1, 2,3,...}
i#B
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However, fi<1l & fixj=0
imply that fi - > fix; <1
2B

and, indeed, fi- > fix; must be no greater
2B
than the largest integer < 1, 1.e.,

Elenniz Bricker, U. of lowa, 1997

— 2 fix

&b

- > fix;= - f
j¢B

—Z finj+S = -f

jE3=
STk

\sF i e
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This constraint MUST be satisfied by all INTEGER
feasible solutions of the source row!

Howewver, it is NOT satisfied by the current
LP solution if £ # O

(Since x;=0 for j ¢ B)

Elenniz Bricker, U. of lowa, 1997

L SO

T TS

S o 0
apdimsl |
L5 Eabiasis

L:'e;'.3+ l:'a:5+ 1:{? =

4
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L:-'.’.3+ 1:«:.5+ 1:{?

4

%z, %y , and xy Fre ronbasic in the
current [P oplimal tablezy, then these
varighfes gre ZEFRQ in the basic sofution,
and the above consirainl is violaled by
the current LR oplimal sofviion!

Elenniz Bricker, U. of lowa, 1997

Gomory's Cutting-Plane Algorithm

Initialization

Solve the LP relaxation of the problem
= Optimality test

Is the LP solution integer? If so, stop.
Cut
Choose a source row (with non-integer
right-hand-side) and generate a cut.
Add cut to bottom of tableau

@Dlennis Bricker, U. of lowa, 1997
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Pivot

Re-optimize the LP, using the dual
simplex algorithm.

Return to step 1.

Elenniz Bricker, U. of lowa, 1997

All variables (including slack/surplus variables)

must be integer.

If original inequality constraint has non-integer
coefficients or right-hand-side, multiply both
sides by an appropriate positive constant, e.g.

2 4 S
= X! + 3 X2 = 5 il 1 Bolh

Sides & S
— 12 x;+40 x> =2 735
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Choice of Source Row

Cuts mav be generated using as source row:

» any row in optimal LP tableau which has a
non-integer right-hand-side

» a multiple of any row in the LP tableau

* 3 linear combination of rows from the LP
tableau

Elenniz Bricker, U. of lowa, 1997

Choice of Source Ro

While the strength of the cut varies, depending
upon one's choice, no rule is known which will
guarantee choosing the row vielding the
strongest cut.

@Dlennis Bricker, U. of lowa, 1997
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Heuristic rules

Choose, as source row, that which has

1) max f1

) max [l

12E

3) min {%- fi}

Elenniz Bricker, U. of lowa, 1997

Max z= 2x1 + X2
s.1.

EXAMPLE

X] + X223
-X] + X220 37

bxi+2 x22 21

X1, X2 = 0 & integer

@Dlennis Bricker, U. of lowa, 1997
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Introduce slack wvariables to convert to
equations:

Max z=2x;+ x2

subject to x1 + X2 + X3 =3
- X1 + X2 + X4 =1
bx;+2 %2

xj € {0,1,2,3

Elenniz Bricker, U. of lowa, 1997

optimal
LP tableau

@Dlennis Bricker, U. of lowa, 1997
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ANY of these rows could serve as the
SOURCE row for a cut;

1 1 _11 1 .. 1.3

X1 - — X3 + =X =— = —X3i+ —X§= —
2 4 4 2 4

3 1 0 1 3 1

X2 + —Xz3 -=X5=— = —X3+ —Xg5=z —

2 4 2 4

1 1 1 1

-2 X3 +X4 + ZH5== = — X5z =

2 2 2 2

Elenniz Bricker, U. of lowa, 1997

Graphical Representation || — substitute

of Cuts in X X,-plane X3= 5 -X| -X
x5 = 21 - 6% - 2x2

5x1+2x2< 18 |

bx1 + 3xs = 20

c CHCK 10058 0
UL L0 S IRk
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2X] + Xp = 7

Elenniz Bricker, U. of lowa, 1997

9X1+ 2 x2= 18

@Dlennis Bricker, U. of lowa, 1997
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bx1 + 3xz = 20

Elenniz Bricker, U. of lowa, 1997

Each cut adds a new row & a
new column (slack variable)
to the tableau...

Dropping Cuts

from Tableau

I[f ALL cuts are kept until the algorithm
terminates, the tableau becomes so large as to

be "unwieldy "l

When a cut is no longer "useful”, it would be
advantageous to be able to delete that cut.

=

@Dlennis Bricker, U. of lowa, 1997
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Dropping Cuts

When a cut is added to the tableau, & the dual
simplex pivot removes its slack variable from

the basis, the cut is a "tight" constraint, i.e.,
its slack variable is zero.

If acut's slack variable re-enters the bhasis at
a later iteration, then the cut has become

inactive and mav then be dropped from the
tableau.

