Network Center 11/3/97 page 1

et
Fhgkylplplalalalalyllylsllal

hghyhpkplalplalalylylylyllal:

o S

Fhgkylplplalalalalyllylsllal

e e

e ghghah iyl
gkl
e e
e ghghah iyl
gkl
e e
e ghghah iyl
gkl
e e
e ghghah iyl
gkl
e e
e ghghah iyl
g%%%gg%gg% % e R s s
e S e
D e e e e
byl ylyialiialalalalalplylalsl

e S

e

e S

This Hypercard stack was prepared by:
Dennis L. Bricker,
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%ﬂ e-mail: dbricker@icaen.uiowa.edu
R

Ceonter of a Netwerk

Define the function ¢(x) = maximum d(x,j)
jeN
where _
d(x,1) =shortest path from x to node ]

2., PR gisiance From & o fhe farihes node of
Ihe nelwark,
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Suppose xeedge [P,0]

d(x,1) =shortest path from x to node j
= minimum of dix,P)+diP,j)
@ and d(X,Q)+d(Q,])

\\\\ 1.e., the lower envelope of two linear
O, functions _ .

Elenniz Bricker, U. of lowa, 1997

For x € edge [P,Q],

O(x) is the upper
envelope of Lthe
functions dix,j)

for je N

= maximum dix,j)
1M
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The ierfex Cenrfer is the point xelN which solves

minimize o(x)
HEN

1.e., the point which solves the mswmimay problem
minmize {ma}{imum d(x, ])}
REN JEN
The Fdge Center of an edge [J,K]is the point z
on edge [J,K] which solves

minimize G(x)
#E[JK]

Elenniz Bricker, U. of lowa, 1997

The dasefufe Cenfer of a network is the point
z (a node or a point on an edge) which solves
minimize G(x)
KE(3
where G=MN1J A 15 Lhe set of nodes and points
on edges in the edge set A
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Example |

absolute center|

g vertex center |
® : &0
\ y A y A

2 2

Elenniz Bricker, U. of lowa, 1997

Example

where should a fire
station be located so
as Lo minimize the

distance Lo the farthest
village

d(x,J) = shortest path from point % (on the netwark]
towvillage J, JeN={A B,C,D,E]

Minimize { Max dix,J) 1|
Je M

A
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55 — 5
4 7 - 4
A — 5
2 - &
Consider d(x.,J) for points a w——fd{uﬁ;} i
% on the edge (A,B) A | 2 3 B
X

dix,Al)is monotonically increasing (slope: +1)
as x moves from A to B, while dix BJis
monotonically decreasing (slope: -1)

Elenniz Bricker, U. of lowa, 1997

g dix,C) -5
4 - -4
3 -3
2- o
1 - - |
dix,Cl =3 at x=A, and increases I
(slope= +1)as x moves toward B. A1 2 3 B
At the point x where E_”1 c
diz AJ+1+2 = dix Bl+2, o
the function begins to decrease
(slope=-11). z+1+2=(4-z]+2 —= z=15
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Fix) = maximum d(x,j) ,
j=N #(x) 15 the upper envelope

of the family of
functions dix,J), JeN

Elenniz Bricker, U. of lowa, 1997

edge center |

&6(x) = maximum d{x,]) A s S
J=N #Ti 7 3 B
The point which minimizes

edge center |

the function ¢ on [A.B]
ltes 0.0 miles from A

@Dlennis Bricker, U. of lowa, 1997



Network Center 11/3/97 page 7

The absolute center may
be found by cormputing
each edge center, and
selecting the best,

Fi(x) = maximum dix,j)
e

Elenniz Bricker, U. of lowa, 1997

edge center |

Fi(x) = maximum dix,j)
N
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O

edge center |

Fix) = maximum d(x,j)
1N

Elenniz Bricker, U. of lowa, 1997

24 - e
d__'_.—:-"t_\_\_‘_\_\- -
—_
1—“—"'_. _'_"—\:...-_\__\_ —1
- —_
—_ - -\_\--\_\.
—_ Bl
|

edge center |

Fi(x) = maximum dix,j)
N
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! 3- T3
T(x)=4 (D) ) Sl-- 7 1o
4= - A
o ==
edge center | D r

