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Example Froject

task predecessor duration
A none S
B A 3
C none 3
D B 2
E B,C 4
F D 4
G D 2
H E 8
| A 5
J F,G,H 3

iy
%

A project has
Lwo network
representations:

AON (Activity-
On-Node)

AQA (Activity-
On-Arrow)
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Froject Network
(ADMN - Activity-OCn—-Node)

= \ activity

start

milestone |

A

Froject SNetwork
(ACA: Activity-Cn-Arrow)

"dumrmy”
A t.] "-.-"'i t'}." T

activity
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Froject Network

(ACA: Activity-Cn-Arrow)

- a connected, directed network without circuits,
with a unigue source and a unigque sink

- the vertices are called "events”

- the arcs are called "activities”, each with an
associated nonnegative duration

A

Fredecessors & SUccessors

The project network indicates the order in which
activities may be performed,

- - Activity B cannot begin |

tivity A 2

@ L @ activity B @ until activity A has been |
completed

activity A 15 a predecessor of activity B

activity B 15 a successor of activity A

A
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£ has prodecessors A, 2 & ©

AVEERREALT

FVEERREALT

Only one activity |
is allowed between |
two vertices;
durmnmy activities

may be defined
if necessary (with |
zero duration) EEE

Aetivities (57 s
(457 are “drme”
FOLRETRs Wikt Fern
CHATEION

A & B are predecessors
of C, but only B is a
predecessor of D

FCOENIE (X4 15 5
i el S S

<::| I:D WA Fern Ransian
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Longest Faths

Let the beginning of the project be the event O.
Let the end of the project be the event n.

Cenote by ET(i) the length of the longest path from
event O to event 1.

If the project begins at time zero, activity ,j)

can be scheduled to start as early as (but no
earlier than) time ET(i)

ET(n) = minimum project duration

A

[[ Labelling IEvents]}

It is convenient to label the events (wvertices) of
the project network so that i<j if (i,j)is an

activity,

A
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step 0: let i=0
Algorithm | step 1: find a vertex without an
If none, quit; else label
this vertex §"

- step 2: increment | by 1 and go
Labelling [
Fvents to step 1.

A

[[ Labelling IEvents]}

Only this node has no predecessor, so 1t 15 labelled O

X

A
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[[ Labelling IEventsﬂ

lgnoring node O, only this node has no predecessor
50 1L will be #1

[[ Labelling IEvents]}

lgnoring nodes O and 1, only this node has no
predecessor;

it will be #2

page 7
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[[ Labelling IEventsﬂ

lgnoring nodes O, 1,&2, there are two nodes
having no predecessor; we choose one of them

arbitrarily to be
labelled #3

A

[[ Labelling IEvents]}

Again, there are two nodes without predecessors;

we will choose one arbitrarily to be #4

page 8
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[[ Labelling IEventsﬂ (i,j)is an arc |
— j <]

... efc.

Algoritim  Forwsnd Pass”

ET(i) = earliest time at which ET[O.]_:D
For ;=1 to n:

event 1 can occur ET(J): %
Ty |

(i,J0E &

A EELres P I |
(7 piis smane |
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Computing

ET(0)=0 Earliest Time

for Events
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Computing
Earliest Time

ET(Z] = ET(1}+3 =8 for Events

ET(3)
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max{ 3,8} = 8§
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St erfey
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Computing

ETi4) =ETi(2) + 2 =10 Earliest Time

for Events

ET(5) - ET(3) + 4 - 12
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Computing

ETi(6) = ET(4) + 4 = 14 Earliest Time
for Events

Computing
Earliest Time

max{ETi(4)+2, ET(6)+0, ET(5)+8}
for Events

ET(7) -
max{ 12, 14, 20} = 20

X Feiriinas
et warfey o




Critical Path Method 10/3/97 page 14

Computing

max{ET(1)+5, ET(7)+3] Earliest Time
max{ 10,23} = 23

ET(S8)

for Events

R
crrfer vardfey &

And so the earlhiest time for completion of the
project (event #8)is 23
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LT = latest time at which  Aigorithm Bsciwsnd Sass

event i can occur if the LT(n)=ET(n)
project is to be completed For i=n-1, n-2, ... 0
in minimum time LT(i) =

min{LT(j)-d ]