Elenniz Bricker, U. of lowa, 1997

Max z= 2x1 + X2
§.t. X] + Xz= 3
-X] + x=10

bxi+2 x= 21

X1, X2 = 0 & integer

a7
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Initial Optimal
LP tableau Current LP Tableau

page 15

Yariakbles:
(Hegative of ) obhjective function wvalus: =
Original structural varlables: 1 2

Original slackssurplus variables: 3 4 5
black wvariables for cuts:

Elenniz Bricker, U. of lowa, 1997

The rows having non-integer right-hand-side are 2 3 4

Lource oy 1S # 2

i 2 3 ] 3] rhs
ROTIr e oI 1
cut 0] -

(Z[A] (= slack wariable for new cuty is basic but < 02

The cut which 1s added 1s (in terms of original wvariabhles):

@Dlennis Bricker, U. of lowa, 1997
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Current LP Tableau |

Variabhles:
(Hegative of ) obhjective function valus: =
original structural varliables: 1 2
original slack/surplus varlables: 3 4 6
mlack wvariables for cuts: B

Tableau is now
primal infeasible
(but dual feasible!)

Elenniz Bricker, U. of lowa, 1997

colving current LP B

Performing dual simplex pivot in row &

Potential pivot columns: X033 61

i 3 5

Rel. Profit | “0.5  ~0.ZF
subs. rate 0.5 0.7
Ratic 1 0.333 |

Minimum ratic 15 1n column 5,
which 15 selected as plvot ocolumn

@Dlennis Bricker, U. of lowa, 1997
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Current LP Tableau

pivot
column

Elenniz Bricker, U. of lowa, 1997

Yariahles:
(Hegative of ) ohjective functlion valus: =

Original structural varliables: 1 2
Original slack/ssurplus variables: 3 4 6
mlack wvariables for cuts: f

@Dlennis Bricker, U. of lowa, 1997
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The rows having non-integer right-hand-side are 2 3 4 h

SouUrCce oy 1s # 2

1 2 f 7 rhs

QOUrCe PO
Cut:

(xZ[7] (= slack warliable for new cuty) 1s basic but = 02

The cut which 1s added 1s (in termns of original wvariliables):

Elenniz Bricker, U. of lowa, 1997

current LP Tableau

z 1 2 345 6 7 B

1 00 0,333 00 "0.333 0 |~7.67

0 01 1.67 00 "0.333 0 | 2.33

0 00 "2.33 10 0.667 0| 0.333

0 10 "0.667 00 0,333 0| 2.67 |

0 00 0.667 01 "1.33 0 | 0.333 |

0 00 "0.667 0 0 "0D.667 1 |-0.333 | ~— cut

Variabhles:
(Hegative of ) obhjective function valus: =
original structural varlables: 1 2
original slack/ssurplus varlables: 3 4 6
mlack wvarlables for cuts: b 7

@Dlennis Bricker, U. of lowa, 1997
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folving current LP |

Performning dual simplex pivot in row a

Potential pilvot columns: E[3 61

1 3 f
E=l. Profit 0,333 T0.333
aubs. rate “O.eaY T0.a67
Ratic 0.5 0.5

Minimum ratio 1s in <olumn 3,
which 15 selected as pliveot column

Elenniz Bricker, U. of lowa, 1997

Current LP Tableau |

T T (]

column

@Dlennis Bricker, U. of lowa, 1997
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furrent LP Tableatn B

z 1 2345 & 7 E
1 00000 0 705 [77.5
o 01 o000 "2 2.5 1.5
o 00010 3 73.5 1.5
o 1 oooon 1 71 3

o 00001 "2 1 0

o o001 o000 1 71.5 0.5

Variahles:
(Negative of ) ohjective functlion valus: =

original structural wvariables: 1 2
original slack/surplus variables: 3 4 b
mlack wvariables for cuts: B 7

Elenniz Bricker, U. of lowa, 1997

The rows having non-integer right-hand-side are 2 3 6

pouree row 1s # 2

i 2 f 7 a rhs
ROUr e oW 1 2 2.5 0 1.5
Curt s 0 0] 0.5 1 0.5

(Z[B] (= slack warlabkle for new cut) 1s basic but = oo

The cut which 15 added is (in Termns of original variliables):

@Dlennis Bricker, U. of lowa, 1997
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Current LP Tableau |

z 1 232345 6 78 B
1 oooQQo0 o 0,580 77,5
o o1 o000 72 2,810 1.5
o ool o 3 7380 1.5
o 1 o000 1 71 0 3
o o001 72 1 0 0 .
o ool o0 1 71.580 0.5
0 00000 0 0,51 |05 |[~“—cut
Variabhles:
(Hegative of ) obhjective function valus: =
original structural varliables: 1 2

original slack/surplus varlables: 3 4 6
mlack wvariables for cuts: B 78

Elenniz Bricker, U. of lowa, 1997

folving current LP ¢

Perforning dual sinplex pivot 1n row 7

Potential plvot columns: XL07]

i: 7
E=l. Profit ~0.5
Apubs. rate  T0.5
REatio 1

Minimum ratic 15 1n <olumn 7,
which 1s selected as plvot columnn

Eesulting solution 1s agalin infeasible (wvariable = 03

@Dlennis Bricker, U. of lowa, 1997
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Current LP Tableau |