Fix) = maximum d(x,j)
1N

Elenniz Bricker, U. of lowa, 1997

edge edge center O(X)

AB| 05 from A 3.5

B,C| Vertex C 3 | absolute
C.D] 0.5 from C 2.5% 10 center of
A.D] Vertices A&D 4 | rotwork
D.E|] VertexD 4 |
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Searching some edges for their centers may be
avoided by using the lower bound provided by

Theorem | et x,, be the edge center of [P,Q].

Then

o(P)+ c(Q)-d( P,Q)
2

F(Xpg) 2

If this lower bound exceeds o at the vertex
center of the network, then the absolute center
cannot lie on this edgel

|:> ( Proof )

Elenniz Bricker, U. of lowa, 1997

Fraot’ q(x,i) < 6(X) V]
diP,j) ¢ diP,X) + d(x,j)
diP,j) ¢ diP,X) +G0xX)
But  G(P) = max;{ d(P,j) 1,
— O(P) < d(P,X) +0(X)
Likewise, O(Q) ¢ d{Q,X) + G(X)
Sum these two inequalities:
GP)+G(Q) < 2 G(X)+ QKP,}{) + d(}i,'&}lj

d(P,Q)

= O%) > G(P)+0(0) - diP,0)
] 2
-

@Dlennis Bricker, U. of lowa, 1997



Network Center 11/3/97 page 11

lower
edge | bound |™min G(X)
A B 2.5 3.5
B.C| 3 3
C.D| 2.5 2.5
A D] 3.5 4
D.E] 4 4

{ising the fower bound
would have eliminated
g edoes from consideration?

vertex
center

The edge centers needed to
QA be found only for [&.B] & [C.D]

Elenniz Bricker, U. of lowa, 1997
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Elenniz Bricker, U. of lowa, 1997

Shortest Path Lengths |

"_r.
!

=S CoYH

veriex
center

[l el el m B W Y N
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Vertex (Center of Network E
iWhich minimizes the maxinum distance to farthest nodes)

Vertex center of the network is at node a
where maximum distance (to node 10 3 1s &Y

Elenniz Bricker, U. of lowa, 1997

: p 5k Lower Bound of o |

- 2 | eae | on the edges |

é g E 4 = T B

6 11 | 54.5 |

a] 12 54,5 E_ﬁ

i ST n Only 4 edges could

o8 | eesEl | have edge centers

RS N better than the
g | B - vertex center

: B kg where o =57

1 5 50.5 X | E
10 11 aa i B 1

a 10 02.5 X E

1 2 95 g
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The function o on edge [6,7]

Monotonlically increasing distance functions: dox,k) where
k= 1 2 3 4 5 6 11 12
dei,ky= B2 39 23 16 28 0 37 48
dij,ky= 67 b4 38 30 43 15 62 63

Monotonically decreasing distance functions: dox,k) where
k= 7 8
dei,ky= 15 33
dij,ky= 0 18

Distance functions which increase to a peak at a polnt
A units from 1, then decrease: dix,k) where

k= 9 10

dii,kr= 42 RY

dicj,kr= 30 48

A= 1.5 3

Elenniz Bricker, U. of lowa, 1997

The function o on edge [6,7]

70- - 70
e L
o~ diX, 1) di¥ 107 — —_F50  atvertex
40- L 40 e

30- - 30

20- L 20

10 - 10
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The function

o on edge [6,9]

Monotonlcally lncreasing
]:c_'.—

distance functions: dix,k) where
1 2 2 4 5 &

page 15

dEi,hh= R2 39 23 15 28 0
diej,ky= 94 81 65 57 70O 42
Monotonlcally decreasing ﬂistance gunatiana: dix,ky where
dii,ki= 42
dij,ky= 0