A SETES T I |
(7 ndisar e |

Computing

page 15

LT(S) = ET{S‘) = 23 Latest Time

for Events
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C ti
LT(7) - LT(8) - 3 - 20
for Events
Computing
LT(E):' = LT{?) - 0=20 Latest Time

for Events
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Computing
LT(5)=LT(7)-8=12 Latest Time
for Events

LT(4} = I'Iliﬂ{ LT('S}—4, LT(?}—Z} Computing

Latest Time

= Iﬂiﬂ{lﬁ,lS} - 16 for Events
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LT(?)) = LT(5:| -4 =28 Computing

Latest Time
for Events

LT(Z} = mlﬂ{LT(S}—U, LT(4}—2} Computing

. Latest Time
= mm{S, 14} =5 for Events
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LT(1)- min{LT(2)-3, LT(8)-5) L atost Time
_ ﬂliﬂ{B,lS} _ 5 for Events
LT(0)= min{LT(1)-5, LT(3)-3) Latost Time
= H]iﬂ{ﬂj} =0 for Events
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LTI ZE 0 Fhan s error Was el

For each aclivity, define:

Earliest start time ES(i,j) = ET()

Earliest finish time EFGi,j) = ETG) + dy;

Latest finish time LFCi,j) = LT(j)

Latest start time LSGi,j) = LT(j) - dj;

A



For each aclivity, define:
Total float TF(i,j) = LS(i,j) - ES(i,j)

FHRRIINTT POSEINE LT ) WCH The 5iart .ﬂ'f
L8 SCLNGEN G 88 JRiF e ed, WAL Feig g

Lhe prajech comiielion Fme.

Free float FFGL.j) = [ET(j) —dy 1 - ETG) |

| FERRINNTY POSSIE Tme D) WiCh Hhe 5180
E e aelgled W Y successors siart g
Lhei Eselle Siaed fime

A
I

ESiA)  EF(A) ][l]tﬂl&lﬂl]ﬂt
TFia) Free [Float

LEIC)

|

ESiIB]l EF(B} LF{B}
FFiA] If the start of A 15
g + delayed by more than
TFiA) FF(A), the "free float”,

then B cannot be
started at its early
start time, ES(B)
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If the total float of an activity 1s zero,
i.e., 1ts Early Start Time=Late Start Time,
then the activity is on the Critical Path

A

"TS" = total slack = total float = "TF"
"F5" = free slack = free float = "FF"

TASK I D ES EF LS LF TS F5

*& [ Btart 1 ) 0 0 0 0 0 0
Fdk [ a 5 0 5 ) 5 0 0
&% [ B a 3 5 = b = 0 )

= » 4 3 0 3 b = 5 5
= D 5 2 = 10 14 16 2 0
a **|E b 4 8 12 g 12 0 0
—_ F 7 4 10 14 16 all 2 b
a (3 = 2 10 12 18 all = g
= Wk | H B 9 12 20 12 al 0 0
= I 10 5 5 10 18 a3 13 13
o **|J 11 3 al 23 all a3 0 0
* | Ericl 12 0 a3 23 a3 a3 0 0

iy
%
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The Critical Fath
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A delay in starting or
finishing an activity on

the critical path will 555
delay the entire project! |

Linear Frogramming Model

A C

F

B D

erid

Define Yy = starting time for activity |

Objective|

Minimize  Yeng ~ Ybegin

A
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Constraints | For every predecessor requirement,
"~ we will have an inequality constraint:

For example, "A must precede C" translates to

Yo 2 Ya + da
—  —
CoHTR el o Frire For sclinvid e s

where d, 15 the duration of activity A.