LRl ol T R
ol e | ol g 8

L e B o el e S I 8

Rl i e (R

LR R ol R AN

oo oo |

i la e Lalaal ool o
o]

Elenniz Bricker, U. of lowa, 1997

z 1 2345 &7 8 B
1 oo Qo o071 77
o 01000720 5171
o o000l o 30774
o1 o000 10 72 4
o o000l 20 2171
o o001 00 10 73 2
o o000 o1 72 1

As a result of the previous dual simplex pivot,
the right-hand-side of the new row becomes
positive, but further dual simplex pivolts are
necessary, because negative numbers have
appeared in other rows!

@Dlennis Bricker, U. of lowa, 1997
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=z 12346 7 8| E

1 ooo0o00 o0 -1|-7 Next pivol
0 01000 20 §[-1 row should
O 00010 30 -7 R :

g 100060 10 -2| 4 be erther
0 00001 20 2|-1 row 2 or
O 00100 10 -3 2

O 0oooDoOo0 01721 row 5.

Performing dual simplex pivot in row 2
Potential plvot columns: XLA]

i B
Eel. Profit
subs. rate
Eati

Minimum ratioc 15 1n columh 6,
which 15 selected as plvot oolumn

Elenniz Bricker, U. of lowa, 1997

z 1 2345 &7 8 B
1 00000 o 1|77
o 01 000 D 5171
(O O T W W R 0 "7 b
o1 o000 10 72 4
o o000l 20 2171
o o001 00 10 73 2
o o000 o1 72 1

@Dlennis Bricker, U. of lowa, 1997
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current LP Tableau

z 1 2 34567 8 B
1 0 0 (T W I R B | ~7
o0 05 00010 2.5 0.5
o0 1.5 01000 0.5 3.5
o1 0.5 00000 0.5 3.5
o071 o001 00 73 0
o0 0581 0000 705 1.5
o0 0 o000l "2 1

Variahles:
(Negative of ) obhjective functlion valus: =
original structural variables: 1 2
original slack/surplus varliables: 3 4 5
nlack variabkles for cuts: b 7 A

Elenniz Bricker, U. of lowa, 1997

The rows having non-intedger right-hand-side are 2 3 4 6

From which row do wou wish to generate the cutt
O:
2

The cut which 1s added 1s (in termns of original wvariliables):

pource row 1s & 2

il 2
Source row: TO0.H 1 2.8 0 0.5
Cut s 0.5 0 0.5 1

(EL[P] = glack wariable for new cuty is basic but < 0o

@Dlennis Bricker, U. of lowa, 1997
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current LP Tableau

z 1 2 34567 /B 9 B
1 0 0 (T W I R B | a1 =7
o0 0500010 72,570 0.5
o0 1.5 01000 0510 3.5
o1 0.5 00000 0570 3.5
o071 o001 00 73 0 0
o0 051 0000 70510 1.5
o0 0 o001 "2 0 1
o0 o5 00000 051|705

Variahles:
(Negative of ) obhjective functlion valus: =
original structural variables: 1 2
original slack/surplus varliables: 3 4 5
nlack variabkles for cuts: b 7 A

Elenniz Bricker, U. of lowa, 1997

Performing duval simplex pivot 1n row 8

Potential pivot columns: X[2 81
1t 2 a8
Eel. Profit O ~1

subs. rate  T0.5 T0.5
REatio (0 2

Minimumn ratic 1s 1n <olumn 2,
which 15 selected as pliveot columnh

@Dlennis Bricker, U. of lowa, 1997
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bl ol el R R S |

e o e e T
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DD D | O
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Elenniz Bricker, U. of lowa, 1997

Current LP Tableau

z1234567 8 9 E

100000001 o7 Al varighles
000000102 1| 1 .
000010001 3| 2 are infeger!
01000000 0 1| 3
00000100 "2 2| 1
000100001 1| 1
00000001 "2 0f 1

oo01o0000 1 2| 1

Yariakbles:
(Negative of ) obhjective functlion valus: =
Original structural warilables: 1
original slack/surplus varlables: 3
olack wvariables for cuts: ]

et (Y A R
oo n

@Dlennis Bricker, U. of lowa, 1997
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Cplimal Sofviion.

X1=3

X2=1
£ 1 2 b
1» 5 2 = 18
22 4 2 = 15
3321 =7
4310 = 3

Elenniz Bricker, U. of lowa, 1997