Distance functions which incereasse to a peak at a polnt

A units from 1, then decrease:

dix,k» where

= 7 a 10 11 1z
diil,ky= 15 33 57 a7 43
dij,ky= 30 43 183 a8 73
= 28.5 28.6 1.5 21.5 33.5
Elenniz Bricker, U. of lowa, 1997
— Q0
o on edge [6,9]
T L L RNELLETEn -0 | B |:|
The edge center
— 70 . .
is 4 units from
- 60 vertex 6, with
. FiX) =56
50 Iy - 50 >
-
40 - T diE 0] - 40
-
304 i - 30
- et
20 ~ | 20
10 = 10
10 20 20 40
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The function o on edge [6,11]

Monotonlically lncreasing distance functicons: dix,k) where
k= 1 2 3 4 5 a6 7 8
dci,ky= 52 39 23 15 28 0 15 33
dcj,kxy= 89 76 60 52 ab 37 HZ 70

Monotonlically decreasing distance functicons: dix,k) where
k= 10 11
dci,ky= &7 37
dcj,kx= 20 0

Distance functions which iIncrease to a peak at a polint
A unitsfrom 1, then decrease: dix,k) where

k= g 12
dcl,kKi= 4 45
dcj,kr= 38 35
A= 16.5 12

Elenniz Bricker, U. of lowa, 1997

The edge center
is 2.5 units from
vertex *0, with

TFiH)=545

10 — 10
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Monotonlically increasing distance functions:

= 1 2 3 4 5 6 7
dcl,ky= B2 39 23 15 28 0 15
dcj,ky= 100 87 71 63 76 483 63

Monotonlically decreasing distance functions:

k= 12
dei,ki= 48
dij,ki= 0

The function o on edge [6,12]

33
Bl

page 17

dix,k) whepre
a

dix,k) whepre

Distance functions which increase to a peak at a polnt

& mhits from 1, then decrease: dix,k) whepre

k= o 10 11
dii,ki= 42 §7 37
dij,ki= 73 5 3R
A= 0.5 23 23

o on edge [6,12

Elenniz Bricker, U. of lowa, 1997

— G0
70 — 70
e Al 0~ f T - [
S0 - 50
40 - 40
304 - 30
204 — 20
10+ - 10
© o 20 30 40

The edge center
iz at vertex *G

nnis Bricker, U, of lowa, 1997
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The absolute center 1s the
g edge center of edge [6,11],
4 units from vertex #6, with

O(X*)=54.5

=

. " absolute
enter“
o

vertex
center II?

Elenniz Bricker, U. of lowa, 1997

Center of a Tree

A center of a tree lies at the midpoint of the
longest elementary chain in the tree.

2

Cf/ -
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Finding Center of a Tree |

0. Choose arbitrarily a point X of the tree.

1. Find the vertex JFartf2zest from X. Call this
vertex V. (This will have degree 1.)

2. Find the vertex Zarthes: from V. Call this
vertex Vo. (This will also have degree 1.)

3. Find the midpoint X* of the unique elementary
path from V; to Vo . X* will be the azésafute
center of the tree, and the vertex nearest to X*
will be the rer7ex center.

Elenniz Bricker, U. of lowa, 1997

Example | Find the absolute & vertex centers

B of the tree:

@Dlennis Bricker, U. of lowa, 1997
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Arbitrarily choose wvertex /7. Label each wvertex
with its distance from wvertex 7, to find that
farthest from #7: (vertex #11)

Elenniz Bricker, U. of lowa, 1997

MNow label the wertices with their distances from
vertex #1171, to find that farthest from #11: vertex 3.

(716

@Dlennis Bricker, U. of lowa, 1997
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The midpoint of the chain from wvertex 11 to vertex 3

is a distance 11 from vertex 11, on the edge [5,9]

absolute
center ——

page 21

Elenniz Bricker, U. of lowa, 1997

The vertex center of the tree is at vertexr #5,
the vertex nearest to the absolute center.

vertex
center
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