@
LP Model MINIMIZe Yend = Yhegin
SUbJECt 10 ¥, > Ypeqin
HT;B 2 Ybegin
1A C F { end ) ?;EEI;“&"_FgA
c 2 Y+ de
5 - Yo 2 Ya + da
b Yp 2 HT’_E. + (g

Yend 2 YF + dF
Yy unrestricted 1n sign

A
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Minimize Yeng = Yhegin
subject to Ya = Yiegin2 O

Transferring | Y5 ~ Ybegin 2 0
. ‘-.I.-"l: — "-.I.-"ﬁ > d,.-:-.,

all variables vy o
to the left- C g 2 Op
hand-side Yo —Ya 2da
HITIII_D - H"I"I.E: z dEi
Now we wish lo Yorg - Y 2 de

write fhe Pual ¥y unrestricted in sign

of this [P

A

The Dual Variables

There will be a dual variable x;; for
every precedence restriction of the
form

‘activity 1 must precede activity

The Dual Objective |

Maximize dg?‘igg"‘da}{ﬁg"‘ +dF>{F,end

A

page 25
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The Dual Constraints |

There will be a dual constraint for every
variable in the primal:

For example, corresponding to variable Y,
15 the constraint:

Abegin,A ~ AAC ~ Aap = U

Q

Maximize daXsctdefgetdafap +ove oen oen +dpAF eng
subject to
_}{I:uegin,.&. - }{hegin,Ei = -]

}{hegin,.&. — Aac — AaD =0

}{negin,a — ABC ~ AED =0
A AC + Xge - AcF =0
A a0 + Xgp  ~ Ape =0
}:F,end =
Kij 2 0w (i,])

A
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Ma}{]m]ze dﬁHﬁE+dEHEE+dﬁH¢|D + +dFHF_,EI'II:|
subject to
_Hhegin,ﬁ - Hhegin,E = -1
Abegin A = RAC ~ RAD =0
Abegin,B - ®EC — XED =0
HAC + XBC - ®CF =0
AAD + AEBD - RDE =0
The constraints of the WFand = |
dual LP are conservation #j: 0% 01,j)
of flow equations for the A C = end
AON network: %
B D E
A5
Ha}{'im'ize dﬁHﬁE+dEHEC+dﬁHﬁD + +dFHF_,E-'I'II:|
subject to
_Hbegin,ﬁ - Hhegin,B -1
Abegin & - #ac — HaD =0
Abegin,B - ®EC — AEBD =0
HaC + XBC - ¥CF =0
AAD + RBD — XpE =0
}{F,end =]
. Hig e 0% (1]
The dual LPisthe |~ "7
problem of finding | AP, =>| F /{end
the Jongest path | s dg de
through the network | B | —[E
from "begin” to "end"| <ac ; b




Job| Predecessor(s)

Immediate

Normal jg

Ltime

— T gy M3 ;o

norne

Immediate Normal
Job| Predecessor(s)| time
A, none 3
E none =
C none 4
D none 3
E A, 6
F C, H 7
(5 E 4
H B, E 5
| C,H 6
N H 4
k. G, H 4
L |, .J 2
1 O, F 5

e Draw a hetwork
for the project

e determine the
critical path &
project duration,



Immediate |Normal g
Job| Predecessor(s)| time

none d

_— T o TMMmDO O

!H;j“{s:fi” T ﬂ,.-‘ e e 4 LF-" 4 ot .L’-".-"".-{ ::,
e ) E,2 ror the A-O-N nelwork
- -, befow, & find its eardy
i o completion time.

L |ALS C.5 F6 K,4
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L6
- et T Tt 4
L
N
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s PR Y
e et

Lraw fﬁe A ﬂ?—A network Eﬂff”&ﬂ?ﬂﬁﬂ?ﬁg to the

A .i?—ﬁ m.?f work below... & rind the earfiest

Eﬂﬁ?ﬂf&ffﬂﬁ lime for Eﬁ&' o
ﬂf“ﬂj&.{‘f B

.".".

A pipeline construction project

fmmediale
Fask fDescription predecessor{s? Fime
A Lead time none 10
B Equipment to site A 20
C Get pipe A 40
D Get valve A 28
E Lay out line B &
F Excavate E 30
G Test pipe C 3
H Lay pipe F.G 24
I Concrete work H 12
J Install valve D 10
K Test pipe I.J 6
L Cover pipe I,J 10
M Clean up K.L 4
N Complete valve work |,J b
0 Leave site [|<';| <::ll'I.l"vl 4